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THE STRUCTURE OF A CURVE-FAMILY ON A SURFACE IN THE 
NEIGHBORHOOD OF AN ISOLATED SINGULARITY.* 


By WILFRED KAPLAN. 


Introduction. 1. The two problems. In this paper twe problems will 
be considered: (A) to determine and classify topologically the possible 
structures of a curve-family on the surface of a sphere with precisely two 
singularities; (B) to determine the possible structures of a curve-family on 
any surface in the neighborhood of an isolated singularity. It will be shown 
that problem (B) is included in problem (A). 


2. Regularity. Families filling the plane. The curve-families consid- 
ered will be assumed regular: i.e., locally homeomorphic with parallel lines, 
except at singularities. Two previous papers by the author? have considered 
the possible structures of a regular curve-family filling the plane without 
singularity (topologically the same as a family on the sphere with one singu- 
larity). A complete topological classification was obtained, as follows: each 
family was shown to consist of open curves tending to infinity in both direc- 
tions; each family was associated in a one-to-one manner with a set of non- 
intersecting chords (or chordal system) on a circle, the relative positions of 
curves of the family being reflected in the corresponding chords; it was shown 
that two curve-families are homeomorphic if and only if the corresponding 
chordal systems have the same arrangement; the exact specifications of the 
types of chordal systems appearing were obtained. 

Many of the results of the present paper will be obtained by referring 
back to results of the two previous papers. 


3. The three cases. For the problem (A) of families filling the sphere 
with the exception of two singular points N and S we consider three cases: 
(a) there is a curve C of the family joining N and S; (b) there is no such 
curve, nor is there any closed curve in the family; (c) there is a closed curve 
in the family. These cases exhaust all possibilities. 


* Received February 12, 1941; Revised August 26, 1941; Presented to the American 
Mathematical Society April 26, 1940. 

1 See Kaplan [5] and [6]. (Numbers in brackets refer to the bibliography at the 
end.) These papers will be referred to by the symbols I and II respectively and a 
theorem or section of one of them will be indicated by prefacing I or II to the number 
of the theorem or section. 
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2 WILFRED KAPLAN. 


4. Procedure in case (a). In case (a) we cut open the sphere minus 
N and S along the curve C and map on a strip region of the plane whose two 
boundary curves correspond to C. The possibilities in a strip region in the 


C 


Fig. 1. Illustrating a curve-family on the sphere with two singularities N and 8, 
case (a): there is a curve C of the family joining N and 8S. The sphere is 
here drawn stereographically as a plane, with N at infinity. 


plane were determined in the previous papers; hence this case is settled 
immediately. In Figure 1 a curve-family of case (a) is illustrated. 


5. Procedure in case (b). In case (b) the singularity at N or S is 
locally the same as in case (a). The family can be decomposed into three 
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distinct sub-families, which we call B(NV), J, and B(S). B(N) consists of a 
set of bounding curves which we call F1(N), the “flower at N,” plus curves 
inside the petals of the flower. This is illustrated in Figure 2. B(S) has 
the same type of structure. J consists of the “joining ” curves, open curves 
whose limiting set in one direction is in B(N) and in the other direction in 


Fig. 2. Illustrating a ‘ flower at N’ plus curves inside the ‘ petals.’ 


B(S). If B(N) and B(S) were both shrunk to points, then J would appear 
as a family like the parallels of longitude on the globe. The curves of J may 
approach B(N) in one of two ways: all curves may spiral around B(N) 
infinitely often ; or each curve may directly find its way to N without spiraling. 
In the latter case the picture at N is a special case of case (a). The two ways 
in which J and B(N) can fit together are illustrated in Figures 3 and 4. 
The same possibilities can occur at S, and by considering the various combi- 
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nations of structures at N and S we obtain all the possible structures in the 
large. It is to be noted that J must spiral around either B(N) or B(S), 
or else we are in case (a) again. 


6. Procedure in case (c). In case (c) the closed curves are placed 
like latitudinal circles and decompose the family into annular regions. The 
possible families in an annulus will be analyzed in detail. Such families are 
built up from two fundamental types: the type of spirals which are asymp- 
totic to the two bounding closed curves in opposite directions; the type of 


Fig. 3. Spirals around a flower. Fig. 4. Curves of J go directly to N. 


spirals which are asymptotic to the two bounding closed curves in the same 
direction. See Figures 5a and 5b. 

At N or S there may be a last closed curve D, in which case the structure 
of the family near the singularity may be that of spirals leading from D to 
the singular point; if there is no last closed curve at N or S, the set of closed 
curves has as limit either a flower at N or S or the point N or 8 itself. 


7. Methods used. The basic tool is that of cutting open and identi- 
fying.” In particular the analysis of the annular families (which occur in a 
certain sense in case (b) besides in case (c)) will depend on the process of 
reducing a family of lines filling a rectangle to a family of curves filling an 
annulus by identifying opposite points of a pair of sides. 


2See H. Seifert and W. Threlfall, Lehrbuch der Topologie (Leipzig and Berlin, 
1934), pp. 3-13, 31-35. 


—— 
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This method will be applied in case (b) to study the situation illustrated 
in Figure 3. It is to be noted that the flower there acts like a simple closed 
curve as far as the spirals are concerned. In the general case, when there may 
be infinitely many petals, this is not obvious. It will be established that it is 
possible to ‘explode’ the flower in such a way that the exterior region plus 
the curves C,, of the flower are mapped homeomorphically on the exterior of a 
circle plus a set of open arcs C’n on the circumference. This homeomorphism 
can be so chosen that the image family is regular at every point of the circle. 


Fig. 5a. Fig. db. 


In other words, the family illustrated in Figure 3 can be imbedded in a regular 
annular family. The proof of this fact rests on a cutting open of the family 
to obtain a sub-family of a regular family filling the plane and on taking 
advantage of the results of I and IT. 


8. Problem B. For the problem (B) we use the following device: 
We choose a simply-connected neighborhood U(p) of the isolated singular 
point p, so that the family is regular in U(p) — p. We then map U(p) —p 
homeomorphically on the sphere minus N and 8S. Our given family in 
U(p) —p then becomes a family on the sphere with singularities N and S. 
The results of problem (A) are then applied to describe all possible structures 


in U(p) —p. 


© 


WILFRED KAPLAN. 


PART A. Families on the Sphere with Two Singularities. 
1. General properties. 


1.1. Curve-families on the sphere. By an open curve will be meant 
a homeomorphic image of an open interval. By a closed curve will be meant 
a homeomorphic image of a circle. By an arc will be meant a homeomorphic 
image of a closed interval. By a half-open curve will be meant a homeomorphic 
image of a half-open interval. The word curve will denote any one of the 
preceding four. 

The sphere x? + y* + (z—1)*=—1 in zyz-space will be denoted by K. 
The zy-plane will be denoted by =. 

A family F of curves {C} will be said to fill a subset R of K or x if each 
curve C is in R# and each point of RF is on one and only one curve C. Let Ro 
be a subset of K such that each curve C of F intersects Ro in a set Ry: C each 
of whose components is a curve. Then F[R,] will denote the curve-family 
filling k,- R whose curves are the different components of all the sets Ry: C, 
for C in F. 

If G is any collection of curves on K or x, G will also denote the point- 
set union of the curves of G; the context will always make the meaning 
unambiguous. 

If the family F, fills R, and the family F, fills R., then F; and F, will 
be termed homeomorphic if there is a homeomorphism of R, on R» such that 
the image of each curve of F, is a curve of F.. 


1.2. Regularity. Throughout this section F will denote a curve-family 
filling a region R of K or x. R‘ will denote the interior of R, R its closure. 
We shall assume R*+40. Let Fy denote the family of lines y = constant of 
the rectangle Ry : |x| 1, |y| 1. F will be said to be regular at a point 
p of R if there is a set U(p) such that p is interior to U(p) and such that 
F[U(p)] is homeomorphic to Fy. (Thus in particular Fy is regular at each 
point, interior or boundary, of the rectangle.) F is termed regular in R if it 
is regular at each point of R. A cross-section of Y (through the point r) shall 
mean an arc pq (to which r is interior) which lies in a subset R, of R which 
is open relative to R and is such that F[R,] is defined and each curve of 
F[R,] meets pg at most once. 

An r-neighborhood of a point p of R shall mean a set U(p) which con- 
tains p and is open relative to R and whose closure U(p) lies in R and can 
be mapped homeomorphically on the closed rectangle <1, | y| <1 in 
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such a way that F[U(p)] becomes the family Fo, while the inverse images 
of the lines | x | = 1 are cross-sections of F. 


~ 


By Theorem I.5 and the above definitions we have 


(i) Jf F is regular in R, then every point p of R has an arbitrarily 
small r-neighborhood U(p), and there is a cross-section pq with p as end- 
point. If further pC R*, then there is a cross-section through p. 


(ii) Let R=R,+ Rz, where F[R,| and F[R,] are both defined, let p 
be an interior point of R, and let F[R,| and F[R.2| be regular at p. Then F 
is regular at p. 


For example, take F' as a curve-family filling the interior R of a circle. 
Let one curve of F’ be a diameter minus its end-points and let R, and Rz be 
the interiors of the corresponding semi-circles. 


1.3. The s-families.* By a homeomorphism 7 —f(y) defined for 
0SyS2, and with f(0) < f(1) =1 < f(2), points (0,y) on the line 
x=0, 0=y=2 can be identified with points (1,7) on the line x—1. 
With this identification made, the rectangle plus the 
points (1,y’) for f(0) Sy’ =f (2) becomes homeomorphic to a region G of x. 
Further, the family of lines y = constant of the rectangle becomes a curve- 
family F, filling G. 

Any curve-family homeomorphic to a family F,[G‘] will be termed an 
open s-family. Any curve-family homeomorphic to a family F,[G‘- G*], where 
(* is the set of images of the points (2, y) of the rectangle with y = 1, will 
be termed a half-open s-family. By a closed s-family will be meant a curve- 
family homeomorphic to a family F’,, where F; is obtained as above except 
that the condition f(0) < f(1) =1< f(2) is replaced by the conditions 
f(0) = 0, f(2) 2. 

3y Theorem I. 9 and the definitions we have the results: 


(iii) Let F be a curve-family filling the set R on K. Let C be a closed 
curve of F such that F is regular at every point of C. If CC R*, then there 
is a set Ry such that F[Ro] has C as element and is an open s-family. If 
CC R— Ri, then there is a set Ro such that F[Ry| has Cas element and ts 


a half-open s-family. 


1.4. F and R fixed. From this. point on and throughout the paper & 
will denote the region K —N—S, where N and S are two distinct points 
of K. Without loss of generality, we shall assume NV and S to be respectively 


$Cf. I, §1.8. Open s-family = s-neighborhood. 
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the north and south poles of K, i.e., (0,0,1) and (0,0,0), and shall use 
geographical language freely to indicate positions on K: e.g., the equator, 
latitudinal and longitudinal circles. We shall on occasion use the standard 
stereographic projection of K — N on x. F will always denote a carve-family 
filling # and regular in R. K will be assumed oriented in such a way that 
the positive orientation on the equator is from west to east. 7 will be assumed 
oriented so that the counterclockwise direction is positive. The stereographic 
projection is then a homeomorphism which preserves orientation. Such a 
homeomorphism will be termed an 0-homeomorphism. 


1.5. Definition of the sets L(C,+-) and L(C,—). By Theorem I.1 
every curve C of F is either open or closed. To an open curve, given para- 
metrically by p=—f(x) for 1, there can be assigned a positive 
direction in two ways: with increasing x, or with decreasing x. By a change 
of parameter, if necessary, we can assume it is with increasing x. A positive 
(negative) limit point of C shall then mean a point g which is the limit of a 
sequence (n=1,2,---), with lima, —1, (limz, =—1). In 
either case g will be termed a limit point of C. We denote by L(C,+-) and 
L(C,—), respectively, the sets of positive and negative limit points of C 
and by L(C) the set L(C, +)+ L(C,—). L(C, +) will denote a fixed one 
of the sets L(C, +), L(C,—). If C is undirected, L(C) is defined uniquely 
as the set L(C) obtained from either mode of directing C. 

From Theorems I. 7, I. 11, I. 9, and I. 13 we have the following theorems : 


(iv) Every set of the form L(C, +), L(C,—) or L(C) ts a union of 
curves of F plus possibly N or S or both. 

(v) If L(C,+) contains a closed curve D, then L(C, +) =D. 

(vi) If neither NC L(C,+) nor SCL(C, +), then L(C, +) con- 


tains a closed curve. 
(vii) Every closed curve D of F separates N and S. 


1.6. Bays* and harbors. Let a curve C of F meet the cross-section 
pq at successive points ¢ and wu interior to pq; let ¢ and w determine arcs (tw), 
on pq and (tu). on C meeting only at ¢ and wu and hence forming a closed 
curve T. I divides the sphere into two regions D(T) and D*(T) as in 
Figure 6a or Figure 6b. If p and q are in the same region, as in Figure 6b, 
T is termed a bay. If p and q are in different regions, as in Figure 6a, I" is 


termed a harbor. 


‘The definition of bay given here broadens that of I, § 1.8. 
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From Theorem I. 12 we have the theorem: 


(viii) Jf T is a bay, with p and q in D*(L), then D(L) contains 
either N or 8. 


From the lemma of I, §1.5 it follows that the cross-section tw lies in 
an r-neighborhood U and hence that the curves of F[U] can be oriented 
properly (see I, § 3.4). We can thus speak of whether C crosses tu at ¢ and u 
in the same or opposite directions. We then have the result: 


(ix) Tis a harbor or a bay according as C crosses tu at t and u in the 
same or in opposite directions. 


p 


Fig. 6a. Harbor. Fig. 6b. Bay. 


THEOREM 1. Let T be eitherabayoraharbor. ThenT separates N and S. 


Proof. Let T be a bay as in Figure 6b, with p+ qCD*(T). By (viii) 
we can assume that N CD(T) and we must then show that SC D*(P). 
Let w be a point of (tu), not on C. The curve D through w then enters 
D*(T) in one direction and (a) leaves again at a first point w’ or (b) fails 
to leave D*(T) again. In case (a) a second bay Ty is formed with 
CD*(r) and Hence by (viii) SC D(To) 
C D*(T). In case (b), D is an open curve, and we assume it enters D*(T) 
in the positive direction. By (v), Z(D,-+-) then includes either N or 8 
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(hence S) or a closed curve #, where HC D*(L). By (vii) E separates N 
and S, and hence SC D*(T). 
The proof in the case of a harbor is similar. 


1.7. The sets L(C). 


THEOREM 2. If C is a directed open curve of F, then L(C, +) cannot 
contain both N and 8. 


Proof. Suppose, for example, that Z(C,+) contains both N and 8S. 
Then by (vii) F can contain no closed curves. Hence by (v) L(C,—) 
contains either N or S, e. g., 8. 

C must cross the equator infinitely often in the positive direction, hence 
it has a limit point p thereon. C must cross a suitably chosen cross-section 
pq infinitely often in the positive direction. Let ¢ and wu be successive cross- 
ings, determining a cross-section (du), on pg and an are (tu), on C. Let T 
be the closed curve they form. IT is then either (a) a bay or (b) a harbor. 
In either case IX separates N and S and we choose D (IT) to include S. 

In case (a) either (a,) p+-qCD*(L) or (ac) p+qCQD(L). 

In case (a,) C enters D*(T) at ¢ and w in the negative and positive 
directions respectively. But, since L(C,+) © 8 and L(C,—) > 8S, C must 
cross (fw), again at first points ¢ and wu’ in both directions. Let (¢tt’), 
+ (t/),=T_. Let (uw’), + (ww’), Then Choose D (T,) 
and D(T_) so that D(T,) D S and D(T_) © S. It follows from Theorem 1 
that either D(T,) CD(L_) or D(T_) C D(T,). But S§ can be joined to 
either ¢ or u without meeting [, and [_ at any other points. This gives a 
contradiction. 

The proof is similar in cases (a2) and (b). 


THEOREM 3. If C is a directed open curve of F such that L(C,+) 0S 
and L(C,—) then L(C)=S8. Similarly L(C,+)-L(C,—) ON 
implies L(C) =N. 


The method of proof is the same as for Theorem 2. 


THEOREM 4. A directed open curve C of F cannot satisfy the condition 
L(C) =D, where D 1s a closed curve of F. 


Proof. Suppose L(C) =D and CC D(D), where 8S C D(D). By the 
Jordan Theorem ( divides D(D) into two open simply-connected regions 
D(C) and D*(C); we assume SC D(C). Fy = F[D*(C) + C] is then 
regular in D*(C) + C. Fo is thus homeomorphic to a subfamily F,[C; 
+ D(C;,)] of a regular curve-family F, filling the plane. It follows from 
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Theorem J. 15 that no curve of Fy) can meet a cross-section twice. But since 
L(C) =D, C must meet infinitely often a cross-section pg with p on D, 
q in D(D). At each intersection of py with C pq crosses from D(C) to 
D*(C). Hence there must be a cross-section p,q, with pg, in C + D*(C) 
and p, and g; on C. This gives a contradiction. 


1.8. The three cases. These results allow us to state that the curves 
C of F are of eight possible types: 

(1) L(C) or L(C) 

(2) L(C,+) and L(C,—) =S8; 

(3) L(C,+) =N plus certain open curves of F and L(C,—) =S, or 
L(C,—) =S plus certain open curves of F and L(C,+) =N; 

(4) L(C,+) = plus certain open curves of F and L(C,—) =S 
plus certain open curves of F’; 

(5) C is closed; 

(6) L(C,+) is a closed curve D, and L(C,—) is a second closed 
curve D,; 

(7) L(C,-+) is a closed curve D and L(C,—) =WN or L(C,—) = 8; 

(8) L(C,-+) is a closed curve D and L(C,—) =N or S§ (not both) 
plus certain open curves of F. 

A curve of type (2) will be said to join N and 8S. C+ N-+S is then 
an are. If F contains such a curve, then F’ can obtain no closed curve. F may, 
however, contain neither a curve of type (2) nor a closed curve. We thus 
subdivide our problem into three distinct cases: 

Case (a). F contains a curve joining N and 8. 

Case (b). F contains neither a curve joining N and S nor a closed curve. 

Case (c). F contains a closed curve. 

It will be seen below that in case (a) / consists of curves of types (1) 
and (2); in case (b) F consists of curves of types (1), (3), and (4); in 
nase (c) F consists of curves of types (1), (5), (6), (7) and (8). 

2. Case (a). A curve of F joins N and S. 

Throughout this section we assume case (a) holds. Let C denote a curve 


of F joining N and 8S. 
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2.1. Reduction to a family in a strip. If we cut the sphere minus V 
and S open along C we obtain a set which can be mapped homeomorphically 
on the strip |x| 1 of the plane, the two images of C being x =1 and 
z=—1. The image of F is a regular family filling the strip and, if we adjoin 
the lines x = constant outside the strip, we obtain a regular family filling the 
plane (the regularity being a consequence of (ii) above). Thus F can be 
obtained from a certain subfamily /, which fills a strip, of a regular curve- 
family F’, filling the plane by identifying opposite points of the two boundary 
curves of Fy). Conversely, from any family Fo which is a subfamily of a regular 
curve-family filling the plane and which fills a region bounded by two curves 
C, and C2 of Fo, a family F on the sphere of case (a) can be obtained by 
identifying opposite points of C; and C». 

The possibilities for the family /’, are discussed and classified implicitly 
in I and II, so that we shall consider them no further here. 


2.2. Double chordal systems. Let (r,6,z) be cylindrical coordinates 
in space. The equations 2’ =z, 6’ = 06, r’ =1, define a homeomorphism of 
R= K—N-—S on the interior of the finite cylindrical surface K whose 
bounding circles are NM: r= 1, z= 2 and d:r=—1,z=—0. This map induces 
an orientation on K. Under this map F becomes a regular curve-family F* 
filling K‘. Each curve of F* has all its points in N and J. 

Furthermore Ki = K —N — 3 can be mapped o-homeomorphically on 
itself in such a way that F* becomes a family /* such that each curve of F* 
has a unique limit point L(C*,+) on or dS and a unique limit point 
L(C*,—) on N or &, and no two curves have a common limit point. This 
map can further be chosen so that, for each curve C* of F*, L(C,+) =N 
implies L(C*, +) CN and L(C, +) =S implies L(C*, +) C 3d. 

The existence of this map can be established as follows: Proceed as in 
§ 2.1 to obtain the families fy) and F,. By a homeomorphism reduce F, to a 
family filling the interior of a circle and J’) to a sub-family bounded by two 
parallel chords C; and C:. By Theorem II. 29 this homeomorphism can be 
so chosen that each curve of F’; has a unique limit point in each direction on 
the circumference and no two curves have a common limit point. By identi- 
fying corresponding points of C, and C, and a subsequent homeomorphism we 
then obtain the family F* on the cylinder K as desired. 

Now replace each curve of F* by the line segment joining its two limit 
points. We then obtain a system of line segments F such that each line of 
E joins a point of N or 3 to a point of N or 3 and no two segments have an 
end-point in common. Such a system of lines or “ chords” will be termed a 
double chordal system (cf. the chordal systems of I and II). The particular 


[ 
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double chordal system arising from F will be denoted by DCS(F). This is 
not uniquely determined. 

Two double chordal systems H,, F2 will be termed isomorphic if there is 
a one-to-one correspondence between them such that each chord of 3 corre- 
sponds to one of 3, each chord of N to one of N, each chord of 3 and N 
to one of 3 and 7, and such that any three chords of the first system have 
the same relative positions as the corresponding three of the second system. 
Any two double chordal systems arising from the same family F must then 
be isomorphic; hence DCS(F’) is unique up to an isomorphism. 

However, whereas there are only five possible relative positions of three 
chords in the case of the ordinary chordal systems (cf. I § 2 Fig. 2) here there 
are sixty possibly relative positions. Two different arrangements, in the case 
of the double chordal systems, have to be distinguished by the relative positions 


of their end-points, as two chords may intersect. 


2.3. Classification in case (a). Definition. Let F be a regular curve 
family filling R. By the four forms of F will be meant the four curve-families 
F, (t=1,2,3,4) fillmg R which are the respective images of / under the 
following transformations: 7’, = the identity ; 7, = a reflection in the equator ; 
T;, =a reflection in the great circle of K in the zz-plane; T, = T;T. = T.T3. 

The concept of a normal explicit chordal system was defined in I § 3.3 
and II § 3.2. If # is a normal explicit chordal system and C, and C, are two 
parallel chords of #, then by identifying opposite points of C; and C2 and 
mapping the zone of C; and C, homeomorphically on K, as in § 2.2, the 
subset A(C; + C.) of HL becomes a double chordal system on K. A double 
chordal system obtained in this way from a normal chordal system will be 
termed normal. 

The preceding analysis and the results of I and II then permit us to 


state the following theorem: 


THEOREM 5. Let F, and F, be two regular curve-families of case (a) 
filling R. Then F, is homeomorphic to F, if and only if for suitably chosen 
forms F’, and I’, of F, and F, every DCS (F’;) is isomorphic to every DCS (F’:). 
Furthermore a double chordal system E is of the form DCS(F) for some 
regular curve-family F filling R if and only if E is normal. 


3. Case (b). F contains no closed curve or joining curve. 


We assume throughout this section that case (b) holds: F contains 
neither a closed curve nor a curve joining N and 8. 
Throughout the following discussion a number of statements will be made 
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which apply equally to V or to 8S. This will be indicated by the expressions 
“similarly for S” or “similarly for V,” implying that S and N are to be 
interchanged in the statement. 


3.1, Flowers. Let C be a curve of F such that L(C) =N. C+ WN is 
then a closed curve and divides K into two regions. We shall always denote 
by D(C) that region which does not contain S and by D*(C) the other region. 
In both cases only interior points are included. (Similarly for 8). 

Let C, and Cz be two curves of F such that L(Ci) =N (1=—1,2). 
We write C, ~ C. if D(C,)- D(C.) K0, C1 H C2 if D(C.) - D(C2) = 0. 
(Similarly for §). 


Definition. A flower at N is a subfamily Fl of F such that for each 
curve C in Fl L(C) = WN and, if C, and C2 are in Fl, then C,; C2. (Simi- 
larly for S). (See Figure 2 in the Introduction). 


THEOREM 6. A flower at N or S is an at most countable collection of 
curves. 


THEOREM 7. Jf FI={Cn} (n—1,2,-- -) is an infinite flower at N, 
then the curves Cn approach N uniformly asn— ©. (Similarly for 8). 


Remark. The conclusion of the theorem is understood to mean the 

following: if pn is any sequence of points, with pan C Cn, then lim pn = N. 
00 

Proof of theorem. Suppose the theorem false. Then there must be a 
point p which is a limit point of a sequence {pn}, with pr on Cn, pA N, 
p88. Draw a cross-section ab through p. ab must cross infinitely many Cn. 
At each crossing of a C, ab must go from D*(Cn) to D(Cn). Since the 
D(C.) are disjoint, this implies that a bay [ will be formed with D(T) 
C D(C;,) for some n. This contradicts Theorem 1. 


THEOREM 8. If C is a directed open curve of F for which L(C,+) 
> N but L(C,+) KN, then L(C,+) is a flower at N. (Similarly for 8). 


Proof. L(C,-+-) consists of N plus certain curves {Dg}, by (iv). L(C, +) 
is a closed set and (by Theorem 2) does not contain S. Hence no L(Da, +) 
can contain S. Since F has no closed curves, it follows from the classification 
at the end of §1 that for each Dg L(Da) =N. 

If D, and D, are two curves of L(C,+), then D,~ Dz would imply 
CC D(D,) or CC D(D.). But by Theorem 3 L(C,—) > S, which is not 
possible if CC D(D,) or CC D(D.). Hence D, * Dz, and thus the curves 
{Da} form a flower at N. 


if 
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THEOREM 9. Let FI=3C, be a flower at N. Then the set M= 
IID*(C..) is an open simply-connected region whose boundary is N + 3Cn. 
(Similarly for 8). 


The theorem is proved by considering the possible boundary of a com- 
ponent of M. 


3.2. The sets B(N) and B(N,C). Definition. B(N) will denote the 
family of all curves C of F such that L(C) =WN. 

We partially order B(N) thus: C, < C2 if D(C,) C D(C2). If C is in 
B(N) we let B(N, C) denote the subfamily of B(NV) consisting of all elements 
of B(N) greater than C (equality included). B(N,C) is then simply ordered. 
(Similarly for 


THEOREM 10. For every curve Co in B(N), B(N,C,) has a greatest 
element. (Similarly for 8). 


Proof. Suppose the theorem to be false. Then the set G= D(C) for 
C in B(N,C,) is an open simply-connected set and the point set B(N, Co) 
CG. The boundary of @ consists of N, possibly S, and certainly other 
points. Let Q be a boundary point of G, with N-Q@=+ 8S. Then, because 
of the regularity of F (see I $1.7) the whole curve D of F through Q is on 
the boundary of G. The boundary thus consists of curves of F plus N and 
possibly 8S. 

Let D be any boundary curve of G. Since the boundary is closed, L(D) 
is in the boundary. But we have 


(1) L(D) CN +8. 


For suppose L()) contains a curve D,;. Then choose an r-neighborhood 
U(Q:) of a point Q; on D;. U(Q;) is then divided into two smaller r-neighbor- 
hoods U’ and U” by an are 8 on D,. Since D, is in the boundary of G and G is 
a union of curves of B(N), it follows (with the help of Theorem 1) that, if 8 
is a limit of arcs in U’ of curves C of G, then U’ C G, and similarly for U”. 
This contradicts the fact that D, is in L(D) for the boundary curve D. Thus 
equation (1) follows. 

Since we assume case (b), we must have L(D) = WN or L(D) = 8; 1.e., 
DC B(N) or DC B(S). Since G is connected, the boundary curves D in 
B(N) form a flower at N, and similarly at 8S. By Theorem 7% each of these 
flowers plus N or S is a closed set. Since G is simply-connected, only one of 
the flowers can be in the boundary. Hence the boundary consists of a flower 
Flin B(N) plus N itself. Let Fl = 3D,. Then, by Theorem 9, G = [[D*(D), 
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which apply equally to N or to 8. This will be indicated by the expressions 
“similarly for S” or “similarly for NV,” implying that S and N are to be 


interchanged in the statement. 


3.1, Flowers. Let C be a curve of F such that L(C) = N. C+ N is 
then a closed curve and divides K into two regions. We shall always denote 
by D(C) that region which does not contain S and by D*(C) the other region. 
In both cases only interior points are included. (Similarly for 8). 

Let C, and Cz be two curves of F such that L(Ci) =N (t—1,2). 
We write C, C. if D(C,)-D(C2) 0, C2 if D(C.) - D(C2) = 0. 
(Similarly for 8). 


Definition. A flower at N is a subfamily Fl of F such that for each 
curve C in Fl L(C) = WN and, if C,; and C, are in Fl, then C, C2. (Simi- 
larly for 8). (See Figure 2 in the Introduction). 


THEOREM 6. A flower at N or S is an at most countable collection of 


curves. 


THEOREM 7. If FI= {Cn} (n=1,2,-- -) is an infinite flower at N, 
then the curves Cn approach N uniformly asn— ©. (Similarly for 8). 


Remark. The conclusion of the theorem is understood to mean the 

following: if pp» is any sequence of points, with pz C Cp, then lim p, = N. 

Proof of theorem. Suppose the theorem false. Then there must be a 
point p which is a limit point of a sequence {pn}, with pr on Cn, pN, 
p38. Draw a cross-section ab through p. ab must cross infinitely many Cn. 
At each crossing of a C, ab must go from D*(Cn) to D(Cn). Since the 
D (Cn) are disjoint, this implies that a bay T will be formed with D(T) 
C D(C.) for some n. This contradicts Theorem 1. 


THEOREM 8. If C is a directed open curve of F for which L(C,-+) 
WN but L(C,+) #N, then L(C,+) is a flower at N. (Similarly for 8). 


Proof. L(C,-+) cénsists of N plus certain curves {Da}, by (iv). L(C, +) 
is a closed set and (by Theorem 2) does not contain S. Hence no L(Da, +) 
can contain S. Since F has no closed curves, it follows from the classification 
at the end of § 1 that for each Dz L(Da) =N. 

If D, and D, are two curves of L(C,+), then D,~ D,. would imply 
CC D(D,) or CC D(D,). But by Theorem 3 L(C,—) > S, which is not 


possible if CC D(D:) or CC D(D.). Hence D, + D2, and thus the curves 
{D.} form a flower at N. 


q 
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THEOREM 9. Let FlI=3C, be a flower at N. Then the set M= 
IID*(Cn) is an open simply-connected region whose boundary is N + SC. 
(Similarly for 8). 


The theorem is proved by considering the possible boundary of a com- 
ponent of M. 


3.2. The sets B(N) and B(N,C). Definition. B(N) will denote the 
family of all curves C of F such that D(C) =N. 

We partially order B(N) thus: C, < C2 if D(C) C D(C.). If C is in 
B(N) we let B(N, C) denote the subfamily of B(NV) consisting of all elements 
of B(N) greater than C (equality included). B(N,C) is then simply ordered. 
(Similarly for 8). 


THEOREM 10. For every curve Co in B(N), B(N,C,) has a -greatest 
element. (Similarly for 8). 


Proof. Suppose the theorem to be false. Then the set G= D(C) for 
C in B(N,C,) is an open simply-connected set and the point set B(N, Co) 
CG. The boundary of @ consists of N, possibly S, and certainly other 
points. Let Q be a boundary point of G, with N~Q+~ 8S. Then, because 
of the regularity of F (see I $1.7) the whole curve D of F through Q is on 
the boundary of G. The boundary thus consists of curves of F plus N and 
possibly S. 

Let D be any boundary curve of G. Since the boundary is closed, L(D) 
is in the boundary. But we have 


(1) L(D) CN+8S. 


For suppose L()) contains a curve D,;. Then choose an r-neighborhood 
U(Q:) of a point Q; on D;. U(Q:) is then divided into two smaller r-neighbor- 
hoods U’ and U” by an are 8 on D,. Since D, is in the boundary of G and G is 
a union of curves of B(N), it follows (with the help of Theorem 1) that, if 8 
is a limit of arcs in U’ of curves C of G, then U’ CG, and similarly for U”. 
This contradicts the fact that D, is in L(D) for the boundary curve D. Thus 
equation (1) follows. 

Since we assume case (b), we must have L(D) = WN or L(D) = 1.e., 
DC B(N) or DC B(S). Since G@ is connected, the boundary curves D in 
B(N) form a flower at N, and similarly at S. By Theorem 7 each of these 
flowers plus NV or S is a closed set. Since G is simply-connected, only one of 
the flowers can be in the boundary. Hence the boundary consists of a flower 


Flin B(N) plus N itself. Let Fl = 3D,. Then, by Theorem 9,4 —=]]D*(D), 
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and hence GS. This is impossible. Hence B(N, (>) has a largest element 
and Theorem 10 is established. 


3.3. Decomposition of F into B(N), B(S), and J(F). For each ele- 
ment C of B(N) we now let C* denote the largest element of B(N,C). Let 
G* be the set of all such C*. G* must then be a flower and we denote it by 
Fl(N). Every curve C of B(N) is then less than or equal to some curve of 
FI(N). We write DFI(N) for the set 3D(C), C in FI(N). (Similarly 
for 8). 

Now let J(F) = F—B(N)—B(S). Each curve of J then satisfies 
L(C,+) C FI(N) +N, L(C,—) C FI(S) + S for proper orientation of C. 

We have thus decomposed the family F into three pieces B(N), B(S), 
and J(F). Each of B(N), B(S) is a flower plus interior. J(F) consists of 
curves ‘joining’ B(N) and B(S). In the following sections we shall analyze 
the internal structure of each of the pieces and determine how they fit together. 
It will turn out that B(N) and B(S) have the structure of a subset FH — 0(V) 
of a normal chordal system H, while J(F’) has the structure of the family of 
longitudinal semi-circles. The curves of J(F) can all wind around B(N) 
like spirals or they can all tend directly to NV, and similarly at 8S. In the latter 
case the picture of the singularity at N, or S, is precisely that of a regular 
family filling the plane at the point at infinity. 


3.4. Structure of J(F). 


THEOREM 11. The curves of J(F) fill an open doubly-connected region ®. 
© can be mapped homeomorphically on R in such a way that the family J(F) 
becomes the family of (open) longitudinal semi-circles. 


Proof. That 6 = R— (B(N) 4+ B(S)) is doubly-connected follows by 
repeated application of Theorem 9. Since every curve C of J(F), when 
properly oriented, satisfies L(C,+) > N, L(C,—) OS, ® can be mapped 
homeomorphically on R so that each curve C’ of the image family J’ satisfies 
L(C’, +) =N, L(C’,—) =S. J’ is then a regular curve-family filling F 
and one to which case (a) applies. It follows immediately from Theorem 5 
that J’, and hence J(F’), is homeomorphic to the family of longitudinal semi- 
circles in R. 

Corotuary. There exists a closed cross-section in ®, i. e., a closed curve y 


lying in ® which meets each curve of J(F) exactly once; further, y can be 
chosen to separate N and 8. 


For let: 7) be the map of J(F) on the longitudinal semi-circles; let g be 
any latitudinal circle. To"1(g) satisfies the conditions of the corollary. 


| 
| 
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3.5. Structure of B(N) and B(S). Let V =D, be a cyclic subset of 
a regular curve-family /’y filling the plane. The family 7, —6(V) will be 
termed a cyclic complement. 

LemMaA. A necessary and sufficient condition that a family F, of non- 
intersecting open curves in the plane be a cyclic complement is that the 
following hold: 

(a) each curve of F, tends to infinity in both directions ; 

(b) F, = 3F,[D,+D(D,)], where is cyclic and D(Dny,) - 
D (Dn) = 0 for nF 

(c) for each n F;[Dn + D(Dn)] is regular. 

The necessity follows immediately from the definition of cyclic comple- 
ment and the results of I. For the sufficiency the set 6(V) must be filled in 
with a curve-family which forms with /, a regular family F, filling the plane. 
This can be done by the same procedure as that used in IT $1.3 to $1.5. 

THEOREM 12. The sub-family B(N) of F is homeomorphic to a cyclic 
complement. (Similarly for 8). 

The theorem follows by use of stereographic projection and the above 
lemma. 

It should be noted that if the interior DFI(N) of B(N) is filled out 
with any curve-family such that B() as altered remains a cyclic complement 
on stereographic projection, then the new B(N) still forms with J(F) and 
B(S) a regular curve-family filling R. This follows from (11) of § 1. 2. 


3.6. Relationship between J(F), B(N) and B(S). Case 1. 

We consider two cases for F: case 1, J(F') contains no curve C of F 
such that L(C, +) = N; case 2, J(F) contains a curve C of F such that 
L(C,+) =N. (Similarly for 8). Throughout § 3.6 we assume that case 1 
holds. Denote by r and @ polar coordinates in the ay-plane. 

Definition. A family of curves on K will be said to be of type (8) if it is 
homeomorphic to a family Fy in the plane consisting of the following curves: 

(1) the curves 

r(2r—3 


i. e., a family of curves each of which starts at a point of the circle r= 3/2 and 
spirals asymptotically to the circle r = 1 in the clockwise direction 


2 
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(2) a (possibly void) set of non-overlapping open curves Cn* (n=1, 
2,°* *), each C,* lying on r—1; 

(3) for each n of (2) a family of open curves filling the interior of the 
segment of the circle r = 1 determined by C;,* and forming with C,* a family 
regular on the boundary C,* and regular interior to the segment. 


From (ii) it follows that Fy is regular throughout, and that, moreover, 
if the curves of (2) are replaced by the circle r= 1, Fy is still regular. By 
the corollary to Theorem 11 we can choose a closed cross-section y lying in 
J(F) and separating B(N) + N from B(S)+ 8. Let D(y) be the com- 
ponent of K — y containing N and let D*(y) denote K —y— D(y). 


THEOREM 13. If case 1 holds for F, then B(N) 0 and the family 
Fly + D(y) —N] is of type (8). (Similarly for S and D*(y)). 


Remark. The significance of this theorem is that not only do the curves 
of J(/) spiral about the flower at NV, so that the flower behaves like a circle, 
but that J(F) plus the flower can be imbedded in a regular family Fy in such 
a way that the curves of the flower are all placed on a circle to which the 
spirals are asymptotic in a regular manner. Thus the singularity at N is 
‘regularized.’ This operation is the ‘explosion’ referred to in the next to 


last paragraph of the introduction. 


Proof of Theorem 13: By the theory of conformal mapping it is possible 
to map the region W bounded by y and F/(N) homeomorphically on the 
annulus 1 < r< 3/2 in such a way that the homeomorphism can be extended 
to the curves C, of FI(N) and to y. We assume the map chosen so that the 
images of the C, are open arcs C’, on r= 1 and the image of y is r= 3/2. 
The curves of J[D (y) + y] are then mapped on curves which start at r= 3/2 
and are asymptotic to r—=1. Let F’ denote the family which is the image of 
FLW + y+ Fl(N)]. 

Since we assume case 1, J contains a curve C such that L(C, +) = WN plus 
some of the Cy. We can assume that L(C,-+-) includes C,. The image C’ of C 
in the annulus thus satisfies L(C’, +) > C’:, for proper orientation. Choose 
a point p of 0’; and a cross-section pg, qin 1 <r < 3/2, relative to the family 
in the annulus. OC” crosses pq infinitely often. Since any bay formed must 
separate r= 1 and r= 3/2 (as follows from Theorem 1), we conclude that 
only harbors are formed and that the curve C’ spirals about r= 1, crossing 
pq each time nearer to p. It then follows that any curve of the family crossing 
pq between the point w, at which C”’ first meets pg, and q must also spiral 
about 7 = 1 in the same direction as C’ and also have all of C’; as limit. 


| 
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Let s be the first point at which C’ meets pw. The arcs (ws), on pq and 
(ws). on C’ then form a harbor T. Let Z denote the closed region of the 
plane bounded by fT and r=1. Cut Z open along psw and then map it 
homeomorphically on the rectangle J: OS OSyZ1 so that r—=1 
becomes y = 0, (ws). becomes y = 1, p has inverses (0,0) and (1,0), s has 
inverses (0, Yo) (0 < y <1) and (1,1). The family in the annulus becomes 
a family y in J consisting of arcs joining a point of r=0,0< yl, toa 
point of c—1, 0<yZ1 plus open intervals C’, in 0<r<1, y=0 
(n = 2,3,- - -) and two half-open intervals C’;. We denote by y the sets of 
points of y= 0, 021, not ona 


Lema A. — is a homeomorphism T, of the set I—7 on itself such 
that T,(C’n) = Cn for each n, each point of I on y=1 is fixed, while the 
curves of w in y > 0 become lines y = constant. 


Remark. This lemma may be interpreted as a regularization of y at the 
points of 7. 

The lemma is established by imbedding ¥ minus the points of x =—0 
and z = 1 in a regular curve-family filling the interior of a circle, then doing 
the same with the family obtained from y by replacing the curves in y > 0 
by lines y = constant and then applying Theorem II. 27. 

We now apply 7, and then map J back on Z by a homeomorphism which 
identifies points on x 0 and z—1 corresponding ultimately to the same 
point of the annulus. Thus the family 7” has now been regularized along 

= 1; i.e., remains regular if the C’, are replaced by the circle r—1. 
Let /”, denote the regular family thereby obtained. 

We next demonstrate that F’, is homeomorphic with the family x con- 

sisting of the circle * 1 plus the spiral curves 


a(2r 


= tan +k, 1ers3/2, 


To that end we first extend the cross-section pg to become a larger one pu, 
where w lies on r= 3/2 and pu—u lies in D(y). That this is possible 
follows from Theorem 11. 

Let CO’ be the curve of 7’, through u. C’ then meets pu at a first point v 
after u. Let IT denote the harbor thereby formed. Let Z denote the closed 
region bounded by T and r=1 and let Z* denote the remainder of the 
annulus. 

If we cut open along pu then Z can be mapped exactly as was the Z 
above on the rectangle J so that the curves of F’,[Z] become the lines 
y = constant. There is a homeomorphism 7) corresponding, which identifies 
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points on x1 and points on x0. J can'be regarded as a function of 
y with values y, and we have =0, (1) =yo <1. Further 
except for y=0, and hence in general 7)(y) < y. By a suitable further 
homeomorphism of the rectangle on itself leaving the family unchanged 7, 
can be made to coincide with any homeomorphism with the above properties. 
This follows from a lemma on monotone functions.® 

We now proceed in exactly the same way with the family x. We choose 
the cross-section Py%, a8 the line joining (1,0°) and (3/2,0°). We choose 
the curve r, through v, and wu, in the same way as above and obtain the 
regions Z, and Z*,. We cut open along PY, and map Z, on the rectangle 
I so that the curves of x[Z, | become parallel lines y= constant. We have 
an identification Toy of 1 and e=0. But we can assume, by the pre- 
ceding paragraph, that To, =T>. It thus follows that there is a homeo- 
morphism 7 of F’,[Z] on x[Z,] taking T on Ty, r=1 on r—1. T can 
then be extended to a homeomorphism of all ¥”’, on all x by cutting Z* and 
at open at the points wu and u, to get triangles and then proceeding as above. 
We thus conclude that there is a homeomorphism of F[W] on the family x 
from which points on r= 1 have been removed. Under this map the curves 
C, of Fl(N) become arcs C’, on r= 1. To complete the proof of Theorem 13 
it remains only to extend the homeomorphism to each set D (Cn) in such a 
way that each is mapped on the interior of the segment of the circle bounded 
by C’n. Thus Theorem 13 is established. 


3.7. Relationship between J(F), BUN) and B(S). Case 2. 


Throughout § 3.7 we assume that case 2 holds: J(F) contains a curve 
C of F such that L(C, +) =N. 

We now define a family of curves on K to be of type (e) if it is homeo- 
morphic to a family F°[D(y°) —N], where F°, y°, and D(y°) satisfy the 
following conditions: 

(e,)F° is a regular curve-family filling R of case (a) ; 

(e)¥° is a closed cross-section relative to F° (cf. corollary to Theorem 11) ; 

(e,)y° divides K into two regions, one of which, D (y°), contains NV, while 
the other, D*(y°), contains S; 


‘Lemma. Let g,(y) be continuous monotone strictly increasing functions of y for 
with g,(4) =a and 9,(¥) <Y fora<yZb (4=1,2). Then there is a 
homeomorphism T of the interval [a,b] on itself such that 9,(Y) =T9,(T-(y)). 


The lemma is proved by subdividing [a, 6], first for i= 1 and then for i= 2, by 


the points ap ¢ 
of one subdivision on the corresponding interval of the second subdivision. 


and then determining a suitable map of each interval 
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(«,) for every point p in D*(y°), the curve C, of F° through p joins 
N and 8. 


THEOREM 14. In case 2 for F the family F[y+D(y)—N] is of 
type (e). 


Proof. From the regularity of F and the fact that every arc on y is a 
cross-section it follows that F[y + D(y) —N] is regular at each point of y. 
Now map y + D(y) homeomorphically on the northern hemisphere so that y 
becomes the equator y°® and N remains fixed. Adjoin the longitudinal quarter- 
circles joining the points of the equator to S. It follows from (ii) (§ 1. 2) that 
the resulting family F° in RP is regular at every point of R. Since F contains a 
curve C of J(F) with L(C,-+) = N, F° must contain a curve C° joining N and 
S; in fact (€,) must then hold. Thus F° is of case (a). If we take D (y°) to be 
the northern hemisphere minus y°, then F[y + D (7) —N] is homeomorphic 
to F°[y° + D(y°) —N]. Since (e), (es), (es) all hold, the theorem 


is established. 


Remarks. It follows from Theorem 5 that, given any family of type (e), 
the corresponding family F° is unique up to a homeomorphism. Hence the 
families of type (€) are automatically classified by Theorem 5; they are in 
one-to-one correspondence with a subclass of all regular families of case (a) 
filling R, whereby homeomorphic families are considered as the same family. 
This subclass can be characterized in terms of double chordal systems (see 
§ 2.2): a family belongs to the subclass if and only if it is represented by a 
double chordal system HZ on Tl and & such that the subsystem of # consisting 
of those chords of H which join N and 3 has the same structure as the 
family of rulings of , while no chord of £ joins two points of 3. 


3.8. Classification for case (b). A full classification requires three 
stages: (1) a listing of all cases which arise; (2), a proof that the cases of 
(1) actually do arise; (3) a setting up of criteria for the topological 
equivalence of two families. 

For stage (1) Theorems 11, 12, 13 and 14 give necessary conditions for 
the families. These state that the structure of J(F) is uniquely determined 
up. to a homeomorphism, that the structure of B(N) is that of a cyclic com- 
plement, that / can be decomposed into two pieces F[y + D(y) —N] and 
F[y + D*(y) —S], in each of which two structures, (8) and (¢), are possi- 
ble. The (8) structure is that of spirals about a closed curve; the (¢) structure 
is essentially a special case of that appearing in case (a). Considering possible 
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combinations in D(y) and D*(y), we can group the families of case (b) 
in two types: 


Type (N68, 88): B(N) #0, B(S) ~0 and Fly + D(y) —N] and 
F[y + D*(y) —S] are both of type (8). 


Type (N8, Se): B(N) #0 and F[y+ D(y) —N] is of type (8); 
Fly + D*(y) —8] is of type (¢). 

We note that since, in case (b), no curve of F can join N and S, there 
is no third type, (Ne, Se). 

For the type (N8, S88) there is an immediate further subdivision to be 
made. For the homeomorphism of F[y + D(y7) —N], for example, on the 
family of spirals may or may not be an o-homeomorphism. In case it is an 
o-homeomorphism, we shall say that the family F[y+ D(y) —N] is of 
type (8+), otherwise that it is of type (6—). The possible combinations 
at N and are then (N8d+, 88+), (NWS—, S5—), 
(Ni—, S8+). We shall refer to these as the fowr subtypes. We note that 
an orientation reversing homeomorphism of K on itself leaving N and S fixed 
interchanges the first two combinations and also the last two. 

Similarly, for the type (V8, Se) we can distinguish between the two 
subtypes (V8 +-, Se) and (NS—, Se). 

We now define a family A of curves on the sphere K to be an admissible 
B(N) if A is homeomorphic to a cyclic complement F”o under a stereographic 
projection of K — N on the zy-plane. (Similarly for S). 


THEOREM 15. Let Ay be an admissible B(N), let Az be an admissible 
B(S), and let Ay: Az =0. Then there exists a regular curve-family F filling 
R, of case (b), for which B(N) = A;, B(S) = Az, and F ts of type (N8, 88). 
F can be chosen to be of any one of the subtypes of type (N86, 88). 


Proof. Map the open region bounded by N, S, and FI(N) and F1(S) 
on the annulus 1 < r < 2 by a homeomorphism 7 which can be extended to 
the boundary curves of Fl(N) and FI(S). T(FI(N)) is then a set of open 
arcs, e.g., on r=1; T(FI(S)) is a set of open arcs on r=2, In the 
annulus 1 < r < 2 place one of the four families: * (1) the family of Figure 
5a (see Introduction, §6); (2) the family obtained from (1) by reflecting 


® These can be defined analytically as follows: 


6 =e tan [r(r—3/2)] +k 
6 =e sec [r(r— 3/2)] +k 


forl<r< 2 and 0O<kS2r. «= +1 gives (1) and (3); e——1 gives (2) and (4). 
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in a diameter of r = 2; (3) the family of Figure 5b; (4) the family obtained 
from (3) by reflecting in a diameter of 72. The inverse images of these 
families then form with A, and A, regular families F' filling R of case (b) 
and they give the four subtypes as desired. 

It thus follows that the classification requirements (1) and (2) for type 
(N8, 88) have been satisfied. For type (8, Se) we proceed similarly: 


Definition. A family A of curves in R will be termed an admissible Se 
family if A is of type (e«) and has S as isolated singularity. 


THEOREM 16. Let A, be an admissible Se family and let Az be an ad- 
missible B(N) such that A,-A.=0. Then there exists a regular curve-family 
F filling R, of case (b), type (N8, Se), for which B(N) = Az and for which 
there is a closed cross-section y in J(F) such that ‘A, =F[y + D(y) — 8], 
where D(y) DS. F can be chosen to be of either subtype. 


Proof. A, will be bounded by a closed cross-section y and will fill 
D (vy) —S. The region between A, and A, can thus be mapped on an annulus 
and hence essentially the same device as was used in the proof of Theorem 15, 
can be used to establish the theorem. 

It now remains to carry out stage (3) of the classification: the setting 
up of criteria for the homeomorphism of two families. We use again here 
the notion of the four forms of a family (see § 2. 3). 

Consider now two families F; and F, of case (b). A necessary condition 
that they be homeomorphic is that both be of the same type. We can therefore 
discuss each type separately. 

Consider type (V6, 88). Here we consider first the families By;(N) and 
B,(S) (t=1,2). These are all homeomorphic to cyclic complements, the 
B,(N) under stereographic projection, the Bi;(S) under reflection in the 
equator followed by a stereographic projection. The isomorphism of two of 
these families is then defined to mean that of the coresponding planar families 
(regarded as chordal systems, as in II). If B,(N) and B.(N) are isomorphic, 
then Fl,(N) and Fl.(N) will necessarily correspond to each other under the 
isomorphism (similarly for 8). 


THEOREM 17. Let F, and F., be two curve-families of case (b), type 
(N86, 88). Then a necessary and sufficient condition that F, and F, be homeo- 
morphic is that for one form F’, of F, and one form F", of F. the following 
holds: B’,(N) is isomorphic to B’,(N); ts isomorphic to B’,(8); 
F’, and F’, are of the same one of the four subtypes. 


Proof. The necessity is immediate. 
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For the sufficiency we choose closed cross-sections y,; and y2 in J(F’) 
and J(F’,) respectively and choose D(y,) and D(y.) to include N. Both 
families F’,[y: + D(yi1) —N] and F’.[y.-+ D(y2) —N] are of type (8) 
and can be mapped on families Fy of the definition (see § 3.6). Since F’, 
and fF”, are of the same subtype, either both of these homeomorphisms will 
preserve orientation or both will reverse it. Now B’;(N) and B’.(N) are 
isomorphic under a one-to-one correspondence which necessarily takes 
FV,(N) on = It follows that there is a one-to-one 
correspondence between their images 3C*,, and 3C*s, which preserves order 
and orientation on the circle. It thus follows that the SC*,, can be assumed 
identical with the 3C*s,. For we can reduce a neighborhood of r—1 to a 
rectangle and proceed as in the proof of Lemma A of Theorem 13. This gives 


an o-homeomorphism of 


on 
, 
F"s[y2 + D — =D (C’en) 
taking y, on yz and each on the corresponding This o-homeomorphism 
can be extended by similar methods to give an o-homeomorphism of /”; on F’». 


Thus F, and F,, are homeomorphic. 


THEOREM 18. Let Ff’, and F, be two curve-families of case (b), type 
(N8, Se). Then a necessary and sufficient condition that F, and F, be homeo- 
morphic is that for one form EF’, of F, and one form F”’, of F. the following 
holds: the families B’,(N) and B’,(N) are isomorphic; there are closed cross- 
sections y1,y2 in J(F’,) and J(F’,) such that, if D(yi) DS (i=1,2), 
then there is an isomorphism between DCS(Fs[D(y:) — S8]) and 
DCS (F’.[D (yz) —S]); and F’, are of the same subtype. 

Remark. The DCS(F’;[D (yi) —S8]) is understood to mean DCS(¢i), 
where ¢; is a curve family filling R obtained from F’;[D (yi) —S] by an 
o-homeomorphism of D (yi) on K —N leaving S fixed. DCS(;) is defined 
in § 2. 2. 

The proof of the theorem is similar to that of Theorem 17. 


4, Case (c). F contains closed curves. 


Throughout this section we assume that case (c) holds: F contains at 


least one closed curve. 


4.1. Annular families. By (vii) (see § 1.5) each closed curve of F 
separates N and S. It follows that of each pair D,, D2. of closed curves one 


| 

| 
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separates the other from N. The closed curves can thus be simply ordered 
by the relationship of being nearer to NV, and hence lie on the sphere essentially 
as a set of latitudinal circles. (It will follow from the results below that a 
suitable homeomorphism of K on itself transforms them onto latitudinal 
circles). It will accordingly be necessary to analyze the structure of F in the 
region between two closed curves. Such a region is homeomorphic to an 


annulus. 


Definition. A closed annular family shall mean a curve-family ¢ on the 
sphere or in the plane which has the following properties: ¢ fills a closed region 
A whose boundary consists of two non-intersecting closed curves D; and D2; 
D, and Dz are elements of ¢; ¢ is regular at every point of A. An open 
(half-open) annular family shall mean a family which can be written as a 

sum > ¢i (> ¢:) of closed annular families $i, whereby $;° ¢is1 is a common 

t=-0O 
bounding curve of ¢; and for each i and = 0 for |i—j| >1. 

The word ‘closed’ will generally be omitted in referring to a closed 
annular family. Throughout § 4.1 there will be no reference to the open or 
half-open families. 

From this point on ¢ will denote a fixed annular family. @ may be on 
the sphere or in the plane but, if it is on the sphere, it will be assumed not to 
contain or 8S. 

Definition. will be termed simple if @ contains no closed curves besides 
D, and Ds. 

If ¢ is simple, then ¢— D, — D, can be mapped homeomorphically on 
kK — N—S, and all the reasoning of case (b) can be applied. We conclude, 
as in the proof of Theorem 16, that @ can be mapped o-homeomorphically on 


one of the four annular families: 

(*) the family of Figure 5b; 

(**) the family obtained from (*) by reflecting in a diameter of the 
larger circle ; 

(***) the family of Figure 5a; 

(****) the family obtain from (***) by reflecting in a diameter of the 
larger circle. 

If ¢ is on the sphere, the o-homeomorphism can be accomplished by first 
stereographically projecting on the plane by a projection P and then per- 


7 See footnote 6 above for the equations of the spirals. 
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forming a further o-homeomorphism. This second o-homeomorphism can be 
so chosen that the outer boundary curve of P¢ becomes the outer circle of the 
final image. It will then follow that ¢ can be mapped in this way on exactly 
one of the four families (*), (**), (***), (****). We term that one the 
associated canonical family of ¢. If is already in the plane, then replace P 
by the identity transformation to obtain the definition of the associated 
canonical family. 


Definition. If the associated canonical family of the simple annular 
family ¢ is (***) or (****), @ will be termed ordinary. If the associated 
canonical family is (*) or (**), @ will be termed bent. 

Now suppose that ¢ contains closed curves besides ), and D.. Since 
A— D,— Dz is homeomorphic to a family filling R, we conclude that the 
closed curves of ¢ lie as concentric circles between D, and D2; i. e., they can 
be simply ordered with respect to nearness to D; (or to D.). may then 
contain sub-families which are simple annular families. Two such sub-families, 
if non-coincident, can have at most a bounding closed curve in common. 


THEOREM 19. ¢ contains at most a finite number of simple annular sub- 
families of bent type. 


Proof. If ¢ contained infinitely many bent sub-families they would have 
a limiting closed curve C. By (iii) ($1.2) C lies in an s-family. An s-family 
can contain no bent annular families, and hence there is a contradiction. 


Definition. An annular family is smooth if it contains no bent sub- 
families. 


CoroLLary To THEOREM 19. Lvery annular family ¢ can be decomposed 
in a unique way into a sum of annular families as follows: ¢=¢:1 +¢2 
dis is a closed curve Cy of 
= 0 (j >1 +1); each is either bent or smooth; if $i is smooth, then 
1s bent, 

¢ is thus composed of successive rings of smooth or bent type, the smooth 
ones being separated by bent ones. To complete the analysis, we must deter- 
mine the possibilities for a smooth annular family. 


THEOREM 20. If 6 isa smooth annular family, then ¢ is a closed s-family. 


Proof. From a point p on the boundary curve D, of ¢ it is possible to 
draw a cross-section pg, with q on a closed curve interior to ¢ or on D2. If it 
were impossible to have g on D2, there would certainly be a ‘least upper 
bound ’” of the closed curves on which g can be chosen: i.e., a closed curve C 


( 
| 
t 
| 
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such that g can be chosen on any closed curve between D,; and C. But a cross- 
section pq to a point q in the neighborhood of C can be extended to become 
one which crosses C, as follows from (iii) ($1.2). Hence there is a contra- 
diction and g can be chosen on D,. If we now cut open on pq, we obtain a 


Q 


rectangular family with identifications as in § 1.3. Thus ¢ is a closed s-family. 


Corotuary 1. Jf ¢ is a smooth annular family, then there is a cross- 
section pq with p on D, and q on Dz. 


7 


Corotuary 2. If ¢ is a smooth annular family, then # is orientable. 
(See I § 3.4 for the definition of orientability of a curve-family). 


It thus remains to discuss the possibilities for a family ¢ which is a closed 
s-family. But such a family ¢ is obtained from a rectangle M: 0OS¢#S1, 
0SyZ1 and the ‘curves’? y = constant filling it by an identification 
y =T(y) between the points (1,y) of «=—1 and those (0,y’) of r=0. 
T(y) is here a homeomorphism and 7(0) =0, T7(1) =1. T can thus also 
be regarded as an o-homeomorphism of the interval 0= y= 1 on itself. 
T is not uniquely determined by ¢. 


Definition. Let T, and be two o-homeomorphisms of 0 Sy 1 on 
itself. 7, and 7’, will be termed similar if the following two conditions hold: 


(1) If H; is the (necessarily closed) set of fixed points of T; («=1,2), 
then there is a homeomorphism y2 =f (y,) of on where f is a monotone 


increasing function. 


(2) If yi and belong to but yC for and 
f(y’1) f(y.) = then T,(y) —y and T:(y) —y have the same 
sign in the respective intervals < yi (t=1,2). 


The relation of similarity is reflexive, symmetric and transitive, hence is 
a valid equivalence relation. 
The following lemma can then be established: § 


Lemma. Let @, and G» be two curve-families obtained from the family 
uy = constant in M: OS by respective identifications y = 
T,(y) and =T.(y) of the line x=1 on the (OS 
whereby T; is an o-homeomorphism of the interval 0S yS1 on ttself. Then 
there exists an o-homeomorphism T, of G, on G2, taking the line y=1 on the 


® The proof is similar to that for the lemma cited in footnote 5 above. 


§ 
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line y=1, y=0 on y=0 (0OS2721), and on ON 
(0Sy=1) and only if T; and T, are similar. 

This lemma shows that if the smooth annular family (bounded by D, 
and D» as above) is cut open along a cross-section pg and mapped on a rectan- 
gular family in M so that D, corresponds to y= 0 and D, to y=1 and the 
direction from (0,0) to (1,0) on y=0 to the positive orientation on D,, 
then the corresponding identification 7 is determined up to a class of similar 
homeomorphisms. Furthermore, if pq is replaced by any other such cross- 
section p’q’, precisely the same class of identifications T is determined. Finally, 
if two families ¢’, ¢’’ have the same identification class, then there is an 
o-homeomorphism of ¢’ on ¢”, taking D’, on D”,, D’, on D”». 


4,2. Classification of annular families on the sphere. We consider 
S such that of the two bounding 


first closed annular families ¢ in A — N 
closed curves D, and Dz one, D,, separates the other, D., from N, while D, 
separates D, from 8S. We term two such families ¢’ and $¢” equivalent if there 
is an o-homeomorphism of the family ¢’ on the family ¢” taking D’, on D”, 
and D’, on D”.. 

By the corollary to Theorem 19, with every family ¢ can be associated a 
sequence of letters, such as 


bsbbsb, sbbbsbbsb, 


corresponding to the successive rings of bent and smooth types. We make the 
sequence unique for each ¢ by requiring that the letters correspond to the rings, 
in order of nearness to N, the first letter representing the ring nearest to A 
With each of the b’s of the sequence is associated a bent annular sub-family 
of ¢. This bent annular sub-family has an associated canonical family (*) 
or (**). We now insert after each b in the sequence the corresponding symbol 


(*) or (**), so that a sequence might be 
b(*)sb(**)b(*)sb(**)s, 


For the smooth sub-families of ¢ the results of 4.1 permit us to proceed 
as follows: Suppose the set of all o-homeomorphisms of 0 = y= 1 on itself 
subdivided into similarity classes. To each class assign a different abstract 
index a, so that a collection A: a, B,: of indices is formed in one-to-one 
correspondence with the similarity classes. Then to each smooth annular sub- 


family ¢s corresponds a unique index of A, and two smooth annular sub- 
families will have the same index if and only if they are equivalent. 

We now insert into the already amplified symbol for ¢ the corresponding 
index of A after each s, so that the symbol might appear thus: 


| 
| 
| 
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This expanded symbol will be denoted by bs(¢). 
In general any finite sequence of b’s and s’s, with the s’s always separated 
by one or more b’s, and with the symbols (*), (**), or (a) (for « in A) 


inserted as above will be called a finite bs symbol. 


THEOREM 21. For every finite bs symbol o there exists a closed annular 
family on the sphere such that bs() is o. 


Proof. Each pair 6(*), b(**) or s(a) in the symbol can be realized by 
a bent or smooth annular family of the corresponding type on the sphere. 
Kquivalent images of these can then be constructed in the correct order and so 
that successive families have, for example, a latitudinal circle in common. The 


resulting family is regular by (ii) ($1.2) and has the desired symbol. 


THEOREM 22. Let ¢’ and $” be two closed annular families on the sphere. 
Then ¢ and $” are equivalent if and only if bs(¢’) =bs(¢”). 


Proof. The necessity of the condition is an immediate consequence of 
Theorem 20 and of the fact that the associated canonical family of a bent 
family is unique. 

For the sufficiency it is necessary to set up an o-homeomorphism of ¢’ 
on ¢” taking each smooth or bent sub-family of ¢’ on the corresponding one 
of ¢”. This is done by starting with the sub-family (bent or smooth) of ¢’ 
nearest to V. The fact that the bs symbols are the same shows that there is 
an o-homeomorphism between this sub-family and the corresponding one of 
¢”’. We then proceed step by step to extend the o-homeomorphism to the 
other sub-families. At each stage, in order to extend the homeomorphism it 
is necessary to cut open the sub-families to obtain rectangular families (in 
the case of a bent sub-family two such rectangular families are needed; cf. 
the proof of Theorem 13). Then by the same reasoning as in the proof of 
Lemma A of the proof of Theorem 13 the desired extension of the homeo- 
morphism can be made. 

All of this discussion applies equally well to the open or half-open 


annular families ¢. These are defined as double series } ¢; or simple series 
> ¢; of closed annular families. The families we consider will lie in R and 
1 
we shall assume that the ¢; can be and are so numbered that $j is nearer 
than ¢;,, to N for all i, while ¢i,; is nearer to S than ¢;. Two such families 
will be termed equivalent if there is an o-homeomorphism of one on the other 
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preserving the relation of nearness to N on the closed curves. Each d; can 
be decomposed as above into a succession of smooth and bent sub-families. 
The same also holds for each closed annular family $; + is. +++: + dian 
It may happen that $; + $i. +°---+ dis is itself a smooth annular family, 
but it could never be a bent family for n= 1. It follows that with each 


half-open family may be associated a sequence of four possible forms: 


(h1) + + sssbbsbsbbs 
(h2) bsbbsbbbsbsbsss - 
(h3) - + + bsbbsbbbsb 
(h4) bsbbsbbbsbsbsbbbsb 


For forms (h1) and (h3) the range of the index i would be from — co 
to —1; for (h2) and (h4) the range would be from 1 to «. For (h1) and 
(h2) the sequence finally consists wholly of s’s if one proceeds far enough to 
the left or to the right respectively, while for (h3) and (h4) this fails to 
hold (by definition). 


Lemma. Let dn be a half-open annular family on the sphere which can 
be decomposed into successive annular families all of which are smooth: i. e., 
gn corresponds to one of the sequences 


SSSSS, SSSSS 


Then ox can be mapped homeomorphically on a curve-family ¢.[A — Dz], 
where os is a smooth annular family filling the annular region A which is 
bounded by the two closed curves D, and Dz of os. Furthermore oz is unique 
up to a homeomorphism. 


Proof. Map the successive smooth sub-families of ¢, homeomorphically 


on annular families bounded by the successive circles r= 1, r= 3/2; r=3/2, 
r=%/4; r—=7/4, r—=15/8;- in the plane. In each case we choose the 
image family to be a spiral family (see I, $1.8). The result is a family 
homeomorphic to ¢x, and, furthermore, if we adjoin the circle D. : r= 2, the 
resulting family $s is regular and has the desired property. 

If two such families are given, then it follows immediately by use of 
rectangular representations and Theorem 20 that they are homeomorphice. 

If we apply the lemma, we see that with each such family ¢, may be 
associated an identification class in a unique way, exactly as with a smooth 
annular family on the sphere. We can thus express a by a symbol s(a, — 0) 


‘ 


or s(a,-+ co), the plus or minus being determined by whether the “ missing 
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curve ” precedes (minus sign) or succeeds (plus sign) the other closed curves 
of ¢n, where ‘ precedes’ means ‘ is nearer to N than’. 

Accordingly, if we insert the (*), (**) and indices 2, B, y,- - - through- 
out appropriately, the forms (h1) and (h2) reduce to the following types of 
finite sequences : 


(h1) s(a, — 


The sequence is now unique, and will be denoted by bs(¢a). For cases (h3) 
and (h4) the infinite sequence is unique as it stands, and if the (*), (**), 
and indices are inserted, it becomes the unique symbol bs(dn). 

A similar discussion holds for the open families. There are four forms, 
illustrated by 


(ol) s(a,— 0)b(**)b(**)s(B)b(**)s(y, + 
(02) s(a, — )b(*)b(**)s(B)b(*)s(y)b(*) 


If any doubly infinite or ‘half-infinite’ sequence is given, formed by 
the letters b,s, with each b followed by (*) or (**) and each s followed by 
an index (a), or, in the case of a first s or a last s, by an index (2,— 0) 
or (a, -+ co) respectively, and if the s’s are separated by b’s, then we term 


the sequence a doubly infinite bs symbol or a half-infinite bs symbol. 


THEOREM 2la. Yo every doubly infinite or half-infinite bs symbol o 
there exists an open or half-open annular family @ on the sphere such that 


bs($) 


THEOREM 22a. Let ¢’ and ¢” be two half-open (or open) annular 
families on the sphere. Then ¢ and ” are equivalent if and only if 


bs(¢’) = bs(¢”). 


(By the identity of two infinite sequences is meant the existence of a 
one-to-one correspondence between them which preserves the given order and 
pairs equal elements. ) 

The proofs of these theorems are essentially the same as the proofs of 


Theorems 21 and 22. 


4,3. The situation at N and S. We now return to the family F filling 
R, about which we have made the assumption that it contains one or more 


| 
| 
| 
| 
3 
| 
| 
4 
| 


32 WILFRED KAPLAN. 


closed curves. Consider, as in case (b), the collection B(N) of curves C of F 
such that L(C’) = N. The same proof (with simplifications) as for Theorem 
10 above ensures that consists of a flower F1(N) = {Cn} (n=1, 
plus families filling the sets D(C»). 


Case 1. There is a directed curve C in F, not in B(N), and such that 
L(C,-+) =N. The curve C must then be asymptotic to a closed curve D 
of F in the negative direction. Choose D(D) to include N. Then in 
D (D) —N we have a family in a region homeomorphic to R, and this family 
is necessarily of the type of case (a). But in an s-family about D the 
curves of D(D) must all spiral asymptotically to D. It follows that in 
D+ D(D) —N we have the same situation as in case (b), type (N8, Se), 
with D playing the réle of FI(N) and N the role of S. We can choose a 
closed cross-section y in D(D) and consider, as in §3.7 and Theorem 16, 
the double chordal system DCS(F[D(y)—N]). An existence theorem 
analogous to Theorem 16 then holds. 


Case 2. B(N) #0 and there is no curve C in F—B(N) such that 
L(C,-+-) =N. Let C; bea curve of F1(N) and let pig be a cross-section from 
a point p, of C, toa point gin F— B(N). If piq fails to meet a closed curve 
of F, then there is a closed curve of F nearer to N than all other closed curves 
of F. Otherwise p, is a limit of closed curves of F. In either case the method 
used in the proof of Theorem 13 is applicable, and we conclude that there 
is a closed curve D of F such that, if D(D) DN, then F[D+ D(D) 
— DFI(N)—N] can be mapped homeomorphically on a_ curve-family 
¢[A — 3%], where ¢ is a closed annular family in the plane filling the annulus 
2, and & is a non-void closed set on r= 1. In other words, Fl(N) 


acts as one closed curve. 


Case 3. B(N) =0and there is no curve C in F such that L(C,+) =N. 
For every closed curve D choose D (D) to include N. Let FE = ][D (D) for all 
D of F. Then £ is the point N. For if # contains any other point p, then p 
is on a curve C of F which is not closed, hence is asymptotic to a closed curve 
in one direction and to N in the other, contrary to assumption. Thus in this 
case the closed curves D close down on WN as limit. 

All of this discussion holds similarly for 8. 


4.4. Classification in case (c). We can indicate the combinations at 
N and S by the symbols (Ni, Sj) (= 1, 2,3; 7 =1,2,3). The combination 
(Ni, Sj) will be regarded as the same as (Nj, Si), since a renaming of WV and 
S makes them the same. There are then in all six possible types. 
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Consider the types (Ni, 87) with 11,2, 71,2. Suppose first that 
F contains at least two closed curves. Then in all four of these cases F' can be 
mapped homeomorphically on a family F° consisting of a closed annular 
family $°, bounded by two latitudinal circles Dy® and Dgs°, from which a 
closed set on either or both bounding circles may have been removed, plus 
families in D(Dy°) and D(Dzs°), where D(Dy’) DN and D(Dz°) 8. 
The structures in D(Dy°) and D(Dsg°) correspond to the cases 1 and 2 at N 
and S. If case 1 holds at N, then we have in Dy® + D(Dy’) the type of 
family described under case 1 as filling D+ D(D). If case 2 holds at N, 
the structure in D(Dy’) is that of F[MFI1(N)], as described under case 2, 
while Fl(N) is represented by open arcs on Dy’. The closed annular family ¢° 
bounded by Dy°® and Ds° is completely characterized by the discussion above: 
i.e., the symbol bs(¢°) gives all the information. If we use the facts pre- 
viously obtained for homeomorphism of two families, we conclude that two 
curve families F, and Fy, of these types can be homeomorphic if and only tf 
forms F,° and F..° of each can be chosen such that each consists of an annular 
family $i° (i= 1,2) (with possible deletions on the boundaries) and families 
in D(D°iv) and D(D*is), whereby bs($°,) and the families 
F°,[D°iw + and + have respectively the same 
structure as + D(D%.yv)] and + D(D%ss)]. These last 
structures have already been characterized by Theorems 17 and 18 above. 

If F contains just one closed curve, the same discussion holds except for 
the type (N1,81). Here the annulus collapses to a single closed curve D and 
we have only to consider a family in D(D) and a family in D*(D) of type 1. 
The criterion thus holds, with ¢;* replaced by a single closed curve. 

Consider next the types (V3, Sj) with j= 1 or 2. Here we can map F 
homeomorphically on a family F”° consisting of a half-open annular family 
bounded by the equator D and lying in D(D), where D(D) ON, plus a 
family in D*(D) of the types 1 and 2. A similar criterion can then be set 
up for homeomorphism. 

Finally consider the type (N3,S83). Here F is an open annular family 
to which Theorems 21a and 22a apply. 

It is to be remarked that it is only in these last two cases that an infinite 


number of bent annular sub-families can appear in F. 


PART B. Isolated Singularities of a Family on a Surface. 


1. Reduction to a family of R. Let ® be a surface, which may be 
open or closed. Let y be an open sub-region on ®, and let F' be a regular 
curve-family filling y. Let p be an isolated point of 6—y, and let U(p) 
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be an open subset of y + p containing p. The problem is to determine all 
the possible structures which 7 may have in U(p) — p. 

This can be solved if we assume only that U(p) is simply-connected. 
There certainly exist such U(p) and they can be chosen arbitrarily small. 
Since the size of U(p) will be of no import for the procedure below, the 
most information will be obtained if U(p) is chosen to be ‘as large as possible,’ 
while remaining simply-connected. For example, if F fills the surface of a 
torus with the exception of one point p, we choose two generating circles not 
meeting p and choose U(p) as the complementary region of the two circles. 

Since U(p) is simply-connected, U(p) can be mapped homeomorphically 
on K —S8 so that p has N as image. The part of F in U(p) —p thus 
becomes a regular curve-family /” filling R. Hence the problem of the struc- 
ture of F in U(p) —p is completely solved by our results above for the 
family filling R. 


2. Local considerations. It may be asked what is the structure of F 
in an arbitrarily small set U(p). 'This means of course sacrificing a good 
part of the information which could be obtained by taking U(p) large. But 
the question is worth considering, especially since in the study of differential 
equations it is imporant to know the possible structures of the solutions in an 
arbitrarily small neighborhood of a singular point. (See Fischer [2], Forster 
[3], Frommer [4], Lohn [10], v. Mises [11], and Petrovitch [12]). 

We can first take U(p) simply-connected and map on the sphere as above. 
The question then becomes one of determining the structure of the family 
F’ in the neighborhood of N. Suppose that F”’ contains a curve C such that 
L(C,-+) =WN. Then for a sufficiently small neighborhood V of N, C will 
meet the boundary of V. It follows that in V, ¥” has the structure of case (a). 
If F’ contains no such curve C, then in V only case (c) can hold, and in fact 
N must be the limit of closed curves of F” in V. V can be chosen as the 
interior D(C’) of such a closed curve C, and it follows that in V — N, F” is 
a half-open annular family. 


THEOREM 23. The only possible structures of a regular curve-family on 
a surface in the (arbitrarily small) neighborhood of an isolated singularity p 
are those of case (a) or those of a half-open annular family with p as limit. 


It can further be shown that every regular curve-family filling R is 
homeomorphic to a differentiable family (see Kaplan [%]). Hence the above 
structures at p are precisely those which arise from differential equations. 
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A CONTRIBUTION TO THE FOUR COLOR PROBLEM.* 


By CHAIM CHOJNACKI. 


(1,1) In the study of the four color problem we assume‘ a map divided 
by a connected trihedral network into a finite number of polygons. 

A map A is reducible if it is possible to form a map B containing a smaller 
number of polygons than A so, that from the assumption that the map B is 
colorable it follows that the map A is colorable too. In such cases we shall 
say that the map A is reduced to the map B. 

If there are maps which are not colorable, there exists among them a map 
M which contains the least number of polygons. Such a map is called minimal. 
This definition implies that a minimal map is not reducible. 

(1,2) A sequence of polygons P', P?,- - -, P" will be called a chain if 
every polygon touches (1 = 1,2,---,n—1). 

A closed chain (P" touches P') which divides the map into at least two 
distinct parts will be called a ring. 

A well-known theorem of Birkhoff * states: 

(1,2,1) “A minimal map cannot contain a ring composed of less than 
five polygons, or a ring of five polygons enclosing more than one polygon.” 

Franklin * proved the following theorem: 

(1, 2,2) “A minimal map does not contain a polygon of n sides touching 
n —1 or n pentagons.” 

(1,3) It will be proved in this paper for polygons having n (6 Sn 9) 
sides, that such a polygon in a minimal map cannot touch more than n — 4 
successive pentagons. 


This result will enable us to sharpen Reynolds’ * theorem stating that a 


* Received March 3, 1939. 
1For a general account of the subject see M. A. Sainte-Lagué, “Géometrie de 


situation et jeux,” Mémorial des Sciences Mathematiques XLI, and the thesis of 
Alfred Errera, Du coloriage des cartes et de quelques questions d’analysis situs, 


Bruxelles 1921. 
2George D. Birkhoff, “The reducibility of maps,” American Journal of Mathe- 


matics, vol. 35 (1913), pp. 115-128. 
* Philip Franklin, “The four color problem,” American Journal of Mathematics, 


vol. 44 (1922), pp. 225-236. 
“©, N. Reynolds, Jr., “On the problem of coloring maps in four colors II,” Annals 


of Mathematics, vol. 28 (1927), p. 492. 


36 


[ 
| 
te 
| 
| 
I 
| 


r 


A CONTRIBUTION TO THE FOUR COLOR PROBLEM. 37 


minimal map must include either a hexagon, or a heptagon, or an octagon. 
We shall prove that a minimal map must contain a hexagon or a heptagon. 
We shall even prove that in a minimal map 


3pe + pr = po + X (t— 9) pi + 24, 
i>9 
where p; denotes the number of i-gons in the map. 


(2) THErorEM: In a minimal map there is no polygon containing n 
(6 = nZ9) sides touching n 


3 successive pentagons. 

Proof: Let us denote pentagons by 5, hexagons by 6, arbitrary polygons 
(which may be pentagons or hexagons) by an asterisk *. We have to consider 
the following four configurations 

(2,1) 555*** (a hexagon surrounded by three pentagons and any 

three polygons in this order) 

(2,2)  5555*** 

(2,4) 555555***, 


(2,1) 555***5 


In this case the hexagon u is surrounded by three pentagons /, 1, m, and 
three arbitrary polygons a, b, g. Let us consider the configuration K which 
contains also the polygons c, d, e, f touching the former, as in the figure. We 
denote k byt. 

(2, 1,1) Assume that the minimal map A contains K. According to the 
theorem of Birkhoff (1, 2,1) the ploygons of ¢ are all different, and they have 
no common sides except those which are marked on the figure. 

The map A will be reduced by cancelling the dotted boundaries. So the 
polygons b, k, d will coalesce to one polygon, and the polygons e, l, m, u, g to 
another and so we shall get a map B which contains 6 polygons less than the 
map A. According to our assumption the map B is colorable. 


“Loc. ctt. *. 
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Let the color of the polygon a be denoted by 1, the color of the polygon 
b+ k-+d by 2, and the color of e+ 1+ m-+u-+g by 3. In short we shall 


write 


The polygons c, f may have the following colors: 


f 
(1) 11 
(2) 1 2 
i) 1 
(5) 3 2 
(6) 3 4 
(7) 4 1 
(8) 4 2 
(9) 4 4 


Let us return to the map A and leave to all polygons outside s the same 
colors as in B. This is allowed according to (2,1,1). Presently we shall see 
that some cases among (1)-(9) are identical with or symmetrical to one 
another by change of the colors, viz. case (4) is symmetrical to the case (2), 
(7) to (3), and (8) to (6). 

There remain finally the following cases: 


c f 
(1) 11 
(2) 1 2 
4.4 
(5) 3 2 
(6) 3 4 
(9) 4 4 


In some of these cases it is possible to color the polygons of s directly as 
shown below, in other cases we shall use a special procedure which we shall 
perform in every case in a corresponding table L as marked below (the tables 
L are denoted by Roman figures). ; 


(2, 1, 2) kimu 
1 1 312 4 
: 2 II 
1 4 312 4 
3 2 III 
3 4 I 
4 4 312 4 


j 
| 
a=1, b=d=—2, e=g=—=3 
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We begin with the composition of table I. 
The following coloration of ¢ is given 


abe defg 
123 2343 
13 
Consider the union ¢ of all the chains of polygons colored 1 and 3 in A-s 
containing the polygon c. We write 


abe defg 
123 23483 


& 


In this case three possibilities can be distinguished : 


13 
ce: the polygon e is included in c; 
13 
ca: the polygon a (and g) are included in c; 
13 
c/(“c only”) no polygon of ¢ except c is included in c. 


24 
In the case ce d contains no polygon of ¢ except d; so that the interchange of 
24 
the colors 2 and 4 in d will not cause any change in the coloring of ¢ besides 


the change of the color of d. So we get the coloration of the polygons of ¢ 
enabling us to assign the following coloration of s: 
abe defg klm u 
ce 123 4343 121 4 


In the case ca we shall get similarly 


abe defg kl m 
ca 143 2343 141 2 


13 
In the case c/ the interchange of the colors 1 and 3 in ¢ will not cause any 


change in the coloration of t besides the change of the color of c. We obtain 


abe defg klm u 


It follows that in case c= 8, f 4 the map A is colorable. The above con- 
siderations may be presented in the following abridged form: 


| 
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I abe defg klm u 
123 23483 


299 42842. 194 
ca 148 2848 141 
261 


II abe defg klm u 
121 2323 
ca 131 232 38 414 2 
c/ 124 2323 symmetrical to I 
and thus colorable as shown before. 
III abe defg klm u 
123 2323 
12 
fd 123 2423 131 4 


12 


fa/ (this sign denotes that the polygon a is included in f but no 

12 34 
other polygon of ¢ besides f is included in f. In this case g does not contain any 
polygon of ¢ except g, and 7 includes only = polygons f, a (and b) of ¢, so 


that the interchange of the colors 3 and 4 in g and the colors 1 and 2 in f will 
not cause any changes in the coloring of ¢ besides the change of the colors 


of g, f, a, and b) 


— 


3 
f/ 3 
The explanations given in (2,1) will not be repeated henceforth in analogous 
places. Henceforth only the following notes are given: 

To every configuration K a figure will be added with dotted sides the can- 
celling of which reduces the given map. 

To the figure will be added a list of the colorations of K-s which corre- 
spond to this reduction, like the table (2, 1, 2). Here s denotes the sum of all 
those polygons of K which touch polygons of K only. In this table only one 
case from every group of cases identical (by a permutation) or symmetrical 
will be included. 

To every table of this kind will be attached the tables L belonging to those 
colorations of K-s which do not immediately permit the coloration of s. The 
tables L will be given in the form of the tables I, II and III as before. 

It should be further noted with regard to the configurations K, that all 


18 
| 

The tables II and III will be formed similarly ; 
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polygons of K are different, and have no common sides besides those denoted 
on the corresponding figure, as is easily shown (for any K to appear) by 
Birkhoff’s theorem, cf. (2, 1, 1). 


(2,2) 5555*** 


f=he g kilmnu dL 

2 i i 
z 1 3 4141 8 
2 1 4 4141 3 
2 3 3 4141 38 
2 3 4 4141 38 

2 4 4 II 

3.3 II] 
4 1 2 
41 3 4121 3 
4 3 2 4121 38 
4 3 3 4121 8 
4 4 2 1421 38 
I abe de fgh kilimn u 

12123 212 
fh 12128 2382 41413 
fb/ 1°21 48 212 3213 4 
fd/ 121.48 413 3213 4 
fdb 123 23 212 1414 8 
f/ 12123 412 3123 4 
II abe de fgh kimn u 
124 23 242 

fd 124 24 242 
fh 124 23-282. 1414 8 
124 23142 123 4 
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fgh kimn u 


abe de 


III 


12123 414 
123 23 414 
32123 414 
14123 214 
14123 414 


24 


1412 8 


bd 
bh 


3423 1 


3143 2 


bf/ 
b/ 


(2,3) 55555*** 


3413 2 


sH HR R 
GR 


ra 


<H SH 
ra oD OD 
SH 


OD OD OD OD OD OD SH OD OD OD 
<H OD OD OD OD OD OD OD OD 


RMA DARA ARMA ARTA 


C2 A OD OD OD OD OD OD CD OD OD SH SH SH SH SH SH SH 


= 
fei w jo 
Bi > a 
\ 
beh klimnouwu L 
UI 
IV 
XI 

VIII 
VII 
VI 
a 

414 14 2 


a 
9 
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WwW 


b 
3 
3 
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3 
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1 313 
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I 
3 13 
ib | 3 
14 
ha 491 313 2 $49 1 
he ala 8 243 42 1 
h/ 481 313 3 
q 84 
fd 325 3 
fi 41 31 
f/ 41 31 
he 31 
23 
db 4 31 
df 1 34 
dt 4 31 
d/ i 21 
i/ B1 31 
23 
fd 31 343 
fa $1 $328 
f/ $1312 
24 
ah 231 31 
4 af 213 18 | 
j a/ {31 31 
23 
b/ 421 3 
bd 434 31 3 
13 
ib 3 
id 3 
ig 434 3 
i/ 434 3 
bg 131 3 
12 
ac 3 
18 
da 121 3 424 12 8 
dg 141 31 3 249 2:39 
d/ 143 18 3 
ah Lor 3 
23 
db 134 8123 31 146 24'S 
di 131842 34 £23 
df L132 342 81 728 
d/ 2233 £34 


If 


abe 


42 
42 
41 


21 
41 
43 
41 


41 
42 
41 


41 
41 
41 
41 


41 
41 
41 
41 


be 
3 2 


32 
42 


24 
42 
42 
3 2 


23 
32 


31 
32 
42 
3 2 


42 
32 
3 2 


32 
32 
23 
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de 


f 
412 
412 
312 
312 
314 
132 
421 


42 
42 
42 


42 
42 
42 
4 2 


42 
42 
42 
42 


de 
13 


13 
13 


13 
1 3 
13 
13 


13 
13 


23 2 
132 
132 
432 


432 
432 
432 


132 
432 
432 
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44 
I | o 
84 
db 184 |: 3 
dt 124 2 
d/ 
18 
dg 282 12 3 
d/ 24142 8 
dg 
12 
h/ 313 41 32 
he/ 31383 41 2 : 
ha 
14 
hf 1 314 34 2 
ha 1 21424 8 : 
h/ 4 412 
hf 1 
24 
gi 3 314 2 f 
ge 1 314 2 
gb 3 314 2 
g/ 1 542 2 
12 
a/ 1 424 821 
ac 1 
18 
ad 821 32 4 
ag 341 34 2 
a/ 84148 2 
ag 
23 i 
b/ al 421-423 8 
bh 
384 
41484 2 
ah 424 341 
a/ 341 384 2 
be 
12 
ag 1 121 32°4 
a/ 1 
238 
c/ 1 
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II abe def ghi klm no wu 
24 
bd 321 4382 134 324 32 1 
bf 821412134 8324 32 1 
bi 123 4382 134 22:3 
b/ 343 432 134 
14 
db 342 432 134 324 32 1 
di 242 4382 134 324 32 1 
d/ 343 132 134 
18 
da $323 132 134 424 32 1 
dg 343 1384 134 242 32 1 
d/ 341312 134 243 42 1 
dg 343 423 1384 
23 
h/ 343 423 124 131 43 2 
he/ 342 423 124 131 43 2 
ha 343 423 131 
84 
ha 343 423 132 34 24 1 
hf 343 423 231 134 14 2 
h/ 343 423 141 131 43 2 
hf 343 423 434 
24 
gt 343 423 414 234 23 1 
ge 343 421 434 22 Je 2 
gb 341 421484 234 321 
g/ 343 423 234 131 41 2 
III abc def ght klm no wu 
1 2 212 3138 
23 
df 121 242 313 313 12 4 
di 424 212 313 343 42 1 
db/ 134 8312 313 123 12 4 
d/ 121 312 313 
23 
bd 124 8312 3138 23 12 4 
bf 124 342 3183 123 12 4 
bt 421 312 313 423 2 1 
b/ 815 
28 
df 131 342 3138 413 14 2 
db 134 312% 313 143 14 2 
dt 434 312 3183 143 14 2 
d/ 131 212 3138 434 14 2 
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434 14 2 
142 4 3 
2 4 3 
42414 
343 42 1 
343 24 1 
323 24 1 
434 34 1 


klmno wu 


343 41 2 


identical with I 


343 42 1 
434 382 1 
434 24 1 


identical with I 
symmetrical to II 


132 81 4 


H 
w 


w 


| 
ac | | 4 
ae 
23 
db | 
df 
d/ 
a/ 
18 
gu 2 3 
ge 4 3 . 
gc 4 3 
g/ 2 18 
|_| gi 
353 
a2 
ac 
a/ 393 
14 
he 1 I 382 
h/ 1 363 
a3 q 
ca 1 3 
ch 1 3 : 
2 3 
he 1 3 
23 
d/ 1 3 
| a 1 3 
| db = 3 
f/ 3 4 3 
fh 3 4 3 
23 
ad 31 3 4 
af 3 4 | 3 1 
a/ 24 2 3 q 
fe 34 3 
12 
i ge 384 3 238131 4 
g/ 34 3 
13 
| 3 4 1 231 
3 4 3 234 
ab 3 4 3 
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V abc def ght kim no 4 
24 
he 434 121 343 243 42 1 
he 414123141 241 42 8 
ha 234 123 128 234 24 1 
h/ 134 123 1238 234 24 1 
id t32 123 148 
24 
ha 432 12383 141 431 4383 2 
he 412 123141 431 43 2 
he, 432 141 323 423 24 1 
h/ 432 123 123 434 24 1 
ga 234 123 234 
24 
ac 214123 234 241 41 38 
ae 214 823 234 241 41 8 
ag) 434 123 412 2 3 23 1 
a/ 434 123 232 
12 
g 134 123 2894 241 
gi 134 123 242 
24 
ac 114 123 242 241 41 8 
ae $34 121 242 2 4 43 1 
a/ 234 123 424 234 23 1 
ge £34 124 232 
14 
fd 4384 184232 242 3841 
fe 434 124 323 243 24 1 
f 434 121 2382 234 34 1 
VI abe ef klmno wu 
121 232 343 
12 
fd 121 42 343 313 12 4 
/ 121 231 3438 
23 
ig 121 231 31838 symmetrical to III 
ib $21 231 343 342 42 1 
id £24 231 343 342 42 1 
1/ 121 231 342 412 41 8 
VII abe def ghi klm nou 
121 232 3238 
14 
ca 131 232 323 414 14 2 
c/ 124 232 3238 
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def ghi 
232 8318 
232 824 
242 4238 
232 428 
132 42-3 
231 423 
2381 4138 
242 423 
def ght 
232 313 
ois 
242 318 
282 418 
242 4183 
414 
ioe £413 
def ghi 
323 
por 23 
241 3283 
142 323 
142 423 
142 324 
21s 
def ghi 
843 
232 323 
1443 
132 148 
281248 
242 1438 
242128 
242 3483 
234 343 
234 348 
824 3483 
234343 


klmno 


symmetrical to VI 


141 41 8 
83 
S32 81 4 
343 81 4 
318 82 4 
kimno u 


symmetrical to IIT 
313 12 4 


~ 
3 
= 
= 


identical with VII 
313 21 4 


414 14 2 


identical with II 
414 81 3 


abe 
12 
hy 124 
ha 124 : 
hd 124 i 
hf 124 
34 
ec 124 
eg 124 
et 124 
e/ 124 
12 
| 
fd 1 
fh 1 
12 i 
df 1 318 1 
dh | 414 1 i 
d/ $21 3 
= 
34 
of 
eg 
et 
12 
hf 321 3 
ha 421 4 
h/ 323 1 
kimno u 
18 
gi 
g/ | 
34 
| 
eh 
e/ 
18 
| 
g/ 
14 3 
| | 
| of 
c/ 


Al 


(2. 4) 
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ww 
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identical with V 
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= 
13 
eg 3 4 1 
eb 2 3 32 
e/ 4 3 
ch 1 3 
ge 3 41 8 
gi 14 8 
gb 34 3 14 38 
; q/ D1 §34 2 13 4 
abe ef gill no 
12 
b, 13141, 33> 
bd 124 #18 383 
14 
ec 124 p19 383 
ea 134 1 3 3 
eh 124 4 3 3 
e 124 940 383 
| 
VY 
| 
| 
q h=j kimnopu L 
414 214 8 
#14 914 
; 414 241 8 
| 
' 414 41 8 
414 #41 8 
V 


~ 

is 

<j = 

SoH HHH + 

OD OD OD OD SH OSH 

1D 


oD of oo OD of = oD 
coo OD OD OD OD OD OO OD OD OD OD OO = e 
H RR NN NN NN 
NR SH HR HH 
OD OD OD oO OD oD 
MRD RN NM NRK 
See 
8S © S & 
go's 
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II abe defg hij klm nop wu 
fh 1212823 282 414 141 8 
fd #224. 962 292 « 
f/ 121 23814 232 14 214 3 
eb/ 134 83281 232 
df 134 3491 232 127 291 4 
di 134 83431 4382 121 231 4 
db/ 1231 2322 2212331 4 
d/ 134 1281 232 2831 231 4 

III abc defg hij klmnop wu 

121 2323 212 
13 
i/ 121 2323 232 414 141 8 
ic 141 2823 214 814 1438 2 
ie 1212343 412 312 123 4 
wag / 3212321 232 symmetrical to IT 
ig/ 121 2321 232 identical with II 
ia/ 321 2323 232 
84 
ie 32128313 132 342 4241 
ia/ 1212323 242 414 141 38 
ig,ea/ 112 1428 232 421 414 8 
ig,e/ 821 2423 132 
jd 3212123 182 348 424 1 
fi 321 2423 432 313 2 
i/ 321 2323 242 
bj 121 2323 242 414 141 8 
bf/ 3121413 242 
b/ 312 1823 242 
ga 1996 eet 3849289239 
g/ 31218321 242 
hf 8121324 242 321 8138 4 
he 4994 8429 
h/ Vas 21 321 4 


IV 


VI 


12 


hj 
hd 
hf/ 
h/ 


24 


f/ 
fi 
fd 


be 
21 


41 
41 
41 
41 
23 
21 


21 
12 
21 


21 
21 
21 


be 
21 


21 
21 
21 
23 
21 
41 
21 
21 
21 
23 


abe 
124 


24 
24 
24 
24 


24 
2 4 
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def 
232 


232 
232 
434 
234 
232 
232 


231 
132 
242 


212 
242 
243 


def 
234 


434 
234 
234 
234 
232 
214 
234 


g 
3 


hij 
414 


414 
234 
414 
214 
414 
414 


414 
414 
414 


414 
141 
414 
hij 
212 
212 
412 
434 
212 
212 
214 
412 
232 
232 
212 


hij 
242 


232 
242 
142 
142 


142 
342 
142 


kim nop u 


341 41383 2 
314141 2 
identical with III 
$41 343 2 
141 412 3 


423 
413 2% 


3.42 
341 


423 1 
123 
432 


3.43 
313 
432 


klm nop u 


213 4 
31212383 4 
symmetrical to I 
identical with III 
$43 148 2 
3121238 4 
identical with I 

141 214 38 


321 


klm nop u 


414 
131 4 
323 4 


141 
313 
312 


123 
421 


312 
141 


oo 


52 
24 
b/ 
bh/ 
bf/ 
bfh/ 
bd 
bj 
34 
= 
ea 
e/ 
23 
fa 
fa 
f/ 
13 
ce 
cgi/ 
cga/ t] 
cg/ 
ct,eg 
ci,e/ 
ca,ig ( 
ca,ie/ 214 
ca,i/ 234 
c/ 234 
t] 
2323 
2823 
2314 
2023 
1 2321 | 
mm 2123 
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VI abe defg hiq kim nop u 
23 
df 124 2423 142 
dj Wee S400 £42323) 
d/ 1%4 166 « 
Vil abe defg hij klm nop u 
24231383 242 
14 
fa 1242313 343 $i3 312 
fic/ 121 2343 212 identical with V 
fi/ 124 23848 212 141 214 8 
fo/ 121 2343 242 412 141 8 
f/ 124 28343 242 8 


(3) THEOREM: Jn a minimal map the inequality 
3pe + pr = po + } (t— 9) pi + 24 
i>9 
holds. 

(3,1) Proof: Let d denote the number of sides common to pentagons and 
polygons having more than five sides. 

(3,1,1) By Birkhoff* there is not in a minimal map a pentagon touching 
three succeeding pentagons. 

This implies that in a minimal map every pentagon touches at least two poly- 
gons having more than five sides; hence 
(3, 1, 2) d = 2ps. 

(3,2) By Franklin’s theorem (1,2,2) in a minimal map no polygon 
having more than five sides touches pentagons only. 

By a row we shall denote a configuration consisting of the polygon P— 
the centre of the row—and of the chain of polygons P’, P*,- - -,P* (k >3) 
touching P where P' and P* are not pentagons but P* (1 <1 < k) are. 

P* and P*", the ends of the row, touch at least 
three polygons of more than five sides since R* and R? 
(see fig.) by (3,1,1) cannot be both pentagons. 
Every row has two ends, but a given pentagon can 
be an end in at most two rows. This is easy to be 
seen from the fig., in which P? can be the end (besides 


of the row with centre P) at most of one of the rows, with centres P!, R1 and R?. 


(3, 2,1) Hence the number of rows cannot exceed the number of penta- 


gons touching three or more polygons of more than five sides. 


| 
® Loc. cit. 2. 
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(3,3) Let us denote by ¢; the number of i-gons @Q; central in one row, 
by gi the number of polygons Q; central in at least two rows and by qi the 
number of polygons Q; which are not central in any row. Evidently for every 
t > 5 we have 
(3, 3, 1) pi. 

From (3,1,2) and (3,2,1) it follows that 
d = 2p; + = Gat 22 Gi 
and by the well-known formula ? _— = 
Z(i—6) pi + 12, 
we obtain 


ids ids 
By (8, 3,1) this becomes 
(3,3,2) d= + 4qs + + Go + 3G: + + + 2Go + 44: + 69s 
+ 84 + S 12) qi + 11) Gi + (2i— 10) Gi] + 24. 
i>9 


(3,4) On the other hand every Q; (1 >7) touches according to its 
definition at most 1—4 pentagons and every Q._ and Q; touches at most 3 
pentagons. According to (1, 2,2) in every minimal map every Qi (i> 9) 
and Q; (i=6) touches at most i—2 pentagons and every Q@; (6Si<9) 


touches by theorem (2) at most i— 3 pentagons. We thus obtain 
+ + 4) +. 2) (Gi + %) 
(3,5) According to (3,3, 2) we have 

+ + 4qs + + + 4G: + 59s + 690 + 440 + + 69s + 

+2 [(t—4)qi + ((—2)G + (1 —2) qi] = + 

i>9 


+ 649 + Ge + 34; + 59s + TG + 246 + 497 + 64s + 84 
+> [(2i— 12)qi + (20 — 11) Gi + (21 — 10) Gi] + 24, 
i>9 
or 
+ + + + + Gr + Go + 
+ + + + 24. 
i>9 
By (3,3,1) we finally obtain 
+ pr = po + 9) pi + 24. 
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7E.g. Alfred Errera, loc. cit. *, p. 29. 


POLYNOMIALS WHOSE ROOTS LIE IN A SECTOR.*! 


By Louis WEISNER. 


1. Introduction. From two polynomials 
B(z) =bo + biz ++ 


we form the composition-polynomials 


f(Z) = do + + ++ + aghsz’, 
= obo + + 2! +--+ + slashsz’, 


b 0, 


where s=min (m,n). The precise degree of A(z) may be <n, in which 
case A(z) has one or more infinite roots. Where it is necessary to take account 
of the zero or infinite roots of A(z), or the zero roots of B(z), we write 


(1) A(z) OS pSq=n, 
(2) B(z) +--+ ++ 520; OS rSm. 


We shall assume that f(z) and g(z) do not vanish identically. 

Malo has proved that if the roots of A(z) are real, while those of B(z) 
are real and of like sign, then the roots of f(z) are real;* and Schur has 
proved that, under the same circumstances, the roots of g(z) are real.° 

I propose to generalize the theorems of Malo and Schur to the case in 
which the roots of A(z) are real, while those of B(z) le in a sector with 
vertex at the origin and aperture =z. The term sector is employed in this 
restricted sense throughout this paper. If S is a sector, —S denotes the 
sector consisting of the negatives of the numbers which belong to S, and + 8 
denotes the double sector consisting of S and —S. 

We shall prove that if the roots of A(z) are real and those of B(z) lie 
in a sector S, then the roots of f(z) and g(z) lie in the double sector + 8S. 
When S consists of the positive or negative real axis, these results reduce to 
the theorems of Malo and Schur. Malo and Schur proved their respective 

* Received March 13, 1941; Revised May 6, 1941. 

1 Presented to the American Mathematical Society, May 2, 1941. 

2 E. Malo, “ Note sur les équations algébriques dont toutes les racines sont réeles,” 
Journal de Mathématiques spéciales (4), vol. 4 (1895), p. 7; Pélya and Szegé, 
Aufgaben und Lehrsitze aus der Analysis II, p. 66, problem 155. 

3 J. Schur, “ Zwei Siitze iiber algebraische Gleichungen mit lauter reelen Wurzeln,” 
Journal fiir Mathematik, vol. 144 (1914), 75-88; Pélya and Szegé, loc. cit., problem 156. 
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theorems by setting up suitable Sturm sequences. As Sturm’s Theorem is 
inapplicable to the imaginary roots of a polynomial, it was necessary to resort 
to other methods to generalize their results. Appropriate tools were found in 
the Gauss-Lucas Theorem and in a theorem of Laguerre. The proofs of the 
generalized theorems are simpler than the original proofs of Malo and Schur 
although the same formulas are employed up to a certain point. 

Professor G. Pélya, who read the manuscript of this paper, pointed out 
to me the possibility of establishing a much sharper composition-theorem than 
the two mentioned, from which these theorems may be derived. At his sug- 
gestion I have retained my own proofs and have added a section including his 
contribution. 


2. Generalization of Malo’s Theorem. 


Lemma 1.4 Let F(z) be a polynomial 
whose roots lie in a half-plane whose boundary passes through the origin, and 
suppose that not all the roots of F(z) lie on the boundary of the half-plane. 
If cy ts the first and cy the last non-vanishing coefficient of F(z), then cx ~0, 
usSksSv. 

If uv, F(z) = cy2, all of whose roots lie on the boundary L* of the 
half-plane in question; hence u< v. By the Gauss-Lucas Theorem, a finite 
root of F(z) which les on Z must be a (k + 1)-fold root of F(z). Since 
0 is a u-fold root of F(z), 

F® (0) 40, 
In what follows we use the notation and terminology of § 1. 


THEOREM 1. If the roots of A(z) are real, and the roots of B(z) lie in 
a sector S, and if f(z) #0, then the roots of f(z) lie in the double sector 

Since f(z) #0,qg2randm=p. It q=r or m=p, f(z) consists of 
just one non-vanishing term, and the theorem is trivial. Now let q > ,r and 
m > p. Suppose that f(z) has a root £ outside + S. Since the roots of A(z) 
are real, the roots of the polynomial 

(£271) = + 12 + + aoe" 
lie on the line through 0 and ¢. One of the half-planes of which this line is 


the boundary includes the sector S. Therefore all the roots of the polynomial 


F(z) = 2A(€z")B(z) 


‘A different proof is given by E. Laguerre, Oeuvres, vol. 1, pp. 135-136. 
5 An infinite root lies on every line, in every half-plane, and in every sector. 
® The theorem is trivial when S is a half-plane. 
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lie in this half-plane, and not all the roots lie on its boundary. Since the 
coefficient of 2" in F(z) is f(£) = 0, two possibilities arise according to the 
lemma: either all preceding coefficients vanish, or all succeeding coefficients 
vanish. Neither of these alternatives is realized since the coefficient of 2-47 
is dgb,€4 0, and the coefficient of is +4 0. We conclude that 
flies in +8. 


Corotiary.’ If the roots of A(z) are real and, negative, a sector which 
includes the roots of B(z) includes the roots of f(z).8 


The roots of z"A(€z*) now lie on the ray from the origin which passes 
through —¢. If &, a root of f(z), lies in —S, the ray in question is included 
in 8S. Therefore the roots of the polynomial F(z) lie in S. Since the coeffi- 
cient of 2" in F(z) vanishes, a contradiction arises as in the proof of 
Theorem 1. Therefore ¢ lies in S. 


3. Generalization of Schur’s Theorem. From the polynomials A(z) 
and B(z) we form the polynomial 


(3) =a,B(z) + an1B’(z) + B™ (z) ¥0. 


It is known that a half-plane whose boundary passes through the origin, and 
which includes the roots of A(z) and B(z), includes the roots of o(z).2 We 
proceed to investigate the circumstances under which ¢(z) has a root on the 
boundary of the half-plane. 

With the notation (1) for A(z), set C(z) = B'"” (z), so that 


7A direct proof of the corollary may be given by means of a theorem of I. Schur 
cited by G. Szegi, “ Bemerkungen zu einem Satz von J. H. Grace tiber die Wurzeln 
Algebraischer Gleichungen,’ Mathematische Zeitschrift, vol. 13 (1922), p. 37. See also 
Pélya and Szegé, loc. cit., p. 65, problem 153. 

8A special case is established by A. Cohn, “Uber die Anzahl der Wurzeln einer 
algebraischer Gleichung in einem Kreise,” Mathematische Zeitschrift, vol. 14 (1922), 
p. 148. 

®See Eduard Benz, “ Uber lineare, verschiebungstreue Funktionaloperationen und 
die Nullstellen ganzer Funktionen,” Commentarii Mathematici Helvetici, vol. 7 (1935), 
p. 248. General theorems concerning the roots of ¢(2) where circular regions are em- 
phasized are given by T. Takagi, “ Note on the algebraic equations,” Proceedings of the 
Physico-Mathematical Society of Japan, vol. 3 (1921), 175-179; J. L. Walsh, “ On the 
location of the roots of certain types of polynomials,” Transactions of the American 
Mathematical Society, vol. 24 (1922), p. 173; J. L. Walsh, “On the location of the 
roots of polynomials,” Bulletin of the American Mathematical Society, vol. 39 (1924), 
p. 51; L. Berwald, “ Uber die Lage der Nullstellen von Linearkombinationen eines Poly- 
noms und seiner Ableitungen in Bezug auf einen Punkt,” T6hoku Mathematical Journal, 
vol. 37 (1933), p. 67. 
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= agl (Zz) + +: + (z). 
The precise degree of $(z) is t= m—n--q which we take >1. Let « be 
a finite root of A(z) and ¢a root of the polynomial 
y(z) = C(z) —aC’(z). 

The centroid of C(z) relative to ¢ is 

€— =f — ta. 
If ¢ lies on the boundary Z of the half-plane K in question, but @ does not, 
then ¢ — ta is outside K;*° consequently all the roots of ('(z) are equal and 
lie on Writing 

C(z) = c(z—y)*, 


we have 


= 


Therefore = y or £=y-+ ta. In the first case £ is a multiple root of C(z) ; 
in the second case @ lies on LZ since € and y lie on L. 

Thus if € is on Z and is not a multiple root of C(z), a is also on L; 
hence —ta is on L. If a0, w(z) =C(z), and € is a simple root of C(z). 
If «40, € and £—¢ta are distinct, and every circle (in particular the line L) 
through ¢ and £ — ta separates the roots of C(z). Since all the roots of C(z) 
lie in K, they must lie on LZ. Conversely, if « and all the roots of C(z) lie on 
L, so do the roots of y(z). We conclude that a finite root ¢ of ¥(z) les on L 
if and only if £ is a multiple root of C(z), or if «0 and ¢ is a simple root 
of C(z) which lies on L, or if « and all the roots of C(z) le on ZL. 

Now if are the finite roots of A(z), then 


$(2) =a (1-4 4). (#). 


Therefore by repeated applications of the preceding result we have the 
following 


Lemma 2. Let K be a half-plane whose boundary L passes through the 
origin and which includes all the roots of the polynomials A(z) and B(z). 
A finite root of the polynomial $(z) defined by (8) lies on L if and only if 
it is a root of C(z) = BB’ (z) and the roots of A(z) are 0 or «; or if it as 
a root of C(z) of multiplicity = n— p+ 1; or if all the roots of A(z) and 
B(z) lie on L, in which case all the roots of (2) lie on L.? 


10 —, Laguerre, Oeuvres, vol. 1, pp. 57, 134. 

11 Pélya and Szegi, loc. cit., p. 57, problem 107. 

12 The last case includes a well-known theorem of Hermite, according to which the 
roots of ¢(z) are real if those of A(z) and B(z) are real. 
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THEOREM 2. If the roots of A(z) are real, and the roots of B(z) lie in 
a sector S, and if g(z) 0, then the roots of g(z) lie in the double sector + S. 


Suppose g(z) has a root £ outside + S. As in the proof of Theorem 1, 
the roots of 2"A(€z*) and B(z) lie in a half-plane K whose boundary L 
passes through the origin. Moreover, the finite roots of B(z) lie on L if and 
only if they are all equal to 0. Now K also includes the roots of the polynomial 


$(2) = aoB(z) + ++ + (2), 
and 
$(0) = obo + 1! = 9 =O. 
Since $(z) has a root 0 on L, we may apply Lemma 2 observing that, since 
p and q are to be replaced by n—gq and n— p respectively. The following 
cases arise: 
(1). 0 is a root of B® (z), and the roots of z"A(¢z") are 0 or 0; 
hence p=gq and A(z) Therefore 
= p! 
and the supposition that ¢ is outside + S is false. 
(2). 0 is a root of B(z) of multiplicity =q-+1. Here g(z) =0. 
(3). All the roots of B(z) equal 0 or o. Here g(z) consists of only 
one non-vanishing term, and the supposition that ¢ is outside + 9 is false. 


We conclude that £ lies in + S. 


Corotiary.'® Jf the roots of A(z) are real and negative, a sector which 
includes the roots of B(z) includes the roots of g(z). 


The proof is similar to that of the corollary to Theorem 1. 


4, Extension of Theorems 1 and 2.'* We now write 


and from them form the composition-polynomial 


h(z) = + a,b,2 + doboz? ++ ++ 


18 See footnote 7. 
1 As noted in § 1, the results of this section are due to G, Pédlya. 
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THEOREM 3. If the roots of A(z) are real, and the roots of B(z) lie in 
a sector S, and tf h(z) 40, then the roots of h(z) lie in the double sector + 8S. 


Suppose h(z) has a root £ not in + S. As in the proof of Theorem 1, 
the roots of 2"A(— {z) and B(z) lie in a half-plane K whose boundary L 
passes through the origin. The theorem being trivial when B(z) consists of 
just one non-vanishing term, we shall suppose that at least one root of B(z) 
is interior to K. Now the equation h(£) =0 asserts that the polynomials 
2"A(€z*) and B(z) are apolar. Therefore, by Grace’s Apolarity Theorem, 
at least one root of z"A(—{z") is outside K. Since the roots of this poly- 
nomial lie on LZ, the supposition that £ is outside + S is false. 

Theorems 1 and 2 may be derived from Theorem 3 by means of the 
following theorem due to Laguerre:*° Jf all the roots of the polynomial 


Co + 612 + Coz? +++ + 


are real, the same 1s true of the roots of the polynomial 


Co C12 Co2? 


(n—1)! 


Since the roots of A(z) are real, so are the roots of the polynomial 


nN nN o 
pbs 


Applying Theorem 3 to this polynomial and B(z), Theorem 2 results. By 


applying the cited theorem of Laguerre twice it follows that the roots of the 


@ 

lo 1 2 


polynomial 


are real. Applying Theorem 3 to this polynomial and B(z), Theorem 1 results. 


HUNTER COLLEGE OF THE CITY OF NEW YORK. 


15 J. H. Grace, “ The zeros of a polynomial,” Proceedings of the Cambridge Philo- 
sophical Society, vol. 11 (1902), 352-357; Pélya and Szegié, loc, cit., p. 64, problem 145. 
The name Grace’s Apolarity Theorem was first proposed by E 
location of roots of polynomials and entire functions,” 
Mathematical Society, vol. 35 (1929), p. 650. 

16 —. Laguerre, Oeuvres I, p. 31; Pédlya and Szegi, loc. cit., p. 47, problem 65. 
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SOLUTION OF A PROBLEM OF AYRES.* 


By Loyat F. OLLMANN 


In a paper in 1932, W. L. Ayres? suggests the qtestion: If K is any 
finite subset of a Peano space M which is a subset of the Euclidean plane, 
and if no two points of A may be separated ? by the omission of any two points 
of M, then does there exist a simple closed curve J such that MO JD K? 
Ayres answers the question in the affirmative in the same paper for K = 3 
points, and in later unpublished work he discovered an example which answers 
the question in the negative for K = 11 points. 

In this paper we prove that the answer to Ayres’ question is in the 
affirmative for A =5 points and give examples to show that it is in the 
negative for K > 5 points. We also show that the same results are obtained 
provided the condition “no two points of K may be separated” is changed 
to read “no two points of 1 may be separated.” Examples are constructed 
to show that in certain Peano spaces a finite set AK can not be joined by m 
(where m is any given integer) mutually exclusive simple closed curves. 

The writer wishes to express his thanks to Professor W. L. Ayres for his 
helpful criticisms and generous assistance in the preparation of this paper. 


Historical note. The theorem, that if two points of a planar Peano space 
are not separated by the omission of any single point, then they can be joined 
by a simple closed curve, was proved by G. T. Whyburn* and W. L. Ayres.* 
K. Menger ® proved the theorem for regular curves while Ayres ® extended the 


* Received January 27, 1941. Presented to the American Mathematical Society, 
April 15, 1939. This paper is a portion of a dissertation submitted in partial fulfillment 
of the requirements for the degree of Doctor of Philosophy in the University of Michigan. 

1“ On joining finite subsets of a Peano space by ares and simple closed curves,” 
Fundamenta Mathematicae, vol. 19 (1932), pp. 79-91. 

2A point set H of a connected set M is said to separate the points x and y in M 
if M — H is the sum of two mutually separated sets containing x and y respectively. 
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result to general Peano spaces. Conditions under which three points lie on a 
simple closed curve have been given by Ayres.’ 

The theorem, that if two closed subsets A and B of a Peano space are 
not separated by any n points, then they can be joined by n + 1 independent 
arcs,° was proved by N. E. Rutt® for the case where M is a subset of the 
plane and A and B are single points. Menger? proved the theorem for 
regular curves. It was extended to compact Peano spaces by G. Nobeling ™ 
and to locally compact Peano spaces by Leo Zippin.?2 Ayres proved that 
if A is a set consisting of n points (n > 1) of a Peano space P such that no 
two points of K may be separated by the omission of n —1 points of P, then 
there exists a simple closed curve of P containing K. 


Notation and preliminary lemmas. Throughout this paper we assume 
that K is a finite subset of a Peano space M, a subset of the Euclidean plane 
E,. We say that a set K is 3-connected in M if there do not exist two points 
x and y of M such that M— (x+y) = M,+ M2, where M, and Mz are 
mutually separated and M,K +0, M.kK ~0. This term seems appropriate 
since between any two points of A there are three independent arcs in M. 
It is evident that if K is 3-connected in M, then every point of K is of 
Menger-Urysohn order = 3. We also say that if for every two points x and y, 
the set M — (x + y) is connected, then is 3-connected, in which case every 
point of M is of order = 3. The letter J will be used to denote a simple 
closed curve contained in M. In general, capital letters will denote sets of 
points, while lower case letters denote individual points or numbers. 


Lemma 1. If K 1s 3-connected in M, and p,¢K is interior to the simple 
closed curve JM, and poe K is exterior to J, then there exist in M three 
arcs pi, p2, and p; which join p, to J such that pi: pj is the point py (tj). 


The lemma follows as a direct result of the theorem due to Rutt.14 For 


7“ Continuous curves which are cyclicly connected,” Bulletin de VAcadémie Polonaise 
des Sciences et des Lettres, (1928), pp. 127-142. 

S Arcs which are mutually exclusive except possibly for their common end-points 
are called independent ares. 

® “ Concerning the cut points of a continuous curve when the are curve, AB, contains 
exactly N independent ares,” American Journal of Mathematics, vol. 51, No. 2 (1929), 
pp. 217-246. 

1° Loc. cit. 

11“ Kine Verschiirfung des n-Beinsatzes,”’ Fundamenta Mathematicae, vol. 18 (1932), 
pp. 23-38. 

12“ Independent ares of a continuous curve,” Annals of Mathematics, vol. 34, No. 1] 
(1933), pp. 95-113. 

13° Qn joining finite subsets of a Peano space by ares and simple closed curves,” 
loc. cit.® 

14 Loc. cit.° Theorem IV. 
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let a, %, and a; be three independent arcs which join p,; and po. By the 
Jordan curve theorem *° each of these ares has at least one point in common 
with J. Let aj ((=1,2,3) be the first point in the order from p, to ps 
which 2; has in common with J. Since the a; are independent, the points a; 
are distinct. Let p; be the subare p,a; of aj, then pi: pj = pi, and the lemma 
is proved. 

LEMMA 2. If K is 3-connected in M, and p,e¢K is interior to the simple 
closed curve JC M, and po, pzeK lie on J, then either there exist (1) three 
pr, p2, ANd p; which join p, to J such that pj = (1,7 =1, 2,331 74), 
or (2) two arcs p, and pe such that p,: J = po, po: J = ps, and pi* ps2 = Pr. 


Proof. Let «; 2,3) denote three independent arcs from p, to po, 
and let a; be the first point of J on a in the order p,; to po. If the a; are 
distinct points, the lemma is true for this case. If a; =a; (17), then it is 
clear from the definition of independent arcs that a; = a; = pe. Let Bi (t=—1, 
2,3) denote three independent arcs joining jp, to p;, with 6; the first point of J 
on 8; in the order p, to ps. If the bd; are distinct points then the result is 
obvious. Therefore we may assume that a, = d, = pe. and b, = b. = p3. In 
the order pz to ; let b,’ be the first point of a, + % on Bi, and suppose that 
b,’ belongs to a,. Let p, = a and ps = subare p,b,’ of a, + subare D,’p; of Bi, 


which satisfies conclusion (2) of the lemma. 


LemMa 3. If K is 3-connected in M, and p,¢ K is interior to the simple 
closed curve J M, and po, ps, and pye K lie on J, then there exist three 
CS pi, p2, And which join p, to J such that pi pj =p. (tJ). 


Proof. Using the theorem of Rutt, we let a; (1 = 1, 2,3) denote the three 
independent ares from p, to ps. Let aj (i= 1, 2, 3) represent the first points 
of a; on J in the order p, to po. If the a; are distinct points, then the con- 
clusion of the lemma follows. If two of the points a; coincide, then the 
independence of the arcs « requires the point of coincidence to be ps. We 
may thus suppose a; = ad. = po. It is not important in this discussion whether 
a3 and ps coincide or not. Because of Lemma 2 there are either three inde- 
pendent ares from ps; and p, to p; (in which case the conclusion of this lemma 
is immediate) or there exist two independent ares from p; and j, respectively 
to p,. We assume that B joins p; to p, and y joins py to p,. In the 
order p; to p, on B, let b represent the first point of B on Saj;, and let c 
be the first point of y on Sa; in the order p, to p,. If b and c lie on 
different arcs, say x, and @, respectively, then p,b is a subset of a, bps a 
pie C a, and cpyC y. Thus pb + bps, pic + cps, and a are the required 


15 C, Jordan, Cours d’Analyse, Paris (1893), p. 90. 
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ares, and they would also satisfy the lemma if b =p, or c=p, or both 
b,c = py. 

We now assume that 6 and c lie on the same are and for our purpose we 
assume this arc to be a. We further assume the order on a; to be p,cbas. 
In the order 6 to p, on the subare bp, of B, let b, represent the first point on B 
of the point-set %,-+ a. In like manner let c, represent the first point of 
%, + % on the are cp, of y in the order ¢ to p,. Either 6, or ¢, or both may 
be the point p; but in these cases the arcs are quite evident. For example, if 
¢, lies on a and b; = p,, then a, subare p,c, of a + subare c,p, of y, and B 
are the three desired arcs. The two cases remaining to be discussed are those 
in which 6, and c¢, lie on different arcs or on the same arc. 

We suppose that 6, lies on e and ¢, lies on @,, both points being distinct 
from p;. In the order p, to a; on @;, let x denote the first point of «, on the 
sum of the subares cc, of y and bb, of B. If x belongs to B then subare p,c 
of a, + subare of y, and subare of + subare xp; of B, are three 
independent arcs from p,; to J. *If x is on y then subare p,x of a; + subare xp, 
of y, subare p,b, of a + subare b,p, of B, and «, are the three desired ares. 

We now suppose that 6, and c, both lie on a (the case for @, is similar). 
Assume the order on @ to be psbicip;. In the order p, to a, on as, let x 
denote the first point on p,c of subare c,c of y. The are p,« does not have a 
point in common with the subarc b,p; as may be seen by application of the 
Jordan curve theorem to the various cases which may arise. The three arcs 
satisfying this case are: @,, subare p,x of « + subare rp, of y, and subare p,), 
of a + subare b,p; of B. If the order on a, is psc,b;p, let y be the first point 
in the order p, to a; on %; of subare b,b of B. As above, p,y does not have a 
point in common with c,c of y. In this case the three arcs @,, subare piy of 
a; + subare yp; of B, and subare p,c, of # + subare c,p, of y are the required 
arcs. This completes the proof of the lemma. 

Lemma 4. If K is 3-connected in M, then for any three points py, po, 
ps eK, there exist three independent arcs a, &, and a, with end-points p, and 
po such that belongs to one of the arcs 

Proof. Let %, %, and a be any three independent arcs which join ), 
and pe. If ps belongs to one of the arcs #, then the lemma is proved. 
Suppose then that p; is interior to one of the domains complementary to 
a, + a+ a, whose boundary we assume to be J’ = a, + a, a simple closed 
curve. By Lemma 2, there are either (1) three independent ares £1, B2, and 
B; that join p, to J’ such that the end-points 6; are distinct, or (2) two 
independent ares 8, and 82 svch that 8, -J’ = p,, 82° J’ = po, and 8, 8. = p;. 
In (1) at least two of the points b; belong to either a, or a. Suppose b, and 
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b. belong to a, in the order p,b,bop2. The point set yb; + Bi + Be 4 dope is 
an arc which contains ps3, and with a and «; forms a set of independent arcs 
joining p,; and p.. In (2), we merely let 8; + 8, replace a, in the independent 
set «;, which proves the lemma. 


THEOREM 1. Let K be any set of =5 points which is 3-connected in M, 
then there exists a simple closed curve J such that M0 J OK. 


Proof. Let K be the five points (ji, p2,- + *,ps). By Lemma 4 there 
exist three independent ares, #1, %, and a3, in M which join p, and p, and 
contain p;. We let a, be the are which contains p;. Let D,, De, and Ds be 
the complementary domains of #, + @ + @; such that the frontier of D; does 
not contain «;. Because of the symmetry of the points p; and the arcs aj, it is 
necessary to discuss only the following cases: 


Case J. The points ps and p,; lie on the arcs a. 
Iq. One of the arcs a or a3 contains neither the point p, nor the 
point ps. 
Iy. Each are a; contains one of the points. 


Case IZ. One are contains ps, while p; is an interior point of one of the 
complementary domains Dj. 
ITq. ps is on %, ps is in D,. 
IIy. ps is on %, ps is in Dz or D3. 
ps is ON @, ps is in Dg. 
IIqg. ps is ON ps is in D, or Do. 


Case III. Both points are interior points of the complementary domains 
Di. 
IIIq. Both ps and ps are in D» or D3. 
IIT,. Both ps and ps are in Dj. 
III,. ps is in Ds, ps is in Do. 
IIIq. ps is in Dz or Ds, ps is in Dj. 


Case Ig. Let a; be that are which does not contain the points ps or ps. 
Then @, + @ is a simple closed curve containing K. 


Case Iy. Suppose a contains py and @ contains p;. Let #, and a”, 
denote the subarcs psp; and pspe of a. In the same manner, let p, divide a, 
into subares and and ps; divide into and Due to symmetry 
we also suppose that D., is the unbounded domain. Since p,e K is interior 
to the simple closed curve @, + @;, there exist (by Lemma 3) three independent 


arcs B,, B2, and which join p, to distinct points bs, and respectively, 
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of a,-++a;. If two of the b; belong to the same subarc a3, or 
then it is evident that K is contained in a simple closed curve. 

Suppose, however, that is on @’,, is on and is on @3. Every 
other distribution will be similar to this case. In the order from p, to Pass 
let 2’ be the first point on a’, which is also a point of 38;. Denote the subare 
xp, of Bi by Bi. Then the following cases represent the possible distributions 
of 2’ on the 8; with a simple closed curve containing K, thus satisfying the 
theorem: 

1) on Bi: pa’ + bsps + + a, 
2) Pe: mv’ 
3) on Bs: pa’ + 


This completes the proof for case J). 


Case IIq. By Lemma 1, there exist three independent arcs £;, B2, and fs; 
which join p; to the distinct points 0,, bs, and bs of # + a. Two of the 
points 6; must lie on @ or on a. Suppose b, and bz lie on a. in the order 
Pibibop2. Then let J be a, + + + Bo + depo. The case for b, and 
on @ is similar. 


Case II,. Suppose p; is in D;, the other case being similar to it. We 
also assume the order on Let Bs, and B; be three independent 
arcs (Lemma 3) with end-points p; and bi (t= 1,2,3), where the are 
dictinct points of the simple closed curve «,-++ a. If two of the bj, say p, 
and bz, lie on in the order p,b,b.po, then + Bi + Bo + dope + a =I 
is a simple closed curve containing K. Let @’;, #;, and «’”; denote the sub- 
Pips, PsPs, and of a. If b, and bz lie on a’; then p,b, + Bi+ 
+ bops + &”, + o&”, + a, is the desired simple closed curve J; and similarly 
for two of the b; on the arcs &, or &”;. We now assume that each of the 
ares @;, #”;, a”;, and a contains at most one of the points bj. If one end- 
point, say b;, is on the arc a, then either b, or 62 belongs to o, or &”, for 
otherwise both would belong to #”;. Suppose that 6; is on o’;. Then K would 
be contained in the simple closed curve pibs + Bs + Bi + dips + 01 4+ 0” 
+a; For b. on &”,, J is obtained similarly. 

The case remaining is that of on b. on and 6b; on Bot 
the discussion of this case, assume that D, is the unbounded complementary 
domain of «, + a+ a, for, if necessary, we can perform an inversion. By 
Lemma 3, let y:, y2, and ys be three independent ares with end-points p, and 
c; (t= 1, 2,3), respectively, such that the are distinct points on the simple 


closed curve J’ = a; + a’; + psbo + Bo + Bs + bape of which p, is an interior 
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point. If two of the points c; lie on the same subare a3, «1, Paps, OY Pspo of J’, 
then the simple closed curve which contains K is evident. If one of the 
points cj, say ¢,, is on <a> **, then let x be the first point (possibly ps), in 
the order from c¢, to ps, which y, has in common with the subare bob, of a. 
Suppose belongs to bops, then + psbe + Bo+ Bs + + + 
+ ¢:p2-+ % is a simple closed curve containing K; and similarly for 2 
belonging to p,4b;. Thus when one of the c; is on the are <a> there is a simple 
closed curve J which has properties required for the conclusion of the theorem. 

We assume next that each of the subarcs pipz, psps, and ps2 of J’ contains 
one of the cj. Suppose ¢, is on pips, C2 is On pps and Cs is on pspP2. For con- 
venience in notation, and because the arcs bops and bsp, of «, do not enter 
our discussion, we let c. = b2 and c; = bs. We assume also that c, = b,, which 
assumption merely narrows the availability of the points b, and c¢, as, interior 
points of distinct arcs in a simple closed curve. Denote the simple closed 
curve y; + 6, + Bs+ yo by J”. If any one of the conditions c, = ps3, C2 = ps, 
or Co =p; are true, the simple closed curve containing K is evident. Thus 
we assume that the point ps is an interior point of J”, and by use of Lemma 1, 
there are three independent arcs $;, 82, and 8; which join p; to three distinct 
points d;, ds, and ds, respectively, of J”. We consider the possible distribu- 
tions of the points d; on the ares y: = Bi = and yo + Bo = paps, 
whose sum is J”. If two of the d; are on one of the arcs yi, 81, or y2 + Be, 
then the simple closed curve is again evident; e. g., when d, and dz are on y1 
then poc3 + Bs + Bo + ye + + 8&2 +8: dic: + + contains K. 
If no one of the ares of J” contains two of the d;, then each are contains 
exactly one. Assume that d, is on y:, dz is on Bi, and d; is on y2 + Be. Then 
+ Bs + Bo + ye + pads + 8, + 82 + doc; + % is a simple closed 


curve containing K. This completes the proof for case IIb. 


Case II,. Let B:, B2, and Bs; be three independent arcs joining ps; to 
b., and b; respectively on the boundary of D;. Let the subarcs p,p; and psp2 
of a, be a’, and Similarly let divide into the subares anda’. 
The simple closed curve containing K is evident if two of the points 6; fall 
on the same subare of or Suppose b, is on bs is on — po, and 
is on @2, any other combination being similar. Then pips + psb2 + Bo + Bs 
+ -+ + a, is a simple closed curve containing K. 

If bo = po, and then the simple closed curve a’, + Bs + Bi 
+ bip; + + «, will contain K. We now suppose that b. = and b3 ps. 
Then p, is an interior point of the simple closed curve p,b3 + Bs + Bz + 4% 


16Tf @ is an are with end-points x and y, then by the symbol <a> we shall mean 


a—(r+y). 
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which we denote by J”. Then let y:, y2, and ys denote the three arcs (Lemma 
3) which join p, to distinct points c,, co, and cs, respectively, of J”. If two 
of the points c; fall on one of the arcs pid; + Bs, B2, and @s, their end points 
included, then the simple closed curve is evident. We thus assume that c, 
lies on <p,bs + Bs>, C2 on <B2>, and cz; on <a3>. Then pibs + Bs + Bi + bips 
+ + pots + y2 + ys + is the desired simple closed curve. 


Case Ila. Here again we need discuss only the case where p; is in D,. 
Consider the end-points 6; (11, 2,3) of the independent arcs 2; from ps 
to the simple closed curve a, + a. If two of the points, say 0, and 62, belong 
to «3, assuming the order p,b,b.p. on then let be the are + B, + 
+ bop, Now a, &, and @ each contain a point of K as an interior point 
and the conditions of Case J, are satisfied. If two of the b; fall on @. or &”. 
of a, then let % be defined similarly to a. The arc @ contains p, and ps; as 
interior points and the simple closed curve % + a, contains K. If no two 
points b; fall on one of the ares @3, 2», or @’s, then each are contains exactly 
one of the bj. Suppose b, is on a, an’ by is on os, then let J = p,b, + Bi 
+ Bo+ + + This prove: .ne theorem for Case JI. 


Case IIIq. Assume that p, and p; are in Ds, the other possibility being 
symmetrical. Let the three independent arcs 8; join ps to bj on a, + a. If 
two of the b; belong to the same subare of @,, then define @, as above to 
include p; and ps. Then the situation is covered by IJ» unless ps belongs to @;. 
In this event let J = @%,-+ a. If two of the b; belong to a2, then define @, 
to include p, and apply JJ. or IJa unless ps; belongs to @. In this case let 
J =%,+4a,. Finally suppose 0; is on pips of be is on of a, and b; 
is on @. If ps; is on one of the arcs i, the simple closed curve which contains 
K is apparent. 

The arcs f; divide D; into three regions which we will denote by D’, D”, 
and D’”. Since ps; is not on the boundary of one of these regions it must be 
an interior point of one of them. Suppose that D’ is bounded by J’ = B, + B; 
+ bsp, + ibs, D” by J” = Bi + Bo + deps + psd, and D” by J” = B2 + Bs 
+ bsp. + pobs. The discussion for p; in D’” is the same as that for p; in D’. 
Suppose now that p; is in D’. Let y:, y2, and ys be three independent arcs 
joining p; to ¢:, C2, and c, on J’. If two of the c; belonging to the same 
subarc of J’, then it is evident that there is a simple closed curve containing K. 
In the contrary case, suppose that c; is on b,p,, cz is on fi, and cs is on Be. 
Then pic, + y1 + y2 + + bips + contains 
the set K. For other combinations of the c; on the four subares of J’, the 
simple closed curve containing the set K can be read similarly. 

For p; in D”, we proceed as follows. If two of the points c;, which are 
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again end-points of independent arcs y;, belong to the same subarc of J”, 
then J is clearly seen. If no two of the c; belong to the same subarc of J”, 
then one point must be on either p;b, or b2p3, while another one must belong 
to B, or to B.. Suppose that c, is on p3b,, and that cz belongs to B;. Then 
the simple closed curve pob2 + beps + psc: + y1 + y2 + Cops + Bs + bspi + as 
contains K ; and similarly for other combinations of arcs. This concludes the 
proof for this case. 


Case IIIy. For ps and p; belonging to D,, we define & or & (depending 
on which contains at least two of the b;) to include p,. The case is then the 
same as I], or J/g, unless % or % contains p; when the simple closed curve 
containing K is obvious. 


Case III. We shall prove this case by reducing it to one of the previous 
cases. Let £:, B2, and B; be three independent arcs joining py to a + @, 
with end-points b;. If two of the 6; belong to the same subarc pips, ps2, OF 
to @, then either a, or a can be redefined to include py. The situation now 
is the same as JJ, or /Ja. Suppose then that pip; contains b,, psp2 contains 
b., and contains bs. Let = p,b, + B: + Be + dopo; then a, @, and 
will be an independent set of arcs joing p; and ps, such that p, belongs 
to a and p,;-+ ps lie together in one of the complementary domains of 
& + %-+ a;. This satisfies the hypothesis of J//,. Thus case III, is proved. 


Case Illy. Let B81, Bz, and B; be independent ares joining ps to the 
boundary of D, = a;. Two of the end-points 0; of lie on either a, 
or a. Then as above, define @ or % to include p; and the case reduces to II, 
or to JIg. This completes the proof for K = 5 points. 


(Norr. The theorem due to Ayres‘? shows that Theorem 1 is true for 
K = 2 or 3 points, and we have shown the existence of J for K = 5 points. 
For the case of K = 4 points we proceed exactly as in the case for 5 points 
but, having fewer points to consider, the analysis is much simpler.) 


THEOREM 2. Jf M is 3-connected, and K consists of =5 points, then 
there exists a simple closed curve J such that M OJ OK. 


Proof. If M is 3-connected then any subset of M is 3-connected in M. 


Hence Theorem 2 is a direct corollary of Theorem 1. 


We now show by means of several examples that the conditions imposed 
on Theorem 1 can not be weakened. 


17 Loc. cit.} 
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Example 1. We show here that Theorem 1 is not true for K = 6 points. 
Let a;, a2, and a; be the vertices of an equilateral triangle 7. Let 7’ be the 
triangle formed by joining the midpoints of the sides of 7. Let x be a point 
exterior to 7’, and y be a point interior to T’.. Draw independent arcs za; 
(t= 1,2,3) and yb; (t—=1,2,3) where the b; are the midpoints of the 
sides of 7’. It is easily seen that K = Ya; + %b; is 3-connected in M and 
that there is no simple closed curve in M which contains the point set K. 
In this example the points of K are all of order 3, while the points of M are 
all of order S 4. 


Example 2. In this example we wish to show that Theorem 2 cannot 
be extended to include more than 5 points in K. Let a circle C be inscribed 
in an equilateral triangle 7 with vertices 2, %2, and z;. Let the points of 
tangency be po, and Denote the triangular domains of 7 —C by C2, 
and C;. In the circle C construct three independent arcs @,, #, and « with 
end-points p; and po, po and ps, ps; and p, respectively. In the domain D 
whose boundary is 3a, construct three arcs B,, Bz, and 8; which are distinct 
except for their end-points p, and po, ps and ps, ps and p,. Denote the region 
between a; and by Di (t= 1, 2,3). 

Let 6; denote the midpoints of the arcs £;, and construct distinct arcs 
bibi.,1 (mod 3) in the interior of the domain bounded by 38;. Let B denote 
the domain whose boundary is 36;b;,,.. Then we let M denote the point set 
3C; + 3D; + B where the vertices 2, 72, and 2; are now identified. If c; is a 
point of C; and d; is a point of D;, then let K be the six points Sc; + Xdj. 
It is evident that, M is 3-connected and that every point of M is of the order 
of the continuum, but it is not possible for K to be included in a simple closed 
curve in the set If. This example also shows that a previously announced 
theorem '* by Ayres is not true for K > 5 points. 


Example 3. The following example '® shows that if the condition that 
M be planar is removed, then Theorem 1 is not true even for K consisting of 
but four points. In the Euclidean 3-dimensional space, let pj (t= 1,- - , 4) 
be the points (1,0,0), (0,0,1), (0,0,—1), and (—1,0,0), and let q; 
(j = 1, 2,3) be the points (0,— 1,0), (0,0,0), and (0,1,0). Let M = Spiq;, 
where pig; denotes the straight line interval from p; to qj, and let K = Spj. 
It is easy to see that K is 3-connected in M, and cannot be joined by a simple 


closed curve in M. 


18 The statement of the theorem is the same as that of Theorem 2 except that K 
is any finite set. This result was anounced in an abstract No. 51, p. 772 Bulletin of the 
American Mathematical Society, vol. 35 (1929), but never published as an error was 
found in the proof. 

1° Ayres, loc. 
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Example 4. Suppose we allow K to be only 2-connected in M, by taking 
M to be the 6-curve consisting of the three independent arcs xaiy and let 
K =a;. Then K cannot be joined by a simple closed curve in M. 


Example 5. We show here that if M is not a Peano space, even though 
it be are-wise *° connected, and K is 3-connected in M and consists of only 2 
points, then A may not be included in a simple closed curve in M.. In the 
Euclidean plane, let S denote the curve y= sin r/r (0< a1). We add 
the limit points and an are « which joins the points (1,0) and (0,1) but 
otherwise is distinct from 8. Let M—S-+ a, and let K be the two points 
(0,1) and (0,—1). We observe that K is 3-connected in M, and that M is 
arc-wise connected, but contains no simple closed curve whatever. Therefore 
K is not contained in a simple closed curve. This example shows further that 
Rutt’s theorem ** is not true if M/ is not a Peano space, even though it be 
are-wise connected. 


THEOREM 3. For any given positive number m = 3, there exists a planar 
Peano space M containing a set K =2m points which is 3-connected in M 
and cannot be included in m — 2 mutually exclusive simple closed curves in M. 


The set 1 which we shall construct is a generalization of Example 1, in 
which case m= 3. Let N be a regular m-gon with vertices d,,d2,° 
Let N’ be the regular m-gon formed from N by joining the midpoints of 
adjacent sides by lines. Denote the midpoints of the sides of N’ by 04, bs,: - -, 
bm and the vertices of N’ by 2, 22,° + *,2m. Let y be an interior point of N’ 
and a be a point exterior to N. Draw m independent arcs za; and m indepen- 
dent ares yb;. Let M = + 3ybi + N+ N’ and let K = 3a; + 

We shall now show that K can not be included in m—2 mutually 
exclusive simple closed curves. From the construction it is evident that every 
simple closed curve in M which contains s points of K will also contain s 


points of the set Z = «+ y-+ Xz. Since there are only m + 2 points in Z, 
then, irrespective of the manner in which the mutually exclusive simple closed 
curves are constructed, they can contain at most m+ 2 points of K. There 
remain then at least m — 2 isolated points of K which can be included only 
in degenerate simple closed curves. Assuming the most favorable case, namely 
that m + 2 points are contained in a simple closed curve (this can be achieved), 
then m — 1 mutually exclusive simple closed curves are necessary to contain K. 
THE COLLEGE OF WOOSTER, 


WoOosTER, OHIO. 


20 A point set M is arc-wise connected when every two points of M are the extremities 
of a simple continuous are lying wholly in M. 
#1 Loc, cit.® 
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THE EXPANSION OF AN ARBITRARY FUNCTION IN A SERIES 
OF TOROIDAL FUNCTIONS OF THE SECOND KIND.* 


By D. P. BANERJEE. 


Recently * I have given the theorem of expansion of an arbitrary function 
in a series of toroidal functions of the first kind. These functions are required 
in electrostatical and hydrodynamical problems connected with an anchor-ring. 
I have also considered the expansion in a series of associated toroidal functions 
of the second kind (also a new and interesting integral property of toroidal 


functions). 


Prasad ? and N. G. Shabde* have summed certain similar series 


without actually giving the process of summation of an arbitrary function. 


We know‘ that 
2—(22-1) 


hn dh 
J 
0 


if R(n+1) >0 and |z|>1. 
Then 


z—-(z2-1)8 


dh 
Qnsa (2) (1 —2zh 4. 


Qni3(z) being the toroidal function of the second kind. 


f(z) = > An (2). 
In order to find a, let 


2—-(22-1) 3 
(hi) dh 
(2) (1 — 2zh + 


where ¢(h) is an odd analytic function of h. Then 


z-(22-1) 


(hd) dh 
f(z) 


* Received June 5, 1939; revised February 27, 1940. 


Let 


1D. P. Banerjee, “The Expansion of an arbitrary function in a series of conal or 
toroidal functions,” Proceedings of the Cambridge Philosophical Society, vol. 34, pt. 1, 


p. 30. 


2G. Prasad, Bulletin Calcutta Mathematical Society, vol. 23 (1931), pp. 155-182. 


3N. G. Shabde, Bulletin Calcutta Mathematical Society, vol. 23 (1931), pp. 23-44. 
4 Modern Analysis, 3rd Ed. (Cambridge), by Whittaker and Watson, p. 334. 
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2h 2(1 h 
Let so that dh, = and let 
o(ht) (1+ h*)? (hi \* 
4 = 


Then 


() 
a ’,((h1)4) dhy | 


1 
\“1/ ; then 


Let hy = 2, sin® 6; and let F(z,) = 


1/2 
= (2:4 sin 6) 2z,3 sin 6d; 


22, sin sin 0g’, (2, sin y)d6 d 


On putting sin y = sin y sin @ and changing the order of integration we have 


2 gin2 w/2 
a | (2° sin? y)dy af. (2, sin y) cos y sin 6 dédy 


22, sin y (sin? 6 — sin? y)4 


(21) — ]. 


Ifence 


_2 7/2 F’(2,? sin? y) dy d /2 F'(z,? sin? dy 


and 


a(1—h?) 
— 


Example. Let 
f(z) = ; then F(z,) = 


9 


$1(2:) = [2,2"- f sin?" + (2m —1)z,?" f sin?”-1 ydy] 
0 0 


+ 4) 


Hence 


© T'(m 4) [Qm-s (2) (m -+- 2) Qmis/2(2) 


Va 
| 
— 
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If m=1 


2(z) — 3Qs2(z) + 5Qo/7(2) °°]. 


The Test of Convergency :-— 
since 
=0 at z= 
f(z) must be zero at z= co and must be analytic when |z|>1. Since 
>1, | 2. | <1< and consequently the solution of the integral equation 
(1) is valid. Let F(z,) be an analytic function of z, which can be expanded 
in Maclaurin’s series. Now the series 


will certainly be convergent if 


(n+ 1)F"(0) 


F"*1(0) 2, 
But 
F"(0) 2n- in 2n- ) n 2n- 


so that ¢’,(z,) will be convergent if 
F"*1(0) 
n>co F"(0) n+4 
Lt (0) 


n> 4+.1) (0) [1— 2(n 


when F'(z,*) or F(z) are analytic. Since F(z,) is an analytic function 
which can be expanded in a convergent Maclaurin’s series we know that 


or, if 


2(1 


can be expanded in a convergent power series. Hence the series in toroidal 
functions of the second kind will certainly be convergent when 


(i) |z|>1 
(ii) F(z) is an analytic function of 2, which can be expanded in a 


convergent power series. 


5 Whittaker and Watson, loc. cit., p. 229. 


Fn (0 

F(z.) = 

0 

| 


ice 
on 
ed 


2n-1 
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(iii) F(0) 
(iv) Lt f(z) =0 and f(z) is a convergent analytic function when 
2-300 
|z|>1 
Singularities of f(z). 
(a) Let f(z) then F(z,) and consequently the previous 
method fails. Now from (2) we have 


1 


Hence 


= 


J1/2(%) — 3Qs/2(z) + 5Qo/2(z) 
Now applying the formulae 


(nm + 1/2) + (n — 1/2) Qn-s/2(z) = 2nz Qn-1/2(2). 


We have 


-1/2(2) — Qs/2(z) + Qr/2(z) 


(b) Let f(z) =1/2? where 0< Then F(z,) and 
F(0) = oc and consequently the previous method cannot be applied. Let 
f:(z) = 1/2". Then F,(z,) = and F,(0) =0 and we can apply the 
previous method. Let 


fi (z) > AnQnsi/2(z) 


where the a,’s are found by the previous method. Then 


18 


f(z) = an Qns1/2(2) ay’ Qn- 1/2(2) 


where we get the a’,’s from the a,’s by applying the recurrence formulae. 


II. 


The associated toroidal function of the second kind is defined by 


Q™ns1/2(2) = (2? 


(z) ? 
Let 


F(z) = anQ” nvi/2(2) = f(z) (o2—1)m/2 & (z). 
~ gm dz m 


| 93/2 
} 
T 
] 
| 
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fis) — ff" def" 


f(z) > 


Then 


Also 


so that the dn’s may be determined by the previous method. 
Example. 


P(s) (—1)" 2 + (2m+1) 


gmr3/2 
Then 
1 95/2 
f(z) 38/2 = [1/2(2) — 8Qs/2(z) + 5Qo/2(z) 
Hence 
+--+ (2 4\m/2 
(—1)™ m+1) (2 
5/2 


The test of convergency is as before. 


III. 
We assume 
0=2z<1. Let z—cos8, 
We know ° that 
cos 0) = (—1)"*? (cos 8). 


Pniy(— cos 0) = (—1)"*? Pnsy (cos 0). 
Tv 


Let 
co 
f(cos 6) = > anQn-1/2(cos 8) 
0 
Then 
= oO 
f(— cos 6) = anQn-3(— cos 0) = > (— 1)" anP nia (0s 8) 
0 0 
Let 
co 
F(cos 0) =— f(— cos 0) = bnPn-;(cos 6). 
7 0 
Then 


dn = (—1)™6n. 


°G. Prasad, “A Treatise on Spherical Harmonics and the functions of Bessel and 
Lamé,” Part II, p. 61. 
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Now’ 
2 cos nb dd 
(COS 0) = o [2(cos — cos @) |* 
e 
6 u(cos¢@) sin ddd 

F'(cos 0) = o [2(cos cos 6) 

so tha 
F(z) = 


« [2(€—z)]” 
Therefore by the theory of Abel’s iad equation * we have 


1d F(a)de 1 d F(«)dz 


(2) x dz z («—z)* 2% dz J, («—z)* 


= 
2 


We note that = 0 and assume F’(x) to be continuous over 


Let 
[w(cos ¢) — u(—cos ¢) ] sind = 2 bon Cos 2nd. 
0 
and 
[w(cos + u(—cos sind = 2 Dons: COS (2n +1) 
0 
Then 
oo 
u(cos d)sin = > dn cos 
0 
Now 
1/2 d 
J, cos" mpadd 
w/2 
Dons: fi [u(cos ¢) + u(— cos ¢) |sin ¢ cos(2n + 1)¢ dp 
bon = : —u(— cos ¢) | sin ¢ cos 2nddd. 
bo = —u(— cos ¢) ] sin ddd 

7 J0 

Hence 


= ¢) —u(— cos ¢) | sin dd¢. 
J0 
don = 2 ¢) —u(— cos ¢) | sin ¢ cos 2nddd 
7 J0 
= — + u(—cos ¢) | sin ¢ cos(2n + 1) 
7 J0 


7 Hobson, The Theory of spherical and ellipsoidal Harmonics (Cambridge, 1931), 


p. 267, equation (130). 
8 Whittaker and Watson, loc. cit., p. 229. 
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The test of convergency depends upon 

(1) The convergency of the corresponding Fourier’s series. 

(2) The existence of the solution of the Abel integral equation. 
Example. Let 


a 1/2 ¢ sin ddd 


1 cos 


1 cos édé 


6 sin ddd 
j(—cos6) == o [L2(cos¢-+ cos @) 


u(cosd) = 


Then 


sin = > Bons1 CoS(2n + 1)6 + ben cos 2nd 
0 0 


(—1)" (2n4+1) | 
2Qn(n+1) 


bina sin ¢ cos(2n + 1) 
J0 


Don 0 
(—1)"(2n+1) , 
f(—cos 6) = +1) (COS 6) 
1 
Therefore 
tJ. (08 4) 


IV. 


(m—n)(m+n-+1) Pn(z)Qm(z) dz 


=—1-+ cos(m—n)z sin rn cos mx [W¥(m) —y(n)]; 
m, n being unrestricted. 
From the differential equation and recurrence formulae satisfied by Pn(z), 
Qm(z) and using the formulae ® 


*G. Prasad, loc. cit., pp. 61, 72. 
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cos 6) = Pn(cos 6) cos nx — sin na Qn(cos 6) 
T 


Qn(— cos 0) = — Qn(cos 6) cos nx sin na P»(cos 


Qn(2) Pa(z) log + — | 


+17) 1—z\" 
{x(r)}? Ar( 2 ) 


where 


We have 
1 
(m—n)(m+n-+1) f Pn (2) Qm(z) dz 
-1 


= — n)Pn(z)Qm(z) — (2) (2) + 


= m[Qm(z) — Qm-s (2) + m™Pm(— 2) [Qm(— 2) + Qma(— 2) Jen 
— nQm(— 2) [Pn(—2) + Paar (—2) Jen. 


Now 
Qm(— 2) + Qm-1(— 2) = — cos ma[Qm(z) — Qm-1(z) 

cos mm 

When z = 1 

Py(—2) + Pra(—2) =—=sin — Qn-a(2) Jen 

2sin 

Hence 


(m—n)(m+n-+1) Qm(2)de 
= [—1-4 cos me Py(—2) — ne Qn(—2) 
— [—1+ cos mafcos — sin ne Qu(2)} —= sin me 2) Jes 
sin nw {Qn(z) cos ma + Qm(— 2) } Jen 


= [— 1-+ cos mz cos nx — 


= [— 1+ cos mz cos nr — 


MW y 


— 1+ cos (m sin nx cos mx [y(m) —y(n) ] 


n’(m) 


a(m) 


where = 


sin nr {Qn(z) cos mr — Qm(z) cos mx — sin mz} | 
a 
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Hence 
Px (2) Qm(2)dz = 0 


if m—n = an even integer and m=r—}, n =p-+4 where r and p are 
positive integers and pr. 


If R(n+1) >0 we know” that 


(2n—1) (2n 41) — 
Hence 


where 
1 
B= 


A. M. CoLLEGE, MYMENSINGH, 
BENGAL, INDIA. 


*0E. W. Barnes, Quarterly Journal of Mathematics, vol. 39 (1908), p. 204. 
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CHARACTERS OF ABELIAN GROUPS.*? 


By Pau. E. Lewis. 


Introduction. The classical definition * of a character of a finite abelian 
group A is a multiplicative mapping of the group A into the multiplicative 
group of all the roots of unity. If the usual definition of the product of two 
characters is given, the set of all characters forms an abelian group C(A). 
One of the main results in this connection is the fact that A is isomorphic to 
its character group. In notation: C(A) ~ A. 

A more comprehensive theory of the characters of abelian groups which 
applies to every group | finite or infinite] has been constructed by Pontrjagin.® 
In order to effect this generalization, however, Pontrjagin was forced to change 
the system of values of the characters from the group of roots of unity to the 
additive group of real numbers modulo 1. 

Thus there arises quite generally the question, “ Which groups and which 
value groups will give rise to a satisfactory theory?” In order to state the 
problem more precisely, let A and V be any two [additively written] abelian 
groups. As a character one may consider any additive function‘ of the ele- 
ments in A with values in V. If addition of characters is defined in the obvious 
fashion, then the set of all characters of A in V forms an abelian group 
Cy(A). Our problem now is to find necessary and sufficient conditions on the 
pair of groups A and V such that one of the following relations holds true: 


—~A, 
b). Cy(S) ~S for every subgroup § of A, 


c). Cy(A/S) ~ A/S for every subgroup S of A. 


The principal results concerning this problem are special cases of a more 
general theory and are obtained in Section 8. Considering that the study of 


* Received May 16, 1940; revised May 19, 1941. 

1 Presented to the Society, April 13, 1940. 

* See, e. g., E. Hecke, Vorlesungen iiber die Theorie der algebraischen Zahlen, Leipzig 
(1923). 

° Cf, L. Pontrjagin, “ The Theory of Topological Commutative Groups,” Annals of 
Mathematics, vol. 35 (1934), pp. 361-368; E. R. van Kampen, “ Locally Bicompact 
Abelian Groups and their Character Groups,” Annals of Mathematics, vol. 36 (1935), 
pp. 448-463. 

*Cf., e.g., P. Alexandroff and H. Hopf, Topologie, Berlin (1935), p. 586; H. 
Whitney, “Tensor Products of Abelian Groups,” Duke Mathematical Journal, vol. 4 
(1938), pp. 495-528. 


81 
6 


82 PAUL E. LEWIS. 


linear forms over a projective geometry with codrdinates from a field (not 
necessarily commutative) shows all the essential features of such a theory of 
characters, it has seemed advisable to build up the whole theory immediately 
for abelian groups admitting a (not necessarily commutative) ring of operators, 
Among the restrictions imposed on the ring R one may mention that R must 
contain an identity element, and every left ideal must be a principal left ideal. 
This last restriction is necessary to insure that subgroups of cyclic groups will 
also be cyclic. 

Before the theory of characters under this more general set-up is con- 
sidered, it is necessary to state generalizations of many of the theorems 
concerning the structure of abelian groups admitting a ring RF of operators. 
The first three sections are devoted entirely to such a development which is of 
considerable interest on its own account. The theory of characters is considered 
in the remainder of the paper, the main results being found in the last section. 


1. Properties of the ring of operators.° 


(A). Let R be a (non-commutative) principal ideal domain, 1. e., R ts a 
domain of integrity in which every right ideal is a principal right ideal and 
every left ideal is a principal left ideal. 

(B). Let every ideal in R be a two-sided ideal. 


As examples of such rings & one might mention quasi-fields and commu- 
tative principal ideal rings. Another example may be constructed as follows :¢® 
Let F be a field [whether commutative or not], and let f be an isomorphism 
of F mapping F upon a subfield Ff of F where Ff need not be equal to F. 
Denote by & the system of all the sequences @ = (do, a,:-*) with codrdinates 
a; in F. If b and ¢ are two elements in FR, then b = ¢ if, and only if, bi = ¢; 
for += 0,1,2,---; +, +); (Dot, 
BiCof + +), With these definitions one verifies readily 

j+k=i 


that # is a ring whose null-element is 0 = (0,---,0,---) and whose identity- 
element is 1 = (1,0,0,---,0,---). This ring does not contain divisors of 
zero. Let e(1) be the element in # all of whose codrdinates excepting the 1-th 
are zero and whose i-th codrdinate is 1. Then one may prove that for given } 
the equation 7b = e(7) has a solution x in PR if, and only if, not every b; = 0 
for Denoting by P; the set of all those elements in satisfying b; = 0 


5 These hypotheses for the ring R conform to those used by Asano, Nakayama, and 
others. See, e.g., K. Asano, “tber verallgemeinerte Abelsche Gruppen mit hyper- 
komplexem Operatorenring und ihre Andwendungen,” Japanese Journal of Mathematics, 
vol. 15 (1939), pp. 231-253. 

*R. Baer suggested this example. 
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for 7 <1, it follows from the above remark that the only left-ideals in R are 
these P;, that every P; is a two-sided ideal and that P; = P,‘* for every i. 
This implies, in particular, that the P; are principal left ideals which may be 
generated by the elements e(1). It can also be proved that R is commutative if, 
and only if, f 1 and F is commutative; also every right ideal is two-sided 
if, and only if, F = F%, 

Under the above hypotheses (A) and (B) the following statements are 


easily derived or are already in the literature: 7 


1.1. The multiplication of left [or right] ideals is commutative. 

1.2. If (s) and (t) are principal left ideals, then (st) =(s)(t) for 
every s,t m R. 

1.3. Risa field if, and only if, 0 and R are its only ideals. 


A prime left ideal is defined to be a greatest left ideal in RF that is dif- 
ferent from both 0 and R. Since in R divisors are factors, this is equivalent 
to the more common definition that a prime left ideal is one that contains a 
product if, and only if, it contains one of the factors. 


1.4. If (p) isa prime left ideal in R, then R/(p) is a field. 

1.5. very left ideal is a product of a finite number of prime left ideals. 

1.6. Two products of prime left ideals are equal if, and only if, they 
are products of the same prime left ideals apart from order of factors. 


2. Groups admitting R as operator-system.* Consider an abelian 
group A (additively written) admitting the ring R as a system of left- 
operators. The set of elements B = Rx formed by the totality of elements 
rz for r in R forms a subgroup of A. B is called the cyclic subgroup of A 
generated by the element +: B= Rx = {x}. The order of an element z in 
A is defined to be the set O(x) of all elements w in FR such that wr=0. 
It is easy to show that O(«) is a left ideal in R. Moreover, the order of every 
element ¢ in B= {zx} divides the order of x: O(t) =O(zx). From this 
statement it follows that all the generating elements of a cyclic group have 
the same order and this order ideal is defined to be the order of the cyclic 
group. Condition (A) implies that every subgroup of a cyclic group is also 


cyclic. 


*T. Nakayama, “A note on elementary divisor theory in a non-commutative 
domain,” Bulletin of the American Mathematical Society, vol, 44 (1938), pp. 719-723. 

SIn this connection one should mention G. Kothe, “ Verallgemeinerte Abelsche 
Gruppen mit hyperkomplexem Operatorenring,” Math. Zeitschrift, vol. 39 (1935), pp. 
31-44, See also footnote 4. 
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Two groups A and B are said to be isomorphic [in notation: A ~ B] 
if there exists a (1— 1) mapping a of the elements of ‘A on the elements of 
B such that if z,y are in A, then («+ y)*=at-+4 y*; (rv)*=r- at for 
rin R. 

2.1. Let Zand Y be cyclic groups. Then O(Z) =O(Y) tf, and only if, 
Z~Y. 


Proof. Assume Z~Y, that is Z°—Y for some isomorphism £. Let 
Z = {z} and define y = 28 so that Y = 78 = {z}8 = {y}. Then rz = 0 implies 
0 = 08 — (rz)8& = —ry. Hence O(z) O(y). Similarly O(y) S O(2), 
and this proves O(Z) =O(Y). Conversely suppose O(Z) =O(Y) where 
Z = {z}, and Y = {y}. Now rz=sz if, and only if, ry—=sy. For rz = sz 
implies (r—s)z=0, so that r—s is in O(z). But O(Z) =O(Y), and hence 
(r—s)y =0 or ry=sy. The converse of this statement follows in the same 
way. Now define (rz)®’ ry. From the above statement it follows that £ is 


a single-valued function. Furthermore 


(sz + tz) = ([s + = (s+ t)A—=—(s+t)y 
= sy + ty =s(z)®& + t(z)8 = (sz)8 + (tz) 8; 


also if 2 = sz, 


(r2’)P — [r(sz) [(rs)2]® (rs) 28 = (rs)y 
= r(sy) —r(sz)f —r- ZB, 
Hence Z~Y. 
From the theory of finitely generated groups it is known that 


2.2. If (r) 0 ts the least common multiple of the orders of the 
elements of an abelian group A, then A contains an element of order (r). 

A primary group of characteristic a prime ideal (p) is a group in which 
the order ideal of every element in A is a power of (p). In notation: if @ is 
any element in A, then O(a) = (p)"‘” for some integer n(x) =0. The 
integer n(a) is called the order-erponent of the element z. The set of all 
elements x of any group G@ such that O(r) = (p)"”) for some integer 
n(x) = 0 is called the primary component G, of G@ of characteristic (p). 
It is easy to show that the primary components of a group are subgroups of 
the given group. 

The elements 2, 22,°**, Zin a group are said to be independent [over R] 
if the relation S = 0 implies siz; for i=1,2,---,k. Otherwise 

w=1 
the elements are said to be dependent. An infinity of elements T in A are 
independent if every finite subset of 7 forms an independent subset. 


= 
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The group A is said to be the direct sum of the groups Aj, As,:- -, 


(a). A is generated by the Av, 

(b). Av® By =0 where By is generated by the Ap for »v. Condition 
(b) is equivalent to 

(b’). Any set of elements ay ~ 0 such that ay belongs to Av is independent. 


The following known theorems are listed for future reference. 


2.3. If A is an abelian group without elements of order 0, then A is a 
direct sum of its primary components Ap. 

2.4. Let F(A) denote the set of elements x in the abelian group A such 
that O(a) ~0. Then F(A) is a subgroup of A and A/F(A) contains no 


element 0 of order different from 0. 


If A is a primary abelian group of characteristic (p), denote by A the 
totality of elements z in A such that pr =0. The set A clearly is a subgroup 
of A. Consider now a group G@ having the property that no cyclic subgroup 
of G has a proper subgroup, i.e., cyclic subgroups are simple. Obviously A 
is such a subgroup. Groups having a field as operator-system are also of this 


type, and these two are actually the only possibilities. 


2.5. Let G be a group whose cyclic subgroups are simple, and assume 


We 


that S and T are subgroups of G such that S=T. Then S is a direct summand 
of T. 

2.6. If Gis a group whose cyclic subgroups are simple, then any greatest 
independent subset of any subgroup S of G forms a basis of 8S. 

2.7%. If Gis a group all of whose cyclic subgroups are simple, then any 
iwo bases of G contain the same number of elements. [This number may be 
termed the rank of G].° 

2.8. If A is a direct sum of cyclic groups of order 0, then any two 
decompositions of A into direct summands contains the same number of 
summands, 

2.9. Let A be an abelian group and suppose that B is a subgroup of A 
with the property rB = B for every r~0 in R. Then B is a direct summand 
of 
* Cf. S. MacLane, “ A lattice formulation for the transcendence degree and p-bases,” 


Duke Mathematical Journal, vol. 4 (1938), pp. 455-468. 
10 Cf. R. Baer, “ Abelian groups that are direct summands of every containing 


abelian group,” Bulletin of the American Mathematical Society, vol. 46 (1940), pp. 


800-806. 
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In particular it follows that if A is a primary group of characteristic (p) 
and r = p, then B is a direct summand of A. 

The primary group A = of characteristic (p) is said 
to be of type if the relation px; holds for every i> 0 and if 
= (p). 


2.10. THroreM.** Let A be a primary group of characteristic (p) 
with the property pA =A. Then A is a direct sum of groups of type p®. 


Proof. Let B be a greatest independent subset of A. By 2.6 B is a basis 
of A. Since pA = A, there always exists a solution of an equation of the form 
px =afor any elementain A. If by, is any element in B, let by,, be a solution of 
the equation pr = by. Likewise let by,. be a solution of px = by,,; and in general 
if by; has been defined, let be a solution of pr = bv,j;, j= 1,2,°°-. 
Then By = {byv,1, is a subgroup of type p®. Let H denote 
the subgroup of A generated by all the B,. If y is an element in H, then y 
is a sum of elements from a finite number of the By. That the By are inde- 
pendent is easily verified, and hence H is a direct sum of the By. Now H has 
the property pH = H, and by 2.9 it follows that H is a direct summand of 
A: A=H+H’ for a suitable H’. But AH and HH’ =0, so that 
=0. This implies H’ = 0 and hence H’ =0. Therefore A = H and 
the proof is completed. 


38. Quasi-basis.‘* The element z of the primary group A of character- 
istic (p) is said to have height n (where n is an integer = 0) if there exists 
an element y in A such that p"y =z and no element z exists in A which 
satisfies the relation p"**z—= wx. If every equation of the form p'w =~ has a 
solution w in A for every 1= 0, the element x is said to have infinite height 
in A. Denote the height of z by h(x). It can be verified that this definition 
of height does not depend of the generator p of (p). 

If A is a primary group, denote by A; the set of elements x in A such 
that h(x) =i. It is easily shown that the set of elements A; is a subgroup 
of A. Suppose Q is any subset of A. Denote by Q’ the set of elements 
v’ = p"”)-1y for every v in Q where O(v) = (p)"™. Let Q’; be that subset 
of Q’ consisting of elements v’ for which n(v) —1 1, i.e., the elements of 


11Cf. L. Zippin, “ Countable Torsion Groups,’ Annals of Mathematics, vol. 36 
(1935), pp. 86-99; R. Baer, “ The subgroups of the elements of finite order of an abelian 
group,” Annals of Mathematics, vol. 37 (1936), pp. 766-781. See also °. 

12 The concept of quasi-basis as used here is essentially a generalization of ideas 
used by H. Prufer. Prufer also introduced originally the concept of height and groups 


of type 


( 

| j 
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Q’; are of height =i. The set Q is said to form a quasi-basis of A if the 
following statements hold: 


(a). The elements in Q’; are of exact height 7. 
(b). Q% is a basis of Q; where Qi = {Q’;}. 
(c). + Ais [Direct sum]. 


It is not difficult to verify that 

3.1. The elements in a quasi-basis Q of A are independent. 

3.2. If Q ts a quasi-basis of A, then it is a basis of A mod pA. 

Proof. (1). The Q; are independent mod pA. 

Assume riqi = 0, mod pA, r; in and for suitable in Q. 

=1 
Then there is a maximum order-exponent m of the qi in this summation. 
The above congruence may be written in the form > Tigi = pw for some w 


k 
in A. Now p”'r; = for suitable 7; in R. Then %(p""qi) = p™w, 
w=1 


where >’ means that only terms different from 0 are included in the summa- 

tion. Now it is clear that the p”~'q; in this revised summation are in Q’m-1 
k 

since these g; are of order (p”). Hence "qi is in since by con- 

dition (c) of the definition of quasi-basis Qm-1° Am 0; and since p”w is 


in A», it follows that } = 0. Furthermore, since the elements 
=1 


occurring in this summation are elements in Q’m-1, they are independent by (b). 

Hence every = 0. But since p”-'q; is of order (p), this implies that 

p divides 7; or that 7; ==0mod (p). Now p™*r; =;p™" which is an element 

in (p”), so that p divides rj and riq;g==0mod pA. This contradiction 
mplies (1). 

(2). Every element in A is mod pA expressible in terms of the qi. 

The proof is given by an induction with regard to the order-exponents of 

the elements of A. Suppose O(x) = (p)"). If n(x) =0, then =O and 

the statement is trivial. Assume that the statement is true for n —1, and that 

n(x) =n. Then p"'z is in Any, and in particular is expressible, mod An, 


in terms of the elements in since An=An+. Hence 
m m 
=> rip"*qi mod A, for suitable p""q; in Q’n-, and 7; in R, = > p" Figs 
a=1 
Mm 


+ y where y = pz is in A, and for suitable *; in R. Then p™*(«— 2% rigi 


= 
= 
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— pz) =0, i.e., e— > rigi — pz is of order-exponent < n—1, and by the 
i=l 
m m’ 
induction hypothesis « — » Tigi — pz == > s;9;, mod pA, for suitable g; in Q. 
= j=1 


m 
This means x = » riqi + 2 8j9;, mod pA, since pz is in pA, and this completes 
j=1 


the proof. 


3.3. THEOREM. The set S isa subset of a quasi-basis of A if, and only if, 
(a). S is independent. 
(b). pi{S} = {8} pid. 
Proof. Let 8 be any subset of any quasi-basis of A. By 3.1 the set S 
is independent. Certainly p‘{S} <= {S}*ptA. Now any element 0 in 
k 
{S} «pid has the form 0 ~A x = ¥ rjs; = p‘w for s; in S, w in A. It must 
be proved that x is a p‘-fold of some element in {S}. Then it may be assumed 
without loss of generality that none of the (7;) is divisible by (p‘) since x 
is in p‘{S} if, and only if, « + p‘y for y in {S} is in pi{S}. Choose h + 1 
as the maximum of the order-exponents of the rjs;. Now for suitable 7; 
in it follows that p'rj =7’jp" where *;=0mod (p) and that 


hShj <h+1. Not every p"rjsj =f)ps; is 0; and since the s; belong to 


k 
a quasi-basis, they are independent by 3.1. Hence 0 p*iw = > p'rjs; 
j=1 


k k 
= If =0, then ps; is in Q’n,, and is an element 
j=l 


j=l 
h+i-1 k 
in Anyi. Since A= = Ansi, condition (c) implies that = 0. 
m=0 j=1 


But the s; are independent. Consequently fjpss; =O and therefore 7; 


=0mod (p). Hence z is in pi{S}. 

Conversely, assume that conditions (a) and (b) are true. Let O(s) 
= (p)"®) for s in S. Since S is an independent set, p"'*)-'s is of height 
n(s) —1 in {S}, and hence by (b) it follows that it is of height n(s) —1 
in A. If S; is the set of all the s in S such that n(s) —1=1, then it follows 
from (a) that S;* Ais. =0 and that the set S; is independent. Hence Sj 
is a part of a basis 7; of A; mod A;,;. Denote by D; the set of all solutions 
of equations px =¢ for ¢ in Tj and not in S;, and denote by @ the set com- 
posed of S and D;. Then Q is a quasi-basis of A containing S as a subset, 
and this completes the proof. 


Remark. This implies the existence of a quasi-basis for every primary 


group A, since the vacuous set certainly satisfies (a) and (b). 
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3.4. TuroreM.’® If G@ is a subset of a quasi-basis of A, and if the 
erder-exponents of the elements of G are bounded, then the subgroup generated 


by Gis a direct summand of A. 


Proof. By hypothesis there is an integer / such that p*g = 0 for every 
g in G. If @ is a subset of the quasi-basis Y, denote by 7 the set of elements 
in @ not contained in G and consider A/{7'}. Let B be the uniquely deter- 
mined greatest subgroup of A/{7'} with the property pB = B. Denote by H 
that subgroup of A for which H/{7T} = Bb. The proof follows in two parts. 


(1). 


For assume that ¢ is an element different from 0 in {G}° H. Since ¢ is 
in {G}, ¢ is not in {7} for the elements in Q are independent by 3.1. Then 
{T} + ¢ is an element different from 0 in H/{T}. But p(H/{T}) =H/{T}, 
und hence ¢ is an element in H and {7} + ¢ +0 is an element in a subgroup 


of type p~ of H/{T}. This implies the following relations: 


t ==pw,mod {7} for some w, in H, | | t =—pw,+t, for ¢, in {T}, 
\ 
j 


w, == pw. mod {7'} for some w, in //, Ww, = pw.+t. for t in {T 


ord: 

| Wi = PWier + lisa for in {T}, 
| 


= pwi,, mod {7} for some in H | 


From this the following relation may be derived: f, ito 
g ple 
+ pet, + pew, where k is as chosen above, i.e., = 0 for every x in G. 


k 
Then ¢ — > p*'t; = p*wx where the left member is in {Q}. Therefore by 
i=1 
k 
3.3 there exists a z in {Q} such that p*z =t—}> p*'t;. Since p*{G} —0, 
i= 
piz is in {7} and this implies that ¢ is in {7}. But ¢ is also in {G@} and 
{G\}o{T}—0. Hence t =0, and (1) is true. 
(2). Every element in A is expressible as the sum of an element in {G} 
and an element in //. 


h 
For let v be any element in A. From 3.2 it follows that v= riqi, 


mod pA, for suitable gi in Q and rj in Rk. Then v =v, + pw for v, = > rigs 
i=1 

and w in A. Then clearly v= pw mod {Q}. This means that every element 

18Cf, R. Baer, “Primary abelian groups and their automorphisms,” American 


Journal of Mathematics, vol. 59 (1937), pp. 100-101. 


> 
{ h 


v* == pw*, mod {Q}* for w*, in A*, (v* == pw*, + ¢* for some ¢* in {Q}*, 
w*, ==pw*,mod {Q}* for w*, in A*, | | w*, = pw*, + ¢*, for some ¢*, in {Q}* 
w*;_, = pw*, mod {Q}* for w*; in A*, | | w*;_, = pw*, + for some ¢*;_, in {@ 
From these relations one can derive: v* = ¢* + pt*, + 
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in A is a p-fold mod {Q}, or that A/{Q} = p(A/{Q}). [Henceforth for 
purposes of notation in this section S* will denote the quotient group S/{T} 
for any subgroup S between {7} and A.] Since A*/{Q}* = A/{Q}, this 
implies A*/{Q}* = p(A*/{Q}*). Let v* be any element in A*. Then from 
the above statement it follows that v* belongs to a subgroup of A* of type 
p® mod {Q}* unless A* = {Q}* in which case there is nothing to prove. 
From this one gets the following relations: 


+ pet*;,_, + p*w*;, where k is as chosen above: p*{Q}* =0. That h* = p*w*, 
is an element in H* is shown as follows. Remember that {Q} = {G} + {T} 
and hence that {Q}* ~ {G}, so that p*{Q}* —0. Then since ¢*; is an element 
in {Q}*, by repeated application of the above process it follows that 


h* = p* (pw* + = p(piw* ns), 
= (pw + = w* nse), 


This shows that h* is an element of a group of type p®, and since H* is the 
greatest subgroup of A* such that H* = pH*, it follows that h* is con- 
tained in H*. As v* was chosen as any element in A* and since m* = {* 
+ pt*,-+----+ pe t*,, is an element in {Q}*, the fact that h* is in H* 
shows that A* = {H*, {Q}*}. Then if v is any element in A, it follows that 
v+{T}=h+{T}+9+{T} for some h in H and g in {G}. Then 
for suitable in {T}. Or v= h+ g where h=h 
+i,+%. Since {T} SH, h is in H and since g is in {G}, this shows 
A ={H,G}. This completes the proof of the theorem. 
The above remarks and arguments also imply the following 


3.5. Corotzary. If Q is a quasi-basis of A, if C is a subset of Q such 
that the order-exponents of the elements in G are bounded, if T is the com- 
plement of +G in Q, and if H is the greatest subgroup of A such that {T} SH 
and p(H/{T}) =H/{T}, then A =H + {G}. 


( 
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3.6. Corottary. If A possesses a quasi-basis Q such that the order- 
exponents of its elements are bounded, then A=M +H where H is a direct 
sum of groups of type p® and M is a direct sum of cyclic groups of bounded 
order-exponents. 


3.7. CoroLLary. If the quasi-bases of A are finite and if A contains 
no element ~ 0 of infinite height, then A is a direct sum of a finite number. 
of cyclic groups. 


3.8. CoroLttAry. If the order-erponents of the elements of A are 


‘ bounded, then A is a direct sum of cyclic groups. 


In the remainder of this section statements are given which are known 
to hold in the classical theory. In most cases the generalizations are in the 
literature or are trivial, but the statements are given since they are used in 


subsequent proofs. 


3.9. Let A0 be a primary group of characteristic (p) and suppose 
that A does not contain a cyclic subgroup [40] which is itself a direct 
summand of A. Then A is a direct sum of groups of type p®. 


3.10. The primary group A possesses a cyclic quotient group if, and 


only if, A possesses a cyclic direct summand. 


3.11. THroreM. If A is @ primary group of characteristic (p), then 
A ts homomorphic to a group of type p® tf, and only if, the order-exponents 
of the elements in A are unbounded."* 


Ue 
and which contain only elements of order 0. Then A ts cyclic if, and only tf, 


A is generated by a finite number of elements. 


8.12. Let A be a group such that any two of its elements are dependent 


3.13. THroremM. If A is generated by a finite number of elements, 
then every subgroup and every quotient group of A is a direct sum of a finite 


number of cyclic groups.*® 


4. Character groups. Assume, as before, that FR is a ring satisfying 
conditions (A) and (B). Consider another ring R’ such that R and R’ are 
anti-isomorphic, i. e., 

14 For a discussion of this theorem in the classical case see R. Baer, “ Dualisms in 
abelian groups,’ Bulletin of the American Mathematical Society, vol. 43 (1937), pp. 


121-124. 
15 Cf, the reference in footnote 7. See also G. Kothe, “ Die Struktur der Ringen 


deren Restklassenring nach dem Radical vollstandig ist,” Math. Zeitschrift, vol. 32 
(1930), pp. 161-186. 
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a). There is a one-to-one correspondence [denoted by ’] between the 
elements r in R and 7” in RF’ such that: 
b). (r+s)’=7r’+5’ for every r,s in R, 


c). (rs)’ =s’r’ for every r,s in R. 


Let A and V be two abelian groups admitting the ring R as left operators. 
Moreover, let V also admit FR’ as a system of right operators so that V and 
the rings R and Rf’ are subject to the following conditions: 


d). (w+v)r =ur +r for u,v in V and in R, 
e). (v”)s’ for v in V and 7,s’ in R, 
f). s(vt’) =(sv)t for s in R, v in V, and ¢’ in R’. 


A further hypothesis imposed on the rings R, FR’ is the following: 


(K) 1. Jf vis any element in V and (r) is a left ideal in R, then there 
exists a right ideal (s’) in R’ [depending on (r) and v| satisfying: 


i, (r)v=v(s’); ii. (8) S(r). 


2. If v is any element in V and (r’) ts any right ideal in R’, then 
there exists a left ideal (s) in R [depending on (1”) and v] satisfying: 


i. v(r’) = (s)v; ii. (8’) S (7). 


Under this set-up it is easy to see that a subgroup U of V is left-cyclic if, 
and only if, it is right-cyclic. Moreover, the same generator may be used for 
both cases. Every left-subgroup of V is also a right-subgroup and conversely. 


The following notation will be used: 


O(a) = left-order of an element z in V or in A. 

O,(v) = right-order of an element v in V. That is O,(v) is the set of all 
elements s’ in R’ such that vs’ = 0. 

(r, B) = totality of elements x in B such that rv = 0 for a fixed r in R. 

(B,r’) = totality of elements v in B = V such that v7’ = 0 for fixed 


in R’. 


It easily follows that if 7 is an element in FR, then (7, V) = (V,7’) isa 
two-sided subgroup of V. And it is a consequence of condition (K) that if v 
is an element in V and ¢ an element [0 or not] in FR, then ¢ is in O(v) if, 
and only if, ¢’ is in O,(v). 

The mapping f of A into V is termed a character of A in V if the 


following conditions are satisfied : * 


0 


( 
( 
f 
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1). f(x) =v where v is a uniquely determined element in V for every 


2). f(«+ty) =f(x) + f(y) for every z, y in A, 

3). —f(z)-7 for every rin R, in A. 

From these conditions it is clear that f is a linear mapping of A into a 
subgroup of V. This definition of character coincides with the classical 
definition if R and R’ are replaced by the ring of ordinary integers. Then 
R’ = RFR and nv vn for every v in V and every integer n, in which case 
condition (IX) holds. In order that the set of characters of A in V may form 
an additive group also admitting the ring FR as left operators, the further 


definitions are given: 


4). If fand g are characters of A in V, put (f+ =f(z) +9(*) 
for every x in A, 

5). (rf) =r- f(x) for every in R, in A, and every character 
f of A in V. The group of all characters of A in V thus defined will be 
denoted by Cy(A). 


Let A be an abelian group and suppose that A’ is a subgroup of A. If f is 
a character of A in V and f’ a character of A’ in V such that f(z) = f(x) for 
every x in A’, then the character f of A in V is said to induce the character 
f’ of A’ in V. Every character of A in V induces a character of every subgroup 


of Ain V. Conversely it is not difficult to derive the following: 


4.1. Let A= Av and let fv be «@ character of Av in V. Then there 


exists one, and only one, character f of A in V such that f(x) =fv(a) for 
every im Ay. 

4.2. If A=A,+A.+-: ++ An, then Cy(A) + Cr(A2) 
+---+Cy(A,). Here the Cy(A;) have been identified with the groups K; 


of all those characters of A in V which map every element in > A; on 0. 


4.3. If V=V,+ Vn, then Cy(A) =Cy,(A) + Cr,(A) 
+---+Cy,(A). 

Remark. It is to be noted that these last two theorems apply only to cases 
in which only a finite number of summands is involved. No statement is made 


concerning the infinite number of summands which is actually different. 


4.4, Every character of A/B in V for any subgroup B of A ts induced 


by one, and only one, character of A in V which maps B on 0. 


xin A, 


94 PAUL E. LEWIS. 


Proof. If f is a character of A/B in V, define g(x) =f(B+ 72) for 
every x in A. [If @ is in B, g(x) =0.] Then gis the desired character of 
A in V. 


5. Sufficient conditions. 


5.1. Lemma.’® Jf A is a cyclic group of order (r), where (r) is 0 or 
not, then Cy(A) ~ (V,1’) = (7, V). 


Proof. Let A = {z}, so that O(z) =(r). If f is any character of A 
in V, f(z) =v where v is an element in V. Then 0—f(0) =f(rz) 
= f(z) +1 = v7’, and this proves that v is contained in (V,17’). Let wu be an 
arbitrary element in (V,7”) and define g(sz) = us’ for every element s in R. 
[In particular g(z) —wu.] Then g is a character of A in V, for: 


a). sz=—=tz if, and only if, s—¢=0mod (r). But this implies s’ —?’ 
= 0 mod (7’) and hence u(s’ — t’) = 0, which gives us’ = ut’. This shows | 
that g is a single-valued function. 


b). If w=—sz, y=tz, then g(a+y) —g(sz+ tz) =g[(s4+ t)z] 
—=u(s + t)’ = u(s’ = g(sz) + g(tz) = 9(z) + 9(y)- 


c). g(rz) =g(rsz) =u(rs)’ = u(s1’) = (us’) = 9(sz)r’ = g(x) 


These three properties show that g is a character of A in V. Hence there is 
a (1, 1)-correspondence between, the elements of Cy(A) and (V,7”) obtained 
by mapping each character f in Cy(A) upon the element f(z) in (V,7’). 
This correspondence defines an isomorphism; hence Cy(A) ~ (V,7’), as was 
to be proved. 


5.2. Corottary. If A is cyclic of order (r), then Cy(A) ~A, if, and 
only if, (V,17”) [= (17, V)] ts cyclic of order (r). 


5.3. THroreM. If A tsa direct sum of a finite number of cyclic groups: 
where O(Z;:) = (ri), and if is cyclic of 
order (r;), then Cy(A) ~A. 


Proof. By 4.2 it follows that Cy(A) =Cyr(Z,) + Cr(Z.) +: 
+ Cy(Zn), and the theorem is a direct consequence of 5. 2. 


remark. Since (0,V) —V, it follows that either all or none of the 
(r;) =0. For suppose (7,;) =0. Then (r,,V) =(V,71) =V and hence 


16 For a treatment of the classical case of this theorem see the reference by P. 
Alexandroff and H. Hopf mentioned in footnote 3. 


— 
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must be cyclic of order (r,) =0. If now (r;) #0 for any 71 > 1, then it is 
impossible that (V,7“,) be cyclic of order (7;). 

The following is an example which shows that A may contain elements 
of order 0 and also elements of order different from 0 and still have the 
isomorphism condition hold: Let R be the ring of ordinary integers, M the 
additive group of rational numbers, and Z a cyclic group of order a prime 
number p. Take A=V—=M-+Z. Then Cy(A) ~ A, and A contains ele- 
ments of order 0 and also elements of order p40. However, it is to be noted 


that A is not a direct sum of cyclic groups. 
6. Necessary conditions. 


6.1. Lemma. Let A be an abelian group containing an element of 
order (r) 0. Then the condition Cy(A) ~A implies that V contains an 
clement of order (r). 


Proof. Since Cy(A) ~ A, there exists a character f of A in V of order 
(r). If O[f(x)] = (mz), then (mz) = (r) since r- f(x) =0. Let m be the 
least common multiple of the (mz); then (m) = (r). Now m- f(z) =0 for 
every x in A, and therefore (r) = (m). These results imply (m) = (r). 
Define V’ as the group generated by all the f(z) as x runs through A. Then 
V’ is abelian with the least common multiple of its order-ideals = (r) #0. 
Hence, by 2.2, V’, and therefore V, contains an element of order (1) as was 
to be proved. 


6.2. THrorem. Let R be a field and suppose that V = Rv =vR’ 40 
ts cyclic. Then if B => by ts a direct sum of & cyclic groups different from 


0, Cy(B) contains 28 independent characters. 
Proof. Let P(R) denote the prime field contained in R. Define B as 
the totality of sums of the form piby, for in P(R). Put V = P(R)z, 
i=1 


and note that B and V are not necessarily subgroups. Then a character of B 
in V may be defined by mapping by either on 0 or on v. Clearly 28 such char- 
acters may be defined since there are 8 of the by =~ 0, and since the by form 
a basis of B. Now P(R) contains at most No el nents, since it is a prime 
field, and CF( B) admits the countable field Pf j as operators. Hence the 
number of elements in a basis of Cr(B) is eq to the number of elements 
in C7(B) if this number is infinite. This sh vs there are 2% independent 
characters in ( 7(B). Note that every character of B in V is induced by one, 
and only one, character of B in V. Assume that the characters 91, J2,°* *>9n 
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proved without difficulty that the characters 9,, J2,°**, Gn are independent if, 
and only if, the characters g;, are independent. Hence since the 
group C#(B) contains 2% independent characters, so does the group Cy(B). 


This completes the proof. 


6.3. Corottary. Let A be a primary group of characteristic (p). 

If A=} Av where there are 8 summands each of which is cyclic and dif- 

ferent from 0, and if V contains an element of order (p), then there are 28 
independent characters of A in V. 

Proof. Note that A/pA = > Av/> pAv => (Av/pAv) = > By; and 

v v v 

since every Ay/pAy is cyclic of order (p), every By is cyclic and of order (p). 
Then one may as well consider R/(p) [which is a field by 1.4] instead of R 
as the left-operator system of A/pA and of V = Rv = V where v is an ele- 
ment in V of order (p). For since V is left-cyclic of order (p), by Section 4 
it is of right-order (p’). Hence V admits [R/(p)]’ = R’/(p’) as a system 
of right-operators. 

By 4.4 every character of A/pA in V is induced by a character of A in 
V which maps pA on 0. Conversely every character of A in V which maps 
pA on 0 induces one, and only one, character of A/pA in V. Hence a set of 
characters ‘of A which map pA on 0 is independent if the corresponding set 
of characters of A/pA is independent. It follows by 6.2 that there exist 2® 
independent characters of A/pA in V. Hence there are 2® independent 
characters of A in V [and therefore in V since VS V]. 


6.4. CorotLary. Let A= Av where Ay is cyclic of order 0 and 


where there are 8 summands. If V~0, Cy(A) contains 28 independent 
characters. 


Proof. Case 1. V contains an element of order a prime ideal (p). 


A/pA contains only elements of order (p). Hence by 2.6 A/pA is a direct 
sum of 8 cyclic groups of order (p). Then by 6.3 there are 28 independent 
characters of A/pA in V. The statement for Case 1 is now a consequence of 4. 4. 


Case 2. V contains an element w of order 0. 

If W = {w}, then Cy (A) =Cyw(A). If is a field, the statement fol- 
lows from 6.2. If R is not a field, then R contains a prime ideal (p) and 
R/(p) is a field. Now Cw/pw(A) consists only of characters f [except 0] of 
order (p);. hence if f(x) =v for some element x in R/(p), then 
O(v) =(p). By Section 4 O,(v) = (p’); and since f(py) =f(y)-p’, it 


( 
| 
( 
| 
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( 


CHARACTERS OF ABELIAN GROUPS. 9” 


follows that Cw/pw(A/pA) =Cwyw(A). But W/pW is of order (p) and 
Case 1 implies that there are 2% independent characters in Ow pw(A/pA) 
= Cwypw(A). 

Choose a representative r(a) in every class x of R/(p). Let g be any 
character in the above set of 28 independent characters of A in W/pW. If 
the elements ay, for a in Av, form a basis of A and if w* = W/pW, let 
j(av) = w*s’ for some s’ in R’/(p’). Then there exists one, and only one, 
character g of A in W = {w} such that g(av) =w-r(s’) for every a. The 
proof is now completed by showing that the set of characters g of A in W 
thus obtained is independent. 


6.5. Lemma. If A=} Ay where the Ap are primary groups and the 


summation is over distinct prime ideals (p) in R, then Cy(Ap) contains no 
element of order 0 if, and only if, Cy(A)» and Cy(Ap,) are essentially the same. 


Proof. Let g be a character of A in V of order (p") for some integer n, 
and suppose that x is an element in Ag, (q) ~ (p), of order (g”). Then 
(p") and (q”) are relatively prime and there exist elements p and q in R 
such that pp"-+ Hence g(x) = [pp" + = pp": 
+ qq": g(@) 9(q"z)-s’ =0, using condition (K). 
This shows that g is the zero character of Ag in V for every (q) # (p). There- 
fore Cy(A)pS Cy(Ap). [Actually Cy(A)p~ @S Cr(Ap)]. On the other 
hand suppose that f is a character of Ay in V of order different from 0. Let 
O(f) = (r) = (p%q) where (p) and (q) ~R are relatively prime and 
%7=0. Clearly O(p*f) = (q). Hence there is an element x in Ap such that 
(p*f) (x) =v for some v in V. If O(x) = (p)”, then pv = vp’"s’ 
= (ptf) (x) p's’ = f(pra) = f(0) 0; hence O(v) = (p"). 
But also (x) = (qp*) f(x) =0, and hence O(v) = (q). 
Since (q) and (p”) are relatively prime, this implies O(v) =F or that 
v=0. This contradiction shows the assumption that O(f) = (1r) where 
(r) = for and (p)*(q) =0 is false. Hence (q) and 
O(f) is a power of the prime ideal (p). This proves that f belongs to Cy(A)>, 
so that Cy(Ap) SCy(A)p Hence Cy(Ap) =Cy(A)», and the proof is 
complete. 

6.6. Turorem. Let A =>) Ap where the ‘Ap are primary groups und 
the summation is over distinct — ideals in R. Then the condition 
Cy(A) ~A implies 


a). Cy(Ap) ~Ap for every (p), 
b). Almost every Ap=0. 


lod 
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Proof. a). Let (p) be a fixed prime ideal in R. Then A= A,+ B, 
where By = Ag, and 4.2 implies that Cy(A) = Cy(Ap) + Cr(Bp). Since 


there are no characters of order 0 in Cy(A) [because of the condition of 


isomorphism of A and its character group], it follows by 6.5 that Cy(A)» 
=Cy(Ap). But since 4p ~ Cy(A)», this shows that A4p~Cy(Ap) as was 
to be proved. Note that if Ap 0, a). implies that Cy(Ap) 0. 

b). Assume that there exists an infinity of distinct prime ideals 
(pi), (p2),* such that Ap, 40. Then by a). Cy(Ap,) 40; and hence 
there exists a character fp, ~0 in Cy(Ap,). By 4.1 there is a character f 
of A in V such that f(x) = fp,(x) for every x in Ap, Suppose O(f) = (r) ~0, 
Then (r) S O(fp,) S (pi) for every i. But since (r) ~0 is the product of 
only a finite number of prime ideals by 1.5, this is impossible. Hence 
(r) =0, and then it is impossible that Cy(A) ~A since A contains no ele- 
ment of order 0. This contradiction implies that only a finite number of the 
Ap, are different from 0. 


6.7. CoroLLARY. Suppose A => Av are cyclic and either all are of 


order 0 or all are of order different from 0. Then the condition Cy(A) ~A 
implies that the number of summands different from 0 is finite. 


Proof. Case 1. A contains only elements of order 0. 

Assume there are 8 of the Ay different from 0. Then V is not vacuous 
and 6.4 implies that there are 2% independent characters of A in V. Since 
there are 8 elements in one basis of A, 2.8 implies the maximum number of 
independent elements in A is 8. Then it is impossible that Cy(A) ~ A. 


Case 2. A contains no element of order 0. 

If A contains an element of order (p), it follows by 6.1 that V also 
contains an element of order (p). By 6.6 there are only a finite number of 
the primary components Ap 0. It is a consequence of 2.3 that each Ay is 
a direct sum of cyclic groups of prime-power orders, and therefore Ap is a 
direct sum of cyclic groups. Then 6.3 implies that there are 2% independent 
characters of Ap in V. Hence by 2.7 it is impossible that Cy(Ap) ~ Ap in 
contradiction to 6. 6. 

6.8. Lemma. If A and V are primary groups of left-type p™, then 
Cy(A) #0 and contains only characters (except 0) of order 0. 

Proof. Since every left-cyclic subgroup of V is also right-cyclic, as fol- 
lows from Section 4, it is clear that V is also of right-type p®. Then A and 
V have the forms: A = {%,2%,° and V={v, °°, %4,° 


en 
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where O(a) = (p), O(vo) = (p’), pai and = Any element 
y in A has the form y = ra; where r is uniquely determined mod (p**) and 
4 is uniquely determined by y. A similar statement follows for the element v. 
Define g(sai) = vis for every s in R (i=0,1,2,--+-). It is easy to show 
that g is a character of A in V different from 0. 

Let f be any character of A in V different from 0 and assume f(2;) 
=v=0 for a suitable i and some v in V. Now for every hk, prvisn = %. 
Hence, by condition (K), Ov =f (ai) =f (prin) =f (vin): p™ 
= Mp, = mep*- f (Vir) AO. Then, O(f) does not divide (p*). Since this 
holds for every / no matter how large, it follows that O(f) =0. This 
completes the proof. 


6.9. Lemma. Jf A is a primary abelian group of characteristic (p), 
then Cy(A) cannot contain elements ~ 0 of infinite height in Cy(A). 


Proof. let f be a character of A in V such that there exist characters 
fi of A in V with the property p'f; =f for every i > 0. Suppose that z is 
an arbitrary element in A. If O(r4) = (p™), then f(x) = (p"fm) (Zz) 
= [fim(x) = [fm = fm (0) = 0 for a suitable in 
R’ by condition (K). 


6.10. Corotiary. If A is a primary group of characteristic (p), the 
condition Cy(A) ~ A implies that A does not have elements different from 0 
of infinite height in A. 


6.11. THeorem. Jf A is a primary group of characteristic (p) and tf 
Cy(A) ~ A, then the order-exponents of the elements of A are bounded. 


Proof. By 6.10 there are no elements in A of infinite height. Assume 
that the order-exponents of the elements of A are not bounded. Since 
Cy(A) ~ A, it may be assumed without loss of generality that V is a primary 
abelian group of characteristic (p). These assumptions imply that the order- 
exponents of the elements of V are also not bounded. For if (q) = (p*) is 
an ideal in R such that gV —0, then certainly qg-Cy(A) =0, and the 
condition of isomorphism implies g-A = 0 which is contrary to assumption. 

Suppose that V = Z + U where Z is cyclic of order (p") for some integer 
n>0O. Then 4.3 implies that Cy(A) =Cz(A) + Co(A). By 4.4 every 
character of A/p"A in Z is induced by a character of A in Z. Furthermore, 
if f isa character of A in Z of order (p”), it follows, on using condition (K), 
that f(p"r) = f(x): = sp": f(x) =0 for every in A. Hence f maps 
p"A on the zero-element of Z. These statements prove Cz(A) =Cz(A/p%a). 
Similarly Cy1z(A) = Cp™z(ApA), and Cy™z(A) is the subgroup of 
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elements of order (p) in Cz(A). From the fact that A contains no element 
different from 0 of infinite height in A and the assumption that the order- 
exponents of the elements of A are not bounded, it follows that A/pA con- 
tains an infinity, say 8, of independent elements. For if A/pA contained only 
a finite number of independent elements, then every quasi-basis of A would 
contain only a finite number of independent elements. And in this case 3.7 
implies that the order-exponents of the elements of A are bounded. 

Since by 3.2 a quasi-basis of A is a basis of A/pA, 6.3 implies that 
Cy"z(A/pA) = contains 28 independent characters. [Use 6.1 to 
show the existence of an element in V of order (p).] Then Cz('A) con- 
tains at least 28 independent characters of order (p). Now the conditions 
Cy(A) ~A and Cy(A) =Cz(A) + Cy(A) imply that A = B+ D where 
B~ (C7z(A) and hence has the order-exponents of its elements bounded and 
contains 28 independent elements. Then A/pA = B/pB + D/pD. Now B, 
and hence pB, contains 2% independent elements of order (p), while by 
assumption A/pA contains only 8 independent elements. [See 2.7]. These 
facts lead to the contradiction 28 S 8. 

Then the assumption that V contains a cyclic direct summand of order 
different from 0 is false. This implies [using 3.9] that V is a direct sum of 
groups of type p~. Now since the order-exponents of 'the elements of A are 
not bounded, it follows by 3.11 that there exists a subgroup W of A such 
that A/W is a group of type p®. By 6.8 there is a character g of A in V of 
order 0. Then because of the isomorphism condition, A also contains an 
element of order 0. This contradiction completes the proof. 


7. Characters whose values form a cyclic group of order 0. 


7.1. THeorem. Let V be cyclic of order 0. Then there exist n inde- 
pendent characters of A in V if, and only if, there exists a direct summand 
of A which ts itself a direct sum of n cyclic groups of order 0. 


Proof. Suppose that A = B+ D where B is a direct sum of n cyclic 
groups of order 0. By 4.2 Cy(A) = Cy(B) + Cy(D), and 5.3 implies that 
Cy(B) isa direct sum of n cyclic groups of order 0. This proves the sufficiency. 

The necessity may be proved by complete induction with regard to n. 
The statement certainly holds for n 0. Assume that there exist n inde- 
pendent characters of A in V and that the theorem holds for n—1. Then 
there exist »—41 independent characters of A in V, and by the induction 
hypothesis A = B + D where D is a direct sum of n—1 cyclic groups of 
order 0. If every character of A in V would map B on the 0-element of V, 
the character group of A in V would be the same as the character group of 
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Din V. The latter is by 5.3 a direct sum of n—1 cyclic groups of order 0 
since D) is the direct sum of n — 1 cyclic groups of order 0. But this implies 
that Cy(A) is a direct sum of n—1 cyclic groups, and by 2.8 this is 
impossible since by hypothesis Cy(A) contains n independent elements. 

Thus there exists a character f of A in V and an element b in B such 
that f(6) A0. Denote by B’ the set of all elements x in B such that f(a) =0. 
Then B’ is a proper subgroup of B (possibly B’ 0), and f defines an 
“anti-isomorphism ” of B/B’ upon a subgroup of the cyclic group V. As right 
ideals in #’ are principal right ideals, this subgroup V’ of V is cyclic of 
order 0, i.e., V’ = vk’ for some element v in V. Denote by g some element 
in B such that f(g) =v. That B is a direct sum of B’ and the cyclic group 
generated by g is proved as follows. Assume first that 2 is any element in B. 
Then there exists some element r in such that = vr’. Hence f(«—rq) 
= f(x) —f(g)- =0, i.e., e—rg is an element in B’; and B is generated 
by g and B’. Suppose, furthermore, that u is an element of B’ and that s is 
an element in such that w+ sg = 0, then 0 = f(u+ sg) =f(u) + f(sg) 
=f(g)-:s’=vs’, as wu is in BY. Since v is of order 0, this implies that 
s=0; hence u 0 too. This proves that A = B’ + {g} + D, i.e, 4 pos- 
sesses a direct summand D+ {g} which is a direct sum of n cyclic groups 
of order 0. 

Let B be a group all of whose elements ~ 0 are of order 0. B is said to 
be of finite rank if there exists an integer n = 0 such that any n+ 1 ele- 
ments in B are dependent. The smallest integer n of this type is the rank of 
B: r(B) =n. 
the elements of A (other than the 0-element) are of order 0. Then r(A) 
=r[Oy(A)] is finite if, and only if, A is a direct sum of a finite number of 


7.2. Corotiary. Suppose that V is cyclic of order 0 and that all 


cyclic groups of order 0. 

Proof. Suppose that r(A) =r[Cy(A)] =n. Then by 7.1 A=: B+ D 
where B is the direct sum of n cyclic groups of order 0. Since r(A) = r(B), 
it follows that D0. The converse is a direct consequence of 5. 3. 

An example may be given to show that the Corollary does not hold if the 
rank of A is not finite. Let M be isomorphic to the group of rational numbers 
[taking R as the domain of ordinary integers]. If V is cyclic of order 0, note 
that Cy(M) =0. Let B be a direct sum of 8 cyclic groups of order 0. Then 
by 6.4 r[Cy(B)] =’ where 8’ > 8. Put D equal to the direct sum of ” 
groups isomorphic to M, and define Then Cy(A) = Cr(B) 
+ Cy(D) =Cy(B) since Cy(D) =0. But r[Cy(A)] =r(A), and A is 
certainly not a direct sum of cyclic groups. 


102 PAUL E, LEWIS. 


8. The main theorems. 


8.1. THreorEM. Let A be an abelian group without elements of order 0. 
Then Cy(A) ~A if, and only if, the following two conditions hold: 


a). A is a direct sum of a finite number of cyclic groups. 


b). If A contains an element of order (1), then the subgroup (V,1’) 
= (r,V) of V is cyclic of order (r). 


Proof. The sufficiency follows from 5.3, Assume that Cy(A) ~ A. 


Then by 2.3 A => Ap where A, is the primary component of A of charac- 
teristic (p) and the summation is taken over all distinct prime ideals in R. 


From 6.6 it follows that Cy(Ap) ~ Ap for every (p) in R. Theorem 6. 11 

now implies that the order-exponents of the elements of A, are bounded; 

3.8 shows that Ap = Zpv where Zpy is cyclic. Then A= > > EZp, 
v p v 


which states that A is a direct sum of cyclic groups of orders different from 0. 
By 6.7 only a finite number of the Z», are different from 0, and this completes 
the proof of a). 

As noted above, A is a direct sum of its primary components; and since 
A is [by part a) already proved] a direct sum of a finite number of cyclic 
groups, only a finite number of the primary components A», of A are dif- 
ferent from 0, Then A = Ap, +: Ap, for some integer n and 
Ap, ~0, (pi) ~ (pj) for i~j. By 4.2 it follows that Cy(A) = Cy(Ap,) 
Cy(Ap,) +: Cy(Ap,), and 6.6 implies that Cy(Ap,) ~ Ap, for 
4 =1,2,---,n. Since A is a direct sum of a finite number of cyclic groups, 
it follows by 2.13 that Ap, is likewise a direct sum of a finite number of cyclic 
groups. That is [dropping the subscript on pi], Ap = + 
for some m and where O0(Z;) = (p*') for i=1,2,:--,m. Let k be the 
maximum of the a;. Then 4.1 implies that V contains an element of order 
(p*). Suppose that V contains two independent elements of order (p). Then 
V contains a direct sum of two groups V, and V, where each V; contains an 
element of order (p). By 4.3 Cy(A) = Cy,(A) + Cy,(A), and this implies 
that Cy(A,) contains at least 2m independent elements of order (p), By 2.7 
there are only m independent elements in Ap [and hence in Cy(Ap) because 
of the condition of isomorphism] of order (p). Hence this contradiction 
implies that any two elements of order (p) in V are dependent, so that 
(p*, V) = (V, p) is cyclic of order (p*). 


8.2.. TuHeoremM. Let A and V be abelian groups. Then Cy(S) ~S 
for every subgroup S of A if, and only if, the following two conditions hold: 
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a). Aisa direct sum of a finite number of cyclic groups. 
b). If A contains an element of order (r) which may be 0 or not, then 
(V,1’) =(r, V) is cyclic of order (r). 


Proof. The sufficiency is a consequence of 5.3. Assume that Cy(S) ~S 
for every subgroup S of A, and let 2 be an arbitrary element of A. Then 
B = {x} is cyclic of some order, say (r), where (7) may be 0 or not. By 5.1 
Cy(A) ~ (V,7’), and by hypothesis Cy(B) ~ B; hence B~ (V,7’). Now 
0(B) = (r), and it follows that O( V, 7’) is also (7). This proves statement b). 

As is indicated in the remark to 5. 3, condition b) implies that A cannot 
contain both elements of order 0 and also elements of order different from 0. 
The two cases are, then, considered separately. 

If A contains no element of order 0, the theorem is a consequence of 8. 1. 
Suppose then that A contains only elements of order 0, and let x be any ele- 
ment different from 0 in A. Then X = {2} is cyclic of order 0. Since by 
hypothesis Cy(X) ~ X, 5,1 implies that (V,0’) —V is also cyclic of 
order 0. Let B be a greatest independent subset of A. Then by hypothesis 
Cy({B}) ~ {B}, and 6.7% implies that B contains only a finite number of 
elements. Hence r(A) is finite, and condition a) follows from 7. 2. 

Theorems 8.3 to 8.6 inclusive do not hold when PF is a field. 


8.3. Lemma. Let A and V be abelian groups and assume that R is not 
a field. Then the conditions 


a). Cy(S) ~S for every subgroup S of A, 
b). Cy(A/S) ~ A/S for every subgroup S of A, 
imply that A does not contain elements of order 0. 


Proof. Assume that 2 is an element of order 0 in A. Since F# is not a 
field, there is in R an element n=£0 which is not a unit. Put {nz} = B. 
Then A/B contains the element B+ 2 of order (n) 0. Since by condi- 
tion b) Cy(A/B) ~ A/B, 6.1 implies that V contains an element v of order 
(n). Denote by 7 the cyclic group generated by x. Then 5.1 shows there 
exists a character f of 7’ in V such that f(x) =v. Hence f is of order 
(n) 40. Then it is impossible that Cy(7’) be isomorphic to 7, in contra- 
diction to condition a). Hence no such element z exists. 


8.4. Turorem. If A and V are abelian groups and R is not a field, 
then the following two statements are equivalent: 


1). a. A is a direct sum of a finite number of cyclic groups of orders 


0, 
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b. If there ts an element in A of order (n), then (V,n’) = (n, V) 
ts cyclic of order (n). 


2). a. S~Cy(S) for every subgroup S of A, 
b. A/S Cy(A/S) for every subgroup of A. 


Proof. If 2) is satisfied, then 8.3 implies that A does not contain 
elements of order 0, and statement 1) is then a consequence of 8. 1. 

Assume 1) is satisfied. If A is a direct sum of a finite number of cyclic 
groups of orders different from 0, then 3.13 implies that every subgroup and 
every quotient group A/S of ‘A also satisfies the same condition. Condition 
1) b certainly holds for 8 and A/S since it holds for A. Statement 2) is then 
a direct consequence of 5. 3. 


8.5. Lemma. Let A and V be abelian groups and assume that R is not 
a field. Then the statement Cy(A/S) ~ A/S for every subgroup S of A 
implies that A does not contain a cyclic quotient group of order 0. 


Proof. Assume that A/T for T a subgroup of A is cyclic of order 0. 
Then A/T is generated by some element 7’+ x. Since F is not a field, there 
exists an element r+ 0 in RF which is not a unit. Suppose r(7’ + 2) generates 
A/T. Then there exists an element * in F# such that #r(7 +7) =T +42. 
Since 7 + ~ is of order 0, it follows that #r 1 which is impossible since r 
is not a unit. Hence r- (A/7') < A/T. Therefore there is a subgroup I of A 
such that T= L2< A and L/T =r: (A/T). Clearly A/L is a cyclic group 
of order (r) #0. Since Cy(A/L) ~ A/L, it follows by 6.1 that V contains 
an element v of order (r) 0. Now since A/T is of order 0, Cy(A/T) 
~ (V,0’) =V. But as just shown, V contains an element of order (1). Hence 
it is impossible that V’ be cyclic of order 0, and therefore Cy(A/T) # A/T. 
This contradiction completes the proof. 


8.6. THroreM. Let A and V be abelian groups and assume that R 1s 
not a field. Then Cy(A/S) ~ A/S for every subgroup S of A if, and only if, 


a). A isa direct sum of a finite number of cyclic groups of orders #0, 

b). If A contains an element of order (r), then (V,1’) =(r,V) 2 
cyclic of order (r). 

Proof. The necessity follows from 3.13 and 5. 3. 

Assume that A contains elements of order 0. Then A’ = A/F(A) con- 
tains only elements [different from 0] of order 0. Let 61, b2,:-- be a greatest 


independent subset of A’. Define B as the closure of the group generated by 
the elements bo, b;,:::. Then any two elements of D = A’/B are dependent, 


4 
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since every element of D depends on B+ 6,. Furthermore, if B’ = {B + }b;}, 
then A” = D/B’ has only elements of orders different from 0, and A” can be 
expressed as a quotient group of A. Hence by the hypothesis of the theorem 
it follows that Cy(A”) ~ A”. Then by 8.1 A” is a direct sum of a finite 
number of cyclic groups of orders 40. This implies that D is generated by 
a finite number of elements of order 0 [namely, the finite number of repre- 
sentatives of A” and B+ b,]. Since any two elements of D are dependent, 
this fact by 3.12 implies that D is cyclic of order 0. Now D can be repre- 
sented as a cyclic quotient group A/S’ of A, and hence it follows by 8.5 that 
Cy(A/S”) # A/S” for some S” contained in A. This contradicts the 
hypothesis of the theorem, and hence the assumption that A contains an 
element of order 0 is wrong; i.e., A does not contain elements of order 0. 
Since the condition Cy(A/S) ~ A/S for every subgroup S of A implies that 
Cy(A) ~<A, the sufficiency now follows from 8. 1. 

If the ring FP is a field, the following theorems may be stated in order 
to extend the theory for this particular case. The proofs are not difficult and 
hence are omitted. 


8.7. THeorpm. Jf A and V are abelian groups admitting the field R 
as operator-system, then Cy(A) ~A and only 

a). The rank of A is finte; b). V ts cyclic and different from 0. 

8.8. Coronary. Let A and V be abelian groups admitting the field R 
as operator-system. Then Cy(S) ~S for every subgroup S of A if, and only if, 

a). The rank of A ts finite; b). V ts cyclic and different from 0. 


8.9. CorottaRy. Let A and V be abelian groups admitting the field R 
as operator-system. Then Cy(A/S) ~ A/S for every subgroup S of A if, and 
only if, 


a). The rank of A is finite; b). V ts cyclic and different from 0. 


Note in particular that 8.6 does not hold when RP is a field; 8.9 is its 
analogue in this special case. For ordinary abelian groups the ring R becomes 
the domain of ordinary integers. Hence the theory for ordinary abelian groups 
is included in Theorems 8. 1 to 8. 6 inclusive. 


OKLAHOMA AGRICULTURAL AND MECHANICAL COLLEGE. 


ON A STATISTICS OF THE RAMANUJAN SUMS.* 


By AUREL WINTNER, 


The Ramanujan sums? ¢»(n) are generalizations of the Mébius function 
»(m), to which they reduce when n= 1. It is easy to see? that the prime 
number theorem can be formulated in purely statistical terms, by saying that 
the function »(m) has an asymptotic distribution function. Hence, it is 
natural to ask what, if any, is the asymptotic distribution of the function 
Cm(n) of m for varying values of n. The following considerations deal with 
this question and with its statistical implications. It turns out that an 
asymptotic distribution function (with respect to m) exists for every n. 
This will be shown by applying the fundamental Tauberian theorem of prime 
number theory infinitely often, that is, once for every n. In principle, it would 
be possible to start with the classical case, n 1, of prime number theory, 
and to reduce the case of an arbitrary n > 1 to the case n 1 of the Mobius 
function, by using an identity of O. Holder;* an identity which expresses 
the Ramanujan sums in terms of the functions of Euler and Mobius and the 
greatest common divisor of m and n, as follows: 


However, for the actual computation of the statistical momenta or Fourier- 
Stieltjes transforms, the analytical procedure to be applied here appears to be 
more convenient. In, this way it will be possible to calculate the probabilities 
represented by the asymptotic distributions involved. 

The Ramanujan sums are the real integers * 


Cm(n), (m=1,2,---, n—=1,2,°° 
defined by 
2Qrinr Qarnr 


(r,m)=1 (rym)=1 


* Received November 26, 1940. 

1§. Ramanujan, Collected Papers, Cambridge University Press (1927), pp. 179-199. 
2 Cf. p. 111 below. 

80. Hélder, “Zur Theorie der Kreisteilungsgleichung,” Lichtenstein Memorial 


Volume, 1936, pp. 13-23. 
‘That the numbers (1) are integers, is implied by the irreducibility theorem of 


Kronecker. 
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where » runs through the primitive m-th roots of unity. The number of such 
roots is ¢(m), where ¢ is Euler’s function. It is easy to see that 


(2) — NS Cm(n) Sn. 
If m is a prime power, m = p*, then (1) reduces to 
it IB k, 


(3) Cp*(n) = < — pe? if =k—l, 
0 if 0OSlSk—2, 


where | =I,, is the function of p and n defined as follows: 
(4) = p'|n but n. 


Let (1) be thought of as a function of m for every fixed n. For instance, 
the first function is 


(5) Cm(1) so that cy»(1) =p(m), 


where y» is the Mobius symbol. A fundamental property of all these functions 
of m is expressed by the fact that each of them is a multiplicative function, 
i.e., that 

(6) Cmym,() = Cm, (1%) whenever (m;, m2) = 1. 


This implies the relation 


(7) C,(n) =1 


(which is clear, of course, from (1) also). 

Let Gm(n)/, where j =1,2,°-:, denote the j-th power, c/, of c= cCm(n). 
Since ¢m(n)/ is, in view of (6), a multiplicative function of m, it is clear 
from the order of magnitude of the values (3), that the Dirichlet series 


(8) ein Cm(m)! 


m=1 més 


is absolutely convergent for ¢ > 1 and admits the Kuler factorization 


if ¢ > 1, where s~oa-+ tt, 
It is clear from (3) that 


=> pe + pine? if 1~0, 


«x 
(10) 


n 
it 
is 
n 
| 
n 
d 
Is 
e 
| 
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while 


co k j sates j 
prs p® 


where / is, according to (4), uniquely determined by p and n. Thus (9) can 
be reordered into 


(12) fai (s) = (1 
if F,7)(s) is defined by 


(13) F,(s) =I € + ) (: +3 pore 


p9|n 


it being understood that the indices p, g of the last product run through those 
pairs of primes p and positive integers g for which p’ is a divisor of n, where 
only the highest exponent is reckoned for every prime divisor p of n. For 
instance, if n is a prime power, n = p*, then (13) reduces to 


(14) F, (s) =(1+ pe + 


Hence, on writing & for g in (13), one sees that 
(15) F,))(s) = 11 F,*”(s) 
p*\n 
for every n. 
The functions (9) can be expressed in terms of the functions (14) and 


their products (15), as follows: 


(16) (8) (s)€(s)/E(2s), 
while 
(17) (8) == Fy (8) (8). 


This is clear from (12), since, by the Euler factorization of the Riemann zeta 
function, 
1 £(s) 

It is clear that the functions (14) are regular in the half-plane o > 0. 
Hence, (15) shows that the same is true of the functions F,"/)(s). It follows, 
therefore, from (16), (17) and from the non-vanishing of ¢(s) on the line 
o = 1, that the functions f,'/)(s)/{(s) attain continuous boundary values on 
the line ¢ =1. Since (2) implies that, if n and j are fixed, ¢m(n)/ remains 
bounded as m—> 0, it follows that Ikehara’s Tauberian theorem is applicable 
to each of the Dirichlet series (8), which define the functions f,‘/(s) for 


rr 


4 
W 
| 
( 
V 
( 
( 
I 
( 
] 
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o > 1. Accordingly, there exists for every n and every j an average Mn{¢m(n)4}, 
where 


(18) Mn {am} lim ay % +- dun 


m 


According to Dirichlet’s Abelian theorem, the value of Mmn{cm(n)4} 
must be the limit of fn‘) (s)/£(s) as s—>1. Consequently, from (16), 


(19) 74} = Fn? (1)/E(2), 
while, from (17), 
(20) == 0. 


According to (15), the Abelian relation (19) can be written as 
6 
(21) Mm{Gm(n)75} = — (1), 


while (14) shows that the factors of the product (21) are given by 


-1 k he 27 


Let the 0-th power of ¢ =¢m(n) be defined to be 1 also if c—0: 
(23) Cm(n)i =1 if so that Mn{cm(n)°} = 
by (18). 
It is clear from (2) and (18) that 
Mn{Cm()?5} | = Min{em(n)?4} nF 


Hence, the radius of convergence of the power series 


(24) Gin(u) 3 


is infinite for every n (—1,2,---). According to (23) and (21), these entire 


functions can be written in the form 


In particular, if n is a prime power, n = p*, then, according to (22), 


G/x* & (pr a} 39 (—#)}* 
=1+ — (2j-1)k-1 - 
. 
Since the last series can be written as the sum, &, of 
j=1 


(27)! (27)! pet 
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it is identical with 


—1-+ cos (p*— —1-+ cos 


—1+ cos u +3 
Hence, 
cos (p*— p*)u , cos pku 
and so 
6 1\"/ & cosg(p")u | cos plu 
(26) G)*(u) =(1 + *) (3 + per 


where ¢ is Euler’s function (¢(p°®) —1). 
It is clear from (26) that, if & is fixed, 


(27) > (1-3) + eos as 


and that, if p is fixed, 
6 cos o(p")u 
( ) Pp ( ) (1 p ) + pe % 
provided that wu is restricted to be real ; and that (27) and (28) hold uniformly 


for — 0 <u< o. 
According to (13), 


(29) F,) (s) =1. 

Hence, from (19), 

(30) Min{cm(1)24} =6/n?; (j=1,2,- [ef. (5)]. 
Consequently, (21) can be written in the form 


where the asterisk means that p* 1 is thought of as a divisor of n. On 
applying (31) to n= p*(=1), and substituting the result into (31), one 
sees that 


(32) Mm{Cm(n)?/} Mm{em(p*) 25} 


for every n= 1 and for every j = 0. 
Correspondingly, from (25) and (30), 


—u’)i oo (— 2) 
(33) G (w) 1 + (27) ( ) (2) ! ( 
by (23). Hence, from (31) and (32), 
(—#)! 


(34) Gx(j) =3 “Tay Mon 


j=0 


fi 


—> 0, 


ly 


1 
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If n=1, then (34) reduces, in view of (30), to 
(35) G,(w) = (1 — 6/n*) + (6/2) cos u [ef. (27) ]. 
A real sequence @,,° - *,@m,* * * of numbers is said to have an asymp- 
totic distribution function, p, if there exists a monotone function p(@), 
«, which satisfies the boundary conditions p(— —0, 
=1 and is such that 
(36) 


m—> 0, 


holds at every continuity point « of p, where Nm(«) denotes the number of 
those among the m values a,,° - -,@m which are less than a. It is known® 
that, if the sequence {am} is bounded, 


(37) lim sup | dm | << ©, 


it has an asymptotic distribution function, p, if and only if the m-average 
Mm{@m4} exists for every 7; in which case 


(38) =[p]; for j7=—0,1,2,---; ([p]lo—1), 


where [p]; denotes the j-th momentum, 


co 
(39) [elif 
“00 
Obviously, 
(40) | [e]s | S (lim sup | am |)’. 


As an illustration, let am = y(m), where y is the Mobius function. The 
prime number theorem is equivalent to the estimate 


+: +++ p(m)=0(m), me, 


which, in turn, is equivalent to the existence of the average Mm{u(m)}; 
it being an elementary fact that if this average exists, it must be 0 (Euler). 
Furthermore, it is an elementary fact that Mm{|»(m)|} exists (= 6/7’). 
Since »(m) is either 0 or + 1, it follows that the prime number theorem is 
equivalent to the statement that Mm{u(m)4} exists for every j, i.e., that 
»(m) has an asymptotic distribution function, p. Clearly, p—=p(«) is the 


°Cf., e.g., A. Wintner, “On an application of diophantine approximations to the 
repartition problems of dynamics,” Journal of the London Mathematical Society, vol. 7 
(1932), pp. 242-246. 
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step function which has the saltus 3/x*, 3/n? at «=—1,0,1, 
respectively. 

Correspondingly, the above results on the Ramanujan sequences (1), 
where n is arbitrarily fixed, can be formulated in terms of asymptotic 
distribution functions, as follows: 

Let @m = ¢m(n), where n is fixed. According to (2), condition (37) is 
satisfied. Hence, the existence of the averages (19), (20) is equivalent to the 
statement that the function @m = ¢m(n) of m has an asymptotic distribution 
function, pn = pn(%),— 0 <a<o. Furthermore, from (20), (30), (32) 
and (38), 

(41) [pn]; = [pp*];; (j= 0,1,2,---), 
p*\n 


where, according to (19), (22), (20) and (30) 
6 if -1 ke : 
[ pp" +=) (3 + p ) pp* 1 > 0 
(42) 
while [pi = = 9; (j= 1,2,°--). 


Let L(u;p) denote the Fourier-Stieltjes transform of p; so that 


(43) L(usp) = (a) ; 


Thus, from (39) and (40), the power series expansion 


(44) L(usp) =3 us, (L(0;p) = [p]o=—1), 


is valid for every u. 
It is clear from (20), (24), (41) and (44) that 
(45) Gn(u) = L(u; pn). 


As an application of the fundamental relation (45), one sees from (27) 
and (35) that 


(46) lim L(w; pp*) = L(u3p1), i.e., lim = pi(), 
p00 p00 


where k is any fixed positive integer. A similar interpretation holds for (28). 
According to (45) and (26), 


| 
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6 -1 
(47) L (U3 pp*) +1) times 


1— 
2Qph 2 pk 2 


Hence, it is seen from (43) that pp* = pp*(a), where pp*(— 0) =0, is the 
step function which has at 


== (), + where h =1,. - -,k, 


the respective jumps 


7 1—p? p Pp 


(which add up to 1); while (35) shows again that p: —pi(a@) has at «—0 
und + 1 the jumps 1 — and 3/7’, respectively. 
Accordingly, all that remains to be discussed is the statistical meaning 


of the operation which expresses an arbitrary distribution function p, in terms 
of the distribution functions p,; and p,*, where p* is an arbitrary prime power. 

To this end, consider first two distribution functions, say 7,(@) and 
t.(«), which are constant for — o < «<0 and are absolutely continuous; 
so that the distributions can be expressed in terms of their densities 7’,(), 
which vanish for — oo < «<0 (the primes denote differentiations 


with respect to a). Clearly, the Mellin transform, 


defines a function which is the density of a distribution function; and this 
distribution function, which will be denoted by 7; ¢72(@), satisfies 
the same conditions as either of its components 7,, 72. It is also seen that 


(49) 17 and (7, t2) (t2 7s), 


where 73 is any distribution function satisfying the same conditions. 
Clearly, the Mellin convolution +, +72 has with reference to the multi- 
plication of independent functions the same statistical meaning as the usual 


convolution, 
co 


-0o 
has with reference to addition. 


114 AUREL WINTNER. 


If +, and r, have finite momenta, the same is true of 7; ¢ 72; in which 
case it is easily verified from (39) and from the definition, (48), of the 
density of +, t2, that 


(50) [71 7215 = 


Obviously, the assumption that the r are absolutely continuous is unessen- 
tial in these considerations. In fact, it is sufficient that the 7 should vanish for 
— «0 <a< 0, and that a trivial precaution be taken for the possible jumps at 
a= 0. 

Consequently, the above explicit description of p, and of the p y*, when 
compared with (41) and (49)-(50), supplies an arbitrary p» in explicit terms 
of statistical significance. In fact, p; and p)* are symmetric distribution 
functions and can, therefore, be reduced to the case of distribution func- 
tions which are constant for — «o < «<0 and carry for 2 >0 a doubled 


probability. 


THE JOHNS HOPKINS UNIVERSITY. 


PROJECTIONS OF NON-ABELIAN GROUPS UPON ABELIAN 
GROUPS CONTAINING ELEMENTS OF INFINITE ORDER.* 


By Ross A. BEAUMONT 


I. Introduction. A function f of the subgroups of a group G upon the 
subgroups of a group G’ is called a projectivity of G upon G’ if: 


(1) For every subgroup S of G, f(S) is a subgroup of G’; 


(2) If S’ is a subgroup of G’, then there exists a subgroup .S of G such 
that f(S) = 8’; 

(3) If S and T are subgroups of G, SST is a necessary and sufficient 
condition that f(S) Sf(T). 

The correspondence f is a single-valued monotone-increasing function 
with a single-valued inverse and is a generalization of the ordinary concept 
of a projectivity between a projective space S, and a projective space S’n where 
for subspaces S; and S; of S,, Sj S S; is a necessary and sufficient condition 
that S’; = 

In the study of groups which have projections on abelian groups, it is 
natural to divide abelian groups into two classes: groups without elements 
of infinite order, and groups with elements of infinite order. In this paper 
the latter are studied. Baer has shown? that if an abelian group G contains 
at least two independent elements of infinite order, then every projectivity 
of G is induced by an isomorphism. Hence in a survey of groups which have 
projections on abelian groups containing elements of infinite order, only abelian 
groups G where @//’'(G) is of rank 1 need be considered. An important class 
of such groups are those for which G/F(G@) is an infinite cyclic group. 

We first derive necessary conditions that a group have a projection on an 
abelian group G containing elements of infinite order; and, where G/F(G) is 
an infinite cyclic group, we show that, under certain additional conditions, 
these necessary conditions are sufficient. 

For future reference we collect the following definitions and notations: 

A projectivity f of a group @ upon a group G’ is said to be indez- 


* Received March 10, 1941; Revised April 15, 1941; Presented to the American 
Mathematical Society, April 13, 1940. 

1R. Baer, “ The Significance of the System of Subgroups for the Structure of the 
Group,” American Journal of Mathematics, vol. 61 (1939), pp. 1-44. Hereafter this 
paper will be referred to as (B). 
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preserving if [T:S]=[f(T):f(S)] for subgroups S of cyclic subgroups T 
of G. 

If G is any group we shall denote by F(G) the subset of @ consisting 
of all the elements of finite order in G. F(@) is a characteristic subset of G. 
F(G, p) is the primary p-component of F(G) consisting of all those elements 
of #’(G@) whose orders are powers of the prime number p. 

If F(G) is an abelian group it is the direct product of its primary 
components, i.e. F(G) =][] F(G, p). 

D 

A prime number p is said to be relevant for F(G@) if F(G, p) ~1 and n 
is relevant for F(G, p) if F(G, p) contains an element of order p"”. 

If G is an abelian group, we shall denote by (@; 7” =1) that subgroup 
of G consisting of all the elements of G whose orders divide n. 

Where exponents are complicated we shall denote 2” by a pow y. 


II. The Necessary Conditions. If G is an abelian group containing 
elements of infinite order, then the elements of finite order in G form a charac- 
teristic subgroup F(G) of G and G/F(G@) 1 contains no elements of finite 
order except the identity. If f is a projectivity of G upon a group JH, then 
by Lemma 12.1 in (B) we have: 

2.1. f(F(G)) = F(A) is the subgroup of all the elements of finite order 
in H and F(H) is isomorphic to F(G). 

2.2. f(Z) =f(Z)? for every cyclic subgroup Z of G and for every prime 
number p relevant for G. 

It follows from 2. 2 that f is index-preserving on F(G@), and that f(Z”") = 
f(Z)™ for every cyclic subgroup Z of G and for m = p,“po%: - + pr’ where 
every ; is relevant for G. 

2.3. There exists for every prime number p and every element v of 
infinite order in H an integral p-adic number c(p,v) such that vav = x pow 
[1 + pe(p,v)] for x in F(H,p) and such that c(p,v) =0 mod pt if v tsa 
p*-th power mod F 1. e. v =as pow where ais in F(H). 


It should be noted that although c(p,v) = DS aip' is given in the form 
i=0 


of an infinite series, we are only interested in a finite number of terms of 
c(p,v) for any given z in F(H,p). A given x in F(H,p) has order p® for 
some integer N and: 


=x pow[1 + pe(p, v) |] = 
pow[1 + pay + ++ + pXay-s + p’tay-2]. 
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The following formulae for multiplication of the elements in H are a 
consequence of 2.3. For z in F(H,p) we have by complete induction from 
2.3: 

2.3.1. pow m [1 + pe(p,v)]*. 


We then have by complete induction from 2. 3.1: 


2.3.2 x pow [m(1 + {1+ pe(p, v)}* + {1 + pe(p, v)} 
= r pow [m({1 + pe(p, v) }™* —1)/({1+ pe(p, v) }*—1)] 


Now consider an element a of F(/) where a is of composite order, i.e. 
a(p), a(p) in p) and almost every a(p) = 1. 
Pp 


p j=0 p j=0 p 


= (II I] «(p) pow [1 + pe(p, v)] by 2.3.1 


j=0 p 


a(p) pow [1 + pe(p, v)] 


Pp 


= pow [1 + {1 + pe(p, 7) }* 
(1+ pe(p, v) ont 
2. 3. 3. = ([[a(p) pow [({1 + pe(p, v) }™ —1)/(A+ pe(p, v)}* —1)]) ur, 


2.3.2 and 2.3.3 lead to the following useful formula: 
2.3.4. ( | Il a(p)] (II [a(p) yk] ny kn ) 
p p 


We now derive other necessary conditions. 


2.4. If vis any element of infinite order in H, then c(2, v) =0 mod 2 if 
F(G,2) contains an element of order 4. 


Proof. By Theorem 3.2 in (B) there exists an element z of infinite 
order in G such that f({z}) = {v}; suppose wu is in F(G,2) where the order 
of wu is at least 4. By Theorem 9.2 in (B) there exists one and only one 
element w’ in H such that f({u}) = {u’} and f({uz}) = {uv}. By 2.2 
f({u?}) = f({u})? = {u’}? and f({2*}) =f({z})? = and again by 
Theorem 9.2 in (B) there exists one and only one element wv” in H such that 
f({u?}) = and f({u?z?}) = Since {u’?}, 
where p is odd, and f({u?z?}) = {u’ *6v?}. By 2.2 f({u?z?}) =f({uz}*) = 
f({uz})? = {(u’v)*}. Since is in F(G, 2), wu pow 2* = 1, f({u pow 2*}) = 
f({u}) pow 24 = {u’ pow 2*} —1 and w’ is in F(H,2). By 2.3.2 (uv)? — 


n-1 
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u’ pow [1 + {1 + 2c¢(2, v)}] =w’ pow 2[1 + c(2, v)] We now have 
{u’ = {u’ pow 2 [1+ ¢(2,v)]v?} which implies that pow 
2 [1+ c(2,v)], =2 [1 + c(2, v) ] mod 2, p==1-+ ¢(2,v) mod Now 
k > 1, since the order of u is at least 4. Since p is odd, 1+ ¢(2,v) is odd 
and c(2,v) is even. Hence c(2,v) ==0 mod 2. 

Later we shall need a particular form of the exponent ([1-+ pc(p, v) | ™ 
—1)/([1+ pe(p,v)]*—1) which appears in 2. 3. 2 for certain values of n 
and k. We prove the following lemma: 


LemMMA 2.4.1. Jf (tp) =1 ands=t=0, then 
({1 + pe(p, v)] + pe(p, —1) = kpt where (k, p) =1. 
Proof. We first prove a special case of the lemma: 


2.4.1.1. ([1 + pe(p,v)] —1)/([1-+ pe(p,v)]—1) mp? 
where (m, p) = 1. 
({1 + pe(p, v)] —1)/([(1 + pe(p, v)] —1) 
(ip'pe(p, v) + (ip? — 1) p*c(p, v)?/2! 
+: +++ p pow [tp*]c(p, v) pow [tp*])/pe(p, v) 
2.4.1.2 = ip? + ip*(tp* — 1) pe(p,v)/2! 
+:-+-+ ppow [ip*—1]ec(p,v) pow [ip’—1]. 
Consider the general term of the expression 2.4.1.2. It has the form: 
Now r= mp7 where m = 1 or (m,p) =1. We have: 

ip’ (ip*—1)- - (tp? — mp? + 1)/mp™! =a, an integer. 

(ip* —1) (ips — 2) - - - (ip*— mp™ + 1)/(mp™—1)!=— |, an integer. 
a= ip'b/mp’ and since m is prime to p, ib/m =c, an integer. Hence the 
general term has the form: 
cp?p pow [mp™—1]c(p,v) pow [mp?—1]/p7 and we wish to show that 
cp pow [mp™—1]c(p,v) pow [mp7 —1]/p” is an integer divisible by p for 
r==mp" > 1. 

Case I r= 0 

If r= 0 the above expression has the form: cp™"*c(p,v)™*. r=m>1 

so that cp”-*c(p,v)™? is an integer divisible by p. 
Case II 7 > 0 
It is sufficient to prove that r< mp7—1 or r-+1< mp’. Now r+1 


= 
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S 27S p’'S= mp" and 27 = p7 only when p = 2, since + > 0, so that we need 
only examine the case p=2. ++ only when r—1, since r>0. 
When p= 2, 1, the above expression has the form ¢2?"-1¢(2, v)?™1/2 
which is an integer divisible by 2 for all m>1. When m1, c(2,v) is 
divisible by 2 if F(G,2) contains an element of order 4 since ¢c(2,v) =0 
mod 2 by 2.4. If all the elements of F(G,2) are of order 2, it follows from 
2.3 that the elements of /(H,2) permute with any element of infinite order 
in H, and hence 2. 3. 2 reduces to (2™v*)" = xy" so that 2. 4. 1. 1 is trivially 
satisfied. 
Hence every term after the first term of: 


2.4.1.3 t+ i(ip* —1)pe(p, v)/2! 
ppow[tp*—1—s]c(p, v) pow[ip* —1] 
is an integer divisible by p and since 7 is prime to p, the expression 2. 4. 1. 3 is 
an integer prime to p, which completes the proof of 2. 4.1.1. 
Now 
+ —1)/([1 + pe(p, v)]?** —1) 
= ([1 + pe(p, v) —1)/([1 + pe(p, v)] —1) 
([1 + pe(p, —1)/([1 + pe(p, v)] — 1) 


= m, = msp* 
where (mj, p) = 1 by 2.4.1.1, and this completes the proof of the lemma.. 


Remark. Note that for p= 2 every term after the first term of 2.4.1.3 
is divisible by pe(p,v) so that 2.4.1.2 has the form: 


p [t+ pe(p, v) — 1) /2 
p pow [ip*—s— 2]c(p, v) pow [ips — 2]}] 
= p*li+ kpe(p, v)]). 
Then in the Lemma m, = Apc(p,v)], mz—[1-+ Bpce(p,v)], and 
=k, so that k =i + (A—kB)pce(p,v) =1+ v). 


2.5. If F(G, p) contains at least two independent elements of order p”, 
then every v of infinite order in H permutes with every x in F(H, p) such that 
p"= 1. 


Proof. If v is an element of infinite order in H, then f({z}) — {v} where 
{z} is an infinite cyclic subgroup of G by Theorem 3.2 (B). Suppose that 
F(G) contains two independent elements, s, ¢, of order n and let F(G)n 
=(F(G); ®=1). Let G=F(G@), X {z} and =H. It follows 
from 2.2 that f(F(@)n) =F(H)n=(F(H); Hence f(G) 
= {f(F(G)n), f({z})} = {F(A)n, v} and F(H)n is a characteristic 
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subgroup of H and in particular is a normal subgroup. Now G" = {z"} and 
f(G") =f ({z}") = f({z})"= {v"} = A by 2.2. A” is a characteristic sub- 
group of H and hence is normal in H. Since f(@) = Hf and f(G") = A”, the 
lattice of subgroups between G and @” is isomorphic to the lattice of subgroups 
between H and H” and this lattice isomorphism induces a projectivity of G/G" 
upon H/f” which is index-preserving. 

Now all the elements of G/G" have orders dividing n and there are at 
least three independent elements of order n, namely {z"}s, {z"}t, and {z"}z. 
By Lemma 11.5 (B) G/G" and 1/H™ are isomorphic and hence H/H” is 
abelian. Then the commutator subgroup of #7 is contained in H” so that 
veva is in H” for x in H. If x is of finite order, F'({x,v}) = {2} and is 
normal in {z,v}. Hence vavat = i.e. vava is in F(H) = 
Thus for in H of finite order is in F(H), =1, and v permutes 
with every z in F(H),». This fact is equivalent to 2 

2.5 is equivalent to the following condition: 


2.5.1. If F(G, p) contains two independent elements of order p”, then 
c(p, v) =0 mod p”" for any element v of infinite order in H. 


Proof. Suppose 2.5 is satisfied. Then s, of order p” in P'(H),” per- 
mutes with v, i.e. =s. By 2.3 pow [1+ pe(p,v)] for every 
x in F(H,p) and since F(H, p) = F(H), which contains s, vsv-! = s pow 
[1+ pe(p,v)]. Hence pow [1+ pe(p,v)], 1==1-+ pe(p,v) mod 
pe(p, v) =0 mod p", c(p, v) = 0 mod 

If 2.5.1 is satisfied, ¢(p, 7) ==0 mod p” and hence c(p,v) = p”*c’(p,v). 
For every in F(H, p), vav- =z pow [1+ pce'(p,v)]. For z in F(A),", 
viv"! =z so that v permutes with z. 

By 2.1 f(F(G@)) =F (AZ) is the subgroup of all the elements of finite 
order in H and F(#) is isomorphic to F(G), so that in particular F(#) is 
abelian. F(() =U F(G,p), F(H) = II F(H,p) and the isomorphism of 


F(G) upon F(#) each F'(G, p) the corresponding F(H,p). Let 
F’(G, p) be any subgroup of F(G, p) and let F’(H, p) be the corresponding 
subgroup of F'(H, p) under the isomorphism of F(@) upon F(H). We prove 
the following: 

Lemma 2.6. F’(H,p) is either part of the central of H or else is the 
direct product of a group K’ and a group U’ where K’ is part of the central 
of H, where U’ is either cyclic or of type * p®, and where U’ contains elements 
of an order exceeding the orders of all the elements in K’. 


2A group @ is a group of type px if @ is generated by an infinite sequence u, of 
elements so that u, is of order p and (u;,)” =u; for every 1. 


on 
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Proof. If F’(G,p) contains two independent elements of order p” for 
all n > 0 where n is relevant for F’(G, p), then it is a consequence of 2.5 
and the fact that F'(/7) is abelian that F’(H, p) is a part of the central of H. 

If F’(G, p) contains two independent elements of order p" for0 <nSk 
and elements of higher order such that any two elements of order p” are 
dependent for n >, then it is a standard result * for abelian groups that 
F’(G, p) = K X U where U is either a cyclic group of order p**" or a group 
of type p® according as the orders of the elements of F’(G, p) are bounded or 
not bounded. Moreover the orders of all the elements of K divide p* since U 
contains elements of all higher orders which are independent of all the elements 
in K. 

Since F’(H,p) is isomorphic to F’(G, p), F’(H, p) = K’ X U’ where 
kK’ S H,* and H,* is part of the central of H by 2.5. U’ is cyclic or of type 


p® and contains elements of an order exceeding p*. 


III. The Case of Cyclic G/F(G). Let A be an abelian group without 
elements of infinite order and Z be an infinite cyclic group {z}. Then 
G = A X Z is an abelian group containing elements of infinite order where 
A = F(G) and G/F(G) is an infinite cyclic group. If f is a projectivity of G 
upon a group //, then H satisfies, in addition to the conditions 2.1, 2. 3, 2. 4, 


and 2.5, the condition: 
3.1. H/F(H) is an infinite cyclic group. 


Proof. F(#) is a characteristic subgroup of H and in particular is a 
normal subgroup. Since f(@) =f(A X Z) =H and f(A) = F(A) by 2.1, 
the set of subgroups between A and A X Z is isomorphic to the set of sub- 
groups between /’'(/7) and H and this isomorphism induces a projectivity 
of (A X Z)/A upon H/F(H). Now (A X Z)/A is an infinite cyclic group 
and it follows from Theorem 3.2 in (B) that H/F(#) is an infinite cyclic 
group. 

Hence if H is a projection of the abelian group G=F(G) X {2}, H 
satisfies 2.1, 2.3, 2.4, 2.5, and 3.1. It will be the object of the remainder 
of this paper to show that if H is a group satisfying these necessary conditions, 
then there exists a projectivity, f, of G upon H. 

If H is any group satisfying 2.1, 2.3, 2.4, 2.5, and 3.1, then H = 
{F(H),v} where F(/1) is isomorphic to F(G@) by 2.1 and {v} is an infinite 
cyclic group by 3.1. By 2.3 v induces an automorphism in F(H) and in 
every F(H,p) which sends each subgroup of F'(#) into itself. 


8E.g. R. Baer, American Journal of Mathematics, vol. 49 (1937), pp. 99-101. 
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F(@) =JJ F(G, p) since F(G) is abelian and since F(H) is isomorphic 
Pp 
to F(G), F(H) F(Z, p). 
Dp 
All prime numbers, p, are divided into two classes: 


(A) those prime numbers, p, for which F(G, p) contains two independent 
elements of order p” for all n > 0 where n is relevant for F(G, p) ; 


(B) those prime numbers, p, for which F(G, p) contains two independent 
elements of order p” for 0 <<< and elements of higher order such that 


any two elements of order p” are dependent for n > k. 


THEOREM 3.2. If G=A XZ where A=F(G) is an abelian group 
without elements of infinite order and Z is an infinite cyclic group, and if the 
prime number p is not of class (A), then F(G, p) does not contain elements 
of order p*; then if f is a projectivity of G upon any group H, G and H are 
isomorphic groups. 


Proof. If f(G) =H, H satisfies 2.1, 2.3, 2.4, 2.5, and 3.1, and 
H = {F(H),v} where F(/) is isomorphic to A and {v} is an infinite cyclic 
group. A=F(G) F(G,p) and F(H) =][ F(H,p). If p is a prime 

Pp 

of class (A), it follows from Lemma 2.6 that F(H, p) is contained in the 
central of H. If p is not a prime of class (A), F(H,p) does not contain 
elements of order p* since F(G, p) and F'(H,p) are isomorphic. Then by 2. 3, 
= 2 pow [1+ pv(p,v) |] for in F(H,p) and F(H, p) is in the 
central of H. Thus F(#) is in the central of H and H is abelian. Hence 
H = F(H) X {v} where F(H) is isomorphic to A and {v} is isomorphic 
to {z}. 

Remark. Hereafter we shall denote c(p,v) by c(p). Every element of 
infinite order in H has the form av* where a is in F(H). By 2.3 
pow [1+ pc(p,av*)] for in F(H,p). By 2.3.1 
= = az pow[1+ pe(p) ]* pow[1-+ pe(p) 
since F(H) is abelian. Hence [1 + pe(p) ]*=[1-+ pe(p, ac*) | mod p” for 
every relevant for F(H, p). 


IV. A Correspondence between the Cyclic Subgroups of G= 
F(G) X {z} and a Group H Satisfying the Necessary Conditions. 


Definition. A (1-1) correspondence f between the cyclic subgroups of a 
group G@ and the cyclic subgroups of a group H is called index-preserving if 
for every cyclic subgroup {7} of G, f({z}™) = f({r})™. 

We shall show that given an abelian group G@—=F(G@) X {z} and any 
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group H satisfying 2.1, 2.3, 2.4, 2.5, and 3.1 that such an index-preserving 
(1-1) correspondence f exists between the cyclic subgroups of G and those of H. 
We shall establish this correspondence by first considering the case where F'(G) 
is a primary abelian group F(G,p). After obtaining this correspondence 
between the cyclic groups, we shall extend it to a projectivity of G upon H. 


THEOREM 4.1. Jf G=F(G,p) X {z} and H ‘ts any group satisfying 
2.1, 2.3, 2.4, 2.5, and 3.1, then there exists an indez-preserving (1-1) 
correspondence f between the cyclic subgroups of G and those of H. 


Proof. If p is of class (A), it follows from the proof of Theorem 3. 2 
that G and H are isomorphic groups and this isomorphism induces the corre- 


spondence f. 


1) If p is of class (B) and the orders of the elements of F(G,p) are 
bounded, then by 2.6 G=K X {u} X {z} and H = {K’ X {w’}, v} where 
K’ is contained in the central of H and {u’} is a cyclic group of order p***. 
Any cyclic subgroup of G has the form {aw”z"} where a is in K, m=O, 
n=0. If n+0, {aw"z"} can be put in the canonical form {au pow [1jp*] 
z pow [ip*]}, where (1,p) =1, (j,p) =1 or 7 = 0, and where a; i, t, s are 
uniquely determined, j is uniquely determined mod the order of u™. Ifn=0, 
{aw”} can be put in the form {bu pow [jp']} where is in K, =0 or j = 1. 
b is not in this case uniquely determined. Conversely it is obvious that every 
a;i, j, t, 8 uniquely determine a cyclic subgroup of G. 

Similarly every cyclic subgroup of H has either the form {a’w’ pow [ijp'] 
v pow [ip*]} or the form {a’w’ pow [jpt]} where a’; 1, 7, t, s are determined 
as above. 

We now establish a correspondence, f;, which maps: 


4.1.1. Casei—0. 
fi ({au pow [jpt]}) = {a’w’ pow [jp*]} 
4.1.2. Case 1540, ¢=s. 


fi({au pow [ijp*]z pow [ip*]}) 
= {a’u’ pow [jpt*([1 + pe(p) —1)/([1 + pe(p)] — 1) Jw pow [tp*}} 


which if p42 has the form 
{a’u’ pow + pe(p)] v pow [ip']} 


by 2.4.1 and the remark following 2. 4.1; 
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4.1.3. Case 1540, t<s. 


f,({au pow [ijp']z pow [ip*]}) 
= {a’w’ pow [7([1 + pe(p) — 1)/([1 + pe(p) —1)] v pow [ip*]} 


which if p ~ 2 has the form 
{a’u’ pow jp'[i + 8, t) pe(p) ] v pow [ip*]} 


by 2.4.1 and the remark following 2.4.1; where aoa’, uw’ under the 
isomorphism of F(G,p) upon F(H,p). In 4.1.2 the exponent of w’ is given 
by 2.3.2 applied on (w’ pow [jp**]v) pow [ip*], i.e. with m = jpt*, k=1, 
n=ip’. In 4.1.3 the exponent of wu’ is given by 2.3.2 applied on 
(u’iv pow [p*-*]) pow [ip'], i.e. with m= j, k = p*', n = ip', 

If p is of class (B) and the orders of the elements of F'(G,p) are not 
bounded, then by 2.6, G=K XK U X {z} and H= {K’ X U’,v} where K’ 
is contained in the central of H and U’ is a group of type p®. It follows from 
the definition * of a group of type p® that any cyclic subgroup of G has the 
form {au,”2"} where a is in K and u, is the (& + 1)-st generator in the infinite 
sequence of generators of U. w is of order p***. If n =O the cyclic group 
has the form {bux pow [jpt]} where if k—t> 0, k—t is uniquely deter- 
mined; or isin K. If n+ 0 the eyclic group has the form 
{au pow [tjpt]z pow [ip’]} where (i,p)=1; (j,p)=—1 or j=0; if 
k—t>0, a, i, k —t, s are uniquely determined; j is uniquely determined 
mod the order of Conversely every a; 7, s uniquely determine 
a cyclic subgroup of G. Moreover; au, pow [ijp'|z pow [ip*] = 
z pow [ip*] = pow [tjp*]z pow Lip? ] = pow [ip*]. Note that 
if y> 2, Ury=—1. Hence every infinite cyclic group of G has the form 
{a(Wxt.«2) pow [ip*]}. Similarly every cyclic subgroup of H has either the 
form {a’u’;, pow [jp*]} or pow [tjp*]v pow where a; 1, j, k —t, 
s are determined as above. 

We establish a correspondence, f2, which maps: 


4,1. 4. fo( {aus pow [jpt]}) = {a’u’x pow [jp*]}; 


4.1.5. fo( pow [ip*]}) 
= pow [j([1 + pe(p) —1)/([1 + pe(p) ] —1) ]v pow [ip*}} 


which if p= 2 has the form 
{a’u’, pow jp*[t + 1, s) pe(p) pow [ip*]} 


by 2. 4. 1 and the remark following 2. 4. 1; where 0.0’, 


the isomorphism between F(G,p) and F(H,p). Note that the mapping 


eT 


PROJECTIONS OF NON-ABELIAN GROUPS. 125 


defined by 4.1.5 is essentially the same as in 4.1.2. The exponent of w’x-t+ 
is obtained in the same way from 2. 3. 2. 

Both mappings f; and f., defined above, are single-valued, since identical 
cyclic subgroups of G have the same canonical form which determines the 
mapping. 

2) Suppose that two cyclic subgroups of G are mapped on the same cyclic 
subgroup of #7 by f; or fz. If one of these cyclic subgroups of G is of finite 
order, the other must be also since both mappings send finite cyclic groups 
into finite cyclic groups and infinite cyclic groups into infinite cyclic groups. 
Hence both cyclic subgroups of G@ are finite or both are infinite. Since for 
finite cyclic groups both f; and f, are induced by the isomorphism of F'(G, p) 
upon F'(H, p), finite cyclic groups of G which are mapped on the same cyclic 
subgroup of H are identical. 

If both cyclic subgroups of G are of infinite order they have the form 

{a,u pow pow [ip"]} and {a,u pow [izjop'2]z pow [i.p*]}, 
if the orders of the elements of /(G, p) are bounded, and are mapped by f; into 

{a’,u’ pow [j:p%m, |v pow [i:p"]} and {a’.u’ pow [jop"m.]v pow } 


where m, and m, are integers prime to p by 2.4.1. We are assuming 
{a’,u’ pow [j,p"m, |v pow [t.p"]} {a’.u’ pow pow [iop*]}. 
Since v is of infinite order and 7,p* and 1,p* are positive, 
a’,u’ pow [j:p%m, |v pow [i,p"] = a’.u’ pow pow [i.p®]. 


Hence i,p" = 1; = ts, = S23 = 0's, = p= mod 
ty = ts. Since s; = s2, and t; = both cyclic groups in G are mapped 
by the same rule 4. 1. 2 or 4.1.3 and hence m; = m,. Then j,p = jop* mod 
= mod p***, u pow [1,j;p"] =u pow [i2j.p"2] and hence 


a,u pow | i,j,p"]z pow [i,p"] = asu pow [isjop"2]z pow [i2p*] 
so that the cyclic subgroups in G are identical. 
If the orders of the elements of F(G, p) are not bounded, the two infinite 
cyclic subgroups of G have the form 
{a pow and {a2 pow [top] } 
and are mapped by f. (4.1.5) into 
POW pow [1 p"]} 
and 
{a’ POW [JomMop*]v pow } 
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which we are assuming identical. m, and mz are prime to p by 2.4.1. Again 
we have 
POW pow — POW pow [izp*] 


and hence: 1,p% = 1; = 12, 8; = S23 M, = Mo; a’) — a's, = 2} 


UW pow [j:mip™] W pow [jomeop*]. 
If k, = k., then 
Uky-ty+8, POW = Uky-ty+8, POW 


by the argument above, and hence the cyclic subgroups in G@ are identical. 
If ki < ke then u’x, = u’x, pow [p**] and we have: 


POW 

= ws, pow w's, pow [jm 

= POW [Jomop*] = pow [jomep"]. 

Hence 
jim, == mod = jop'2 mod 
Ux, pow wu, pow = 


POW [71 | = POW [Jomeop*]. 
If ke < hy, Wk, = Wx, pow [p™*2], and the above process shows 

POW [711 = POW [Jomop*]. 
In either case the cyclic subgroups in G are identical. 

We have shown that both mappings f; and f, send distinct cyclic sub- 
groups of G into distinct cyclic subgroups of H. 

3) Every cyclic subgroup of H has the form {a’w’ pow [jp*]} or {a’u’ pow 
[ijp* |v pow [1p*]} where the orders of the elements of F'(G,p) are bounded; 
the form {a’u’, pow [jp*]} or pow [1jp*]v pow [ip*]} where the orders 
of the elements of /(G,p) are not bounded. For finite cyclic subgroups 
of H the inverse images under f, and f. are {aw pow [jp*]} and {au; pow [jp*]} 
respectively. Since 

f.({au pow [ij’p*]z pow [ip']}) — {a’u’ pow [j’mp"]v pow [ip*]} 
and 
fe( pow [17’p*]z pow [tp*]}) = {a’u’x-t45 pow [j’mp*]v pow [ip*]} 
where (m,p) = 1 by 2.4.1, it is only necessary to choose j’ so that j’m= jt 
mod p” where p’ is the order of wu’ pow [ p*] or w’x-t42 pow [p*]. This is possible 
since m, j, and 7 are all prime to p. Hence every infinite cyclic subgroup of H 


has an inverse image under f, and fo. 
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In 1), 2), and 3) we have shown that each mapping f; and fz, is a (1-1) 
correspondence. 


4) Since for finite cyclic subgroups, both mappings f,, and f, are induced 
by an isomorphism, f; and f, are index-preserving as far as finite cyclic sub- 
groups are concerned. 

If the orders of the elements of F(G, p) are bounded, any cyclic subgroup 
of G has the form {au pow [ijp*]z pow [1p*]} and 


{au pow [ijp*]z pow [ip*]}" = {au pow [ijp*]z pow [ip*]} pow [mp’] 
where (m,p) =—1. Supposet{=s. Then by 4.1.2: 
fi({au pow [ijp']z pow [ip*]}) = {a’(w’ pow [jp**]v) pow [ip*]}. 


f,:({au pow [ijp*]z pow [ip*]} pow [mp"]) 
= f,({a pow [mp"]u pow [ijmp*"]z pow [imp**"]}) 
= {a’ pow [mp"]|(w’ pow [jp**]v) pow [imp*]} 
= {a’(u’ pow [jp**]v) pow [1p*]} pow mp” 
= f,({au pow [ijp*]z pow [ip*]}) pow [mp"] 

since a’ is in K’ which is contained in the central of H. 
The above argument holds for t < s since by 4.1.3 


f,({au pow [ijp*]z pow [ip*]}) = {a’(uv pow [p**]) pow [ip*]}. 


Hence f; is index-preserving. 
If the orders of the elements of F'(G, p) are not bounded, since 


fo({aux-t.s pow [tjp*]z pow [ip’]}) = {a’(u%_t48 v) pow [ip*]} 
by 4.1.5, the same argument shows f. to be index-preserving. 

We have shown that both mappings f, and f. are index-preserving (1-1) 
correspondences between the cyclic subgroups of G@ and those of H and this 
completes the proof of Theorem 4, 1. 

Again consider the abelian group G=AXJZ where A contains no 
elements of infinite order and Z is an infinite cyclic group {z}. 


G= F(G) X {2} = IT F(G, p) X {2} 
and 
IL F(G, p) = IL F(G, p(A)) F(G, p(B:)) I F(G, p(B:)) 
p p(A) p(B;) p(Be) 
where the primes p(A) are primes of class A, p(B,) are primes of class B 
and the orders of the elements of F(G, p(B,)) are bounded, p(B.) are primes 
of class B and the orders of the elements of F(G, p(B:)) are not bounded. 


n 
} 

e 


128 ROSS A. BEAUMONT. 


THEOREM 4.2. If F(G@) X {z} is an abelian group and H is any group 
satisfying 2.1, 2.3, 2.4, 2.5, and 3.1, then there exists an index-preserving 
(1-1) correspondence f between the cyclic subgroups of G and those of H. 

Proof. H = {F(G),v} where F(H) is isomorphic to F(G@) and {v} is 
an infinite cyclic group. It follows from Lemma 2.6 that every element of G 


has the form: 
Il a(p) IT a(p)u(p)™™ TI a(p)u(p)7@ 
p(A) p(By) p(Be) 
I] u(p)™™ w(p) 2” 
Pp ) p( Bz) 


p(B, 
where a(p) is mapped by the isomorphism of F(G) upon F into the 
Pp 
element [J] a’(p) which is in the central of H by Lemma 2.6; u(p) is of 


order a power of p; and u(p)x:p) is a canonical generating element of a group 
of type p®. We can write the general element in either the form: 


4.2.1. a(p) x pow [i(p)j(p)p' ] 


p(B, 


u(p) pow [i(p)j(p) ] 
p(B, )[t(p) < s(p)]) 


where 0 < r= i(p) p*), and each term of the product is reduced to the above 
form by the methods of Theorem 4.1; or the form: 


4.2.2. JTLa(p) II u(p) pow [j(p) IT u(p)icm pow [7 (p) ] 
p(B2) 


where r= 0. 
Every cyclic subgroup of G@ is generated by an element of the form 4. 2.1 


or 4. 2.2 and we establish a correspondence f which maps the cyclic subgroups 
generated by 4.2.1 and 4.2.2 upon the cyclic subgroups of H generated 


respectively by: 
4, 2.3. IL a’(p) 
u’(p) pow [j(p) ([1 + pe(p) 
—1)/((1 + pe(p)] — 1)] 
(BK) < wn?) pow [7(p)({1 pe(p) 
p 8 
x TT pow [j(p)({1 + pe(p) 
—1)/({1 + pe(p)] —1)] Xv, 


4.2.4. IL w’(p) pow TI w’(p) acm pow [j(p) 


p(B) [t(p)Zs(p)] 
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where the primed elements are the corresponds in H under the isomorphism of 
F(G) upon F'(#) and the exponents of the u’(p) are given by 4. 1. 2, 4.1. 3, 
and 4. 1. 5. 

f defines a (1-1) correspondence between the cyclic subgroups of G and 
those of H since the terms of the products 4.2.3 and 4.2.4 which are in 
different primary groups F’(G,p) are independent, and each of these terms 
is mapped by a rule which gives a (1-1) correspondence by Theorem 4. 1. 


We may now write 4. 2.3 in another form: 


4,2. 5. I[ a’ ( 
Pp 
x IT {(w’(p) pow [j(p) pow [i(p) 
p(B, )(t(p)2s(p)) 

v pow [— i(p) p*]} 

u’ > [ ys(p)-t(p) t(p) 

v pow [— p*]} 
pow [i(p) ]v pow [— i(p) p*]} X 


p( Be) 
Now the n-th power of the cyclic subgroup of G generated by 4.2.1 is 


mapped by f on the cyclic subgroup of H generated by: 


4. 2. 6. IL @’(p)” 
p 


x II {(u’(p) pow [j(p) ]v) pow [ni(p) ] 
p(B, )[t(p)2s(p)) 
v pow [— ni(p) ps ]} 
TE pow pow [ni(p) 


“pl B,)(t(p) < s(p)] 


v pow [— ni(p) ]} 


X TT BOW pow [— ni(p) pT} X 


which is just the n-th power of 4.2.5 by 2.3. 4. 

Hence as far as infinite cyclic subgroups are concerned f is index-pre- 
serving. Since for finite cyclic groups f is induced by an isomorphism, f is 
also index-preserving on finite cyclic groups. 

V. Extension of the Correspondence between the Cyclic Subgroups 
to a Projectivity of G upon H. Consider the following conditions on the 
correspondence, f, established in Theorem 4.2, between the cyclic subgroups 
of G and those of H. 

5.1. If S = {a,b} = {a} X {b} is a subgroup of G@ where a is any 
element of finite order in G and b is any element of infinite order in G, then 
F({ab}) {f({a}), f({0})} in 

5.2. If 8S’ = {{c’}, {d’}} is a subgroup of H where c’ is any element of 


finite order in HT and d’ is any element of infinite order in H, then 
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in G. 

We shall show that if f satisfies 5.1 and 5.2, then there exists a pro- 
jectivity of the abelian group G = F(G) X {z} which induces f. We shall 
further show under what conditions f satisfies 5.1 and 5. 2. 

If S is any subgroup of G = F(G) X {z}, F(S) = F(G) “8S is a charac- 
teristic subgroup of S, and it is a standard result that S/F'(S) is isomorphic 
to a subgroup of G/F(G). Then S/F(S) is either the identity F(S) or an 
infinite cyclic group {F(S)w}. In the latter case S=F(S) X {w} where 
w in S is of infinite order and hence w—az*¥,k >0, a is in F(G@). Thus 
every subgroup S of @ has the form F(S) X {w} where either w=1 or 
w=az*,k >0,a isin F(G). 


THEOREM 5.3. If the (1-1) index-preserving correspondence, f, between 
the cyclic subgroups of G and those of H satisfies conditions 5.1 and 5. 2, then 
the correspondence g(S) =g(F(S) X {w}) = {F(S)’, f({w}) }, where F(S)’ 
is the subgroup of H which corresponds to F(S) under the isomorphism of 
F(G) upon F(H), is an index-preserving projectivity of the group G upon 
the group H. 

Proof. For every subgroup S of G, g(S) is a subgroup of H and any 


subgroup S’ of H has the form {F(S’), {w’}} so that there exists a subgroup 
S=F(S) X f* ({w’}) where F(S8)’ = F(S’) such that g(S) = 9’. 


5.3.1. If S=F(S) X {w}, then f({aw"}) S {F(S8)’, f({w})} where 
aisin F(S). 


{F(S)’, f({w})} = F({w})" =f ({w}") = f({w"}) 
{F(S)’, f({w})} = f({a}) = {a}. 


Hence {F'(S)’, f({w})} = (f({w"}). f({a})}. Now S= {w"} X {a} and by 


5.1 f({aw"}) S {(f({w"}), f({a})}- 
Now consider 8; = F(8,) X {w:} S S2=F(S2) X {we}. Since F(S:) 


= F(S.), F(S:)’ SF(S:)’. Now w; where a is in F(S2) and it 
follows from 5.3.1 that 

f({wi}) = f({aw2"}) S (F(S2)’, f({we})}. 
Hence 


{F(S:)’, f({wi})} S {PF (S2)’, F({we}) } 


or S, = implies g(S.) S g(S:). We have now shown that g is single-valued. 


5.3.2. If g(S) = {F(S)’, f({w})}, then f*({a’w"}) S F(S) X {v}, 
where a’ is in F(S)’ and {w’} = f({w}). 


ed. 
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S—F(S) X {w} {w}" = f*({w’})" ({w"}) 

S—=F(S) X {w} 2 {a} 
Hence f({w"}) f7({a’}) and by 5.2 f*({a'w"}) Sf*({w*}) 
xX SS. 

Consider g(S:) = {F(S1)’, f({wi})} S 9(S2) = (P(S2)’, f({w2})}- 
Since F(S,)’ S F(S2)’, F(S1) SF(S2). Let f({wi}) = {ws} and f({w2}) 
= {w’,}. w’;=—aw’." where a’ is in F(S2)’. It follows from 5.3.2 that 
{wi} = f2({w’}) =f" Hence F(S:) X {wi} S 82 
= F(S.) X {we}. 

We have shown that g satisfies the definition of a projectivity of G 
upon H. Since g induces f on the cyclic subgroups, g is index-preserving. 

THEOREM 5.4. If G=F(G,p) X {z} is an abelian group where ps 2 
and H is any group satisfying 2.1, 2.3, 2.4, 2.5, and 3.1, then the corre- 
spondence, f, between the cyclic subgroups of G and those of H satisfies 


conditions 5.1 and 5. 2. 


Proof. If p is a prime of class A, it follows from Theorem 3. 2 that f is 
induced by an isomorphism of G upon H and hence 5.1 and 5. 2 are satisfied. 


5.4.1. Proof of 5.1. 


Case I. pis a prime of class B,. 

By 2.6, F(G, p) = K X {u} where {u} is a cyclic group of order 
and the orders of all the elements of K divide p*. F(H,p) = K’ X {w} 
where K’ is contained in the central of H. Any element of finite order in G 
has the form a= du pow [gp”] where d is in K, (g,p) =1 org=—0. Any 
infinite cyclic subgroup of G is generated by an element of the form } = 
cu pow [1jp'|z pow [ip*| where c is in K, (i,p) =1, (j,p) =1 or j=0. 

Since (1,p) —1, (i, p") =1 where p” is the order of a and there exist 
integers m, n such that im+ p'n=—1. im==1mod where (m, p) = 1. 
Hence we have a=a'™ = d'™u pow [imgp”] = du pow [imgp”] and ab= 
dcu pow [ (mgp” + jp*)i]z pow [ip]. 

If t < w, ab = deu pow[ (gmp”*t +- ip*|z pow [ip*] where (gmp’-t + 7) 
is prime to p and we have by either 4. 1. 2 or 4.1.3: 


f({b}) = pow [jp'{t + pe(p)A}]v pow [ip*]} 
f({ab}) — {d’e’w’ pow [ (gmp** + j)p'{i + pe(p) A} pow [ip*]} 
where A = $(p,1,s,t) if << sand A—y(p,i,s) iftZs. 


If > w, ab = dcu pow [ (gm + jp*”) ip’ pow [ip’] where (gm + jp*-”) 
is prime to p and there are three possibilities: 
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1) s>t>w 


f({b}) = {c’w’ pow [jp'{i + pe(p)(p, i, s, t)}]v pow [ip*]} by 4.1.3. 
f({ab}) = {d’e'w’ pow [(gm + jp) + pe(p)o(p, i, 8, w)}]» pow [ip"]) 


by 4.1.3. 
2) 
f({D}) = pow [jp'{i + pe(p)¥(p, i, 8)} Jv pow [ip*]} by 4.1.2 


f({ab}) = pow [ (gm + jp*”) + pe(p)o(p, ts, w)}]v pow [ip*]} 
by 4.1. 3. 


3) t>ws 
f({b}) = {ew pow [jp*{i + pe(p)w(p, i, s)}]v pow [ip*]} by 4. 1. 2 
f({ab}) = {d’c’u’ pow [ (gm + jp”) + pe(p)¥(p,t,s) }]v pow [ip*]} 
by 4.1.2. 

If t=w, ab=dcu pow | (gm-+))ip']z pow [ip*] and gm+j—np" 
where (n,p)=1 or n=1. Hence ab = dcu pow [inp**’]z pow [tp*] and 
there are three possibilities : 

1) 
f({b}) = {ew pow [jp'{i + pe(p)v(p, s)}] v pow [ip’]} by 4.1.2 
f({ab}) = {d’c'w’ pow [np***{i + pe(p)v(p, s)}]v pow [ip*]} by 4.1. 

2) ttves>t 
f({b}) = pow [jp'{t + pe(p) p, s, t)}] v pow [tp*]} by 4.1.3 
f({ab}) = {d’c’w’ pow [np**t{i + pe(p)wW(i, p, s)}]v pow [ip*]} by 4.1. 

3) s>t+v2at 


f({b}) = {c’w’ pow [jp'{i + pe(p) p, s, t)}] v pow [ip*]} by 4.1.3 
f({ab}) = {d’c'w’ pow [np***{i + pe(p)¢ (4, p, s,t + v)}]v pow [ip*|} by 4. 1.3, 


Every possibility is enumerated above and each is included in one of the 


two general classifications: 
(I. a) f({b}) = pow [jp'{t + pe(p) A} ]v pow [ip*]} = {07}, 
f({ab}) = {d’c’w’ pow [(gmp” + jpt) {i+ pe(p)A}]v pow [ip*]}. 
By 4.1.1 f({a}) = {d’w’ pow [gp”]} = {a7} and we have: 
{f({a}), } = by} = {ar pow [m{t + pe(p)A}]b7} 
{ pow[gp"]) pow[m{i-+ pe(p)A}] ew’ powLjp'{i + pe(p) 


v pow[tp*]} 
= pow[ (mgp” + jp’) {i+ pe(p)A}]v pow [ip*]} =f ({ab}) 
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since im ==1 mod p’, pe(p) =0 mod p*, and d’ in K’ is of order p** where 
<r, 


(I. b) f({b}) = {ew pow [jp'{i + pe(p)A}]v pow [ip']}, 
f({ab}) = {e'd’w’ pow [(mgp” + jpt) {i+ pe(p) B}]v pow [ip*]}, 

where A 

It should be noted that for every possibility in this classification t= w. 
We shall prove that there exists an exponent y such that {a;¥b;} = f({ab}) and 
hence f({ab}) S {f({a}), f({b})}. 

Let y=1-+ xp where p™ is the order of d’ and hence k* =k. Then 
we have 


ay’ = (d’w’ pow [gp”]) pow [1 + ap*"] = d’w’ pow [gp¥ + 
and we wish to determine z so that: 


(d’w’ pow [ gp” + agp”**"]) (c’w’ pow [jpt{i + pe(p)A}]v pow [ip*]) 
= pow [ (mgp” + {i+ pe(p) B} |v pow [ip*]. 


This is equivalent to finding an integral solution for the congruence: 


gp? + + jpt{i + pe(p) A} = (mgp” + jpt) {i+ pe(p) B} mod p***, 
== mig p” — gp” + ijpt — ijp' 

+ p’pe(p){mgB + jpt’B — jp’ A} mod p***, 
tgp = mig — g + pe(p)D mod p*-», 


Since mi=1 mod and r=k-+h—w we have = pe(p)D mod 
peh-w, Since pe(p) =0 mod p*, pe(p) D = pS and the congruence reduces 
to: 2g =S mod Tt k* => +h—vw, any value for satisfies the 
congruence. Otherwise where ng =1 mod is an integral 


solution of the congruence. 


Case II. p is a prime of class By. 

By 2.6, F(G, p) = K X U where U is a group of type p© and the orders 
of all the elements of K divide p*. F(H, p) = Kk’ X U’ where K’ is contained 
in the central of H. Every element of finite order in G@ has the form 
a= du,, pow [gp”] where d is in K and u,, is one of the canonical generating 
elements of U. Every infinite cyclic subgroup of G is generated by an element 
of the form b = cu,;, pow [ijp*|z pow [ip*] where c is in K and u,, is a canonical 
generating element of U. 

If S12, Ur, = Ur, pow [p= "] and a= du,, pow [gp’* 


Hence: f({a}) = {d’w’,, pow [gp’*"]} = {a7} by 4.1.4 
#({b}) {c’u’,, pow [jp'{i + pe(p)¥(p, i, 8)} pow [ip"]} = {br} by 4.1.5. 
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m is determined so that im =1 mod p’ where p’ is the order of a, and 


a=a'™ = (du;, pow [gp’*"])™ = du,, pow 
and hence: 
ab = dcu,, pow [ pow [ip'] 
and 


f({ab}) = pow + jp*) {i + pe(p)W(p, pow [ip"]} 
by 4.1. 5. 
By (I. a) 

f({ab}) — {ay pow [m{i+ pe(p)¥(p, i, 8)} S {F({a}), f({b})}- 


If r, > 12, Ur, = Ur, pow [p”] and the above argument again applies. 

5.4.2. Proof of 5.2. 

Case I. pisa prime of class B,. 

F(H, p) = K’ X U’ = {w’} is a cyclic group of order p**", K’ is contained 
in the central of H, and the orders of all the elements of K’ divide p*. Any 
element of finite order in H has the form a’ = d’u’ pow [gp”] where d’ is in 
K’, (g,p) =1 or g=0. Any infinite cyclic subgroup of H is generated by 
an element of the form b’=c’u’ pow [ijp*]v pow [tp*] where (i, p) =1, 


(j,p) =1 or j= 0, is in K’. 
m is determined so that im = 1 mod p” where p’ is the order of a’. Then 


a’ = d’w’ pow [gimp”] and 
a’b’ = c'd’w’ pow [ (gmp” + jp*)i]v pow [tp]. 
(I.a) t<w 
= c'd’w’ pow [(gmp”t + j)ip*] v pow [ip*] 
where (gmp”’* + 7) is prime to p. It follows from 4.1.2 or 4.1.3 that: 
f*({0’}) = {cu pow [rijp*]z pow [ip*]} = {b} 


where r[i + pe(p)A] =i mod p**", 
Then r(gmp’* + j)[t+ pe(p)A] =t(gmp’-* + 7) mod and by 
4.1.2 or 4.1.3: 
f2({a’b’}) = {cdu pow [r( gmp” + pow [ip*]} 
= {du pow [rgimp”]|b} = {du pow [rgp”]b} 


since im =1 mod p’ and r=k+h—vw. 


a 
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} 
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f2({a’}) {du pow [gp"]} = {a} 
by 4.1.1. 

Now ri=i—rpe(p)A mod p**", i(r—1) =—rpe(p)A mod p*** and 
since (t,p)—=1 and pce(p)=0Omod p* it follows that r=1mod p* or 
r=1-+ Bp’. Then du pow [rgp”]b = (du pow [gp”])* b since the order of 
d divides p*. Hence 


f*({a'b’}) = {a'b} S {f° ({0})}. 
(I.b) t2w 
a’b’ = c'd’'w’ pow [ (gm + jpt”)ip”]v pow [ip*] 


= c'd’w’ pow [1j’p”*"]v pow [ip*] 
where (j’,7) =1 and j’p*=—gm-+ jpt”. It follows from 4.1.2 or 4.1.3 
that: 
f*({a’b’}) = {cdu pow [si + j’p¥*?]z pow [ip*]} 
= {cdu pow [si(gmp” + jp*) |z pow[ip*]} 
where s[i-+ pe(p)B] =imod p**", 
We shall prove that there exists an exponent y—1- xp where p* is 
the order of d so that {a¥b} = f“*({a’b’}) and hence f-!({a’b’}) S {f"({@’}), 
f-1({b’})}. Thus we must determine 2 so that: 


(du pow [gp”]) pow [1 + ap*"] (cu pow [rijp*]z pow [ip*]) 
= cdu pow [gp” + + rijp*|z pow [ip*] 
= cdu pow [si(gmp” + jp*) |z pow [tp*]. 


This is equivalent to finding an integral solution for the congruence: 


gp’ + + rijpt =sigmp” + sijpt mod 
gap = simg — g + sijpt-” — rijpt-” mod 
= g(s—1) + ijp*”(s—r) mod 


since im == 1 modp’ andr=k+h—w. Now s=1mod p* and r=s mod p* 
so that the congruence reduces to gx = gp*"M + mod 
gx = S mod 

If k* =k + h—vw, any value for x satisfies the congruence. Otherwise 


«= nS where ng=1 mod p**"-v-** is an integral solution. 


Case IJ. pis a prime of class Be. 

The proof reduces to (I.a) above in the same way that it did in 5.4.1 
and this completes the proof of Theorem 5. 4. 

The above proof depends entirely on the remark following Lemma 2. 4. 1 
which holds when p+ 2. However, if p = 2 we may prove the following: 
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THEOREM 5.5. If G=F(G,2) X {z} is an abelian group and H is any 


group satisfying 2.1, 2.3, 2.4, 2.5, and 3.1, then the correspondence, f, 


between the cyclic subgroups of G and those of H satisfies 5.1 and 5. 2 if either: 


(a) 2 prime of class (A) ; or 
(b) all the elements of F(G,2) have orders dividing 4. 


Proof. If (a) is satisfied, it follows from Theorem 4. 2 that f is induced 


by an isomorphism of G upon H, and hence 5.1 and 5. 2 are satisfied. 


Suppose (b) is satisfied. Then if /(G,2) contains an element of order 4, 


H is abelian by 2.4 and 2.3 and f is induced by an isomorphism of G upon 


H. If F(G,2) does not contain an element of order 4, H is abelian by 2.3, 
Hence 5.1 and 5. 2 are satisfied. 


and again f is induced by an isomorphism. 


CoroLttary 5.6. If G=F(G) X {z} is an abelian group which satisfies 


either : 

(a) 2 isa prime of class (A); 

(b) all the elements of F(G,2) have orders dividing 4; or 

(c) 2isanirrelevant prime number for G; 
and H is any group satisfying 2.1, 2. 3, 2.4, 2.5, and 3.1, then the correspon- 
dence, f, between the cyclic subgroups of G and those of H satisfies 5.1 and 5. 2. 


{z}, every element of finite order in @ 


Proof. Since F(G,p) X {2}, 
has the form [| a(p) istinee a(p) is in F(G, p) and every element of infinite 
order has the Folin [I] b(p) jz* where b(p) is in F(G,p). The orders of the 
factors of [J a(p) oni of [[ b(p) are relatively prime so that it follows from 
Theorems 5. 4 and 5.5 oy from the definition of the correspondence f given 


in 4, 2.3 and 4. 2.4 that f satisfies 5.1 and 5. 2. 
Corollary 5.6 and Theorem 5.3 give us our final result: 


TueoreM 5.7%. If G=F(G) X {z} ts an abelian group which satisfies 
(a), (b), or (c) of Corollary 5.6, then there exists a projectiwity of G upon 


the group H if, and only if, H satisfies 2.1, 2.3, 2.4, 2.5, and 3.1. 


UNIVERSITY OF WASHINGTON, 
SEATTLE, WASHINGTON, 


HOMOGENEITY OF PROJECTIVE PLANES.* 


REINHOLD BAER. 


A satisfactory analytic theory may be developed for every projective plane 
in which Desargues’ Theorem is valid, since it is then possible to describe the 
points of the plane by means, of codrdinates taken from a (not necessarily 
commutative) field; and this field will be commutative if, and only if, Pappus’ 
Theorem is valid in the plane. It is well known? that these properties are 
intimately connected with properties of the transformations the plane may 
undergo. But whereas Desargues’ property is equivalent to the existence of 
certain transformations, the theorem of Pappus is usually linked with non- 
existence, i. e., with the property that there exists at most one transformation 
meeting certain requirements. 

It is the object of this note to show that Pappus’ and Desargues’ proper- 
ties are equivalent to conditions assuring the existence of transformations 
only. Since any point-point-transformation one might wish for exists in a 
projective plane over a (not necessarily commutative) field, we shall have to 
consider dualities which map points on lines and lines on points. 

To every projective plane there exists a dual one and thus the theory as 
a whole is self-dual. But a projective plane over a field is self-dual if, and 
only if, this field admits of an anti-automorphism; and the identity is an 
anti-automorphism if, and only if, the field is commutative. Thus the condi- 
tions with which we are concerned will have to assure the existence of very 
special dualities, namely dualities possessing an axis and a center; as a matter 
of fact our main result states that it is sufficient to assure the existence of two 


one-parameter families of such dualities. 


1. Preliminaries. A projective plane consists of two classes of ele- 
ments: points p,g,: °°, and lines R,S,--- which are connected by one 
relation: p< FP signifying that the point p is on the line R and that the 
line R passes through the point p. The negation of this relation is denoted 
by p+ FR. Points, lines and the relation “< ” are subject to the following 


tules. 


* Received February 28, 1941. 

1 Presented to the American Mathematical Society, April, 1941. 

2Cf, O. Veblen-J. W. Young: Projective Geometry. E. Artin: Reports of a Mathe- 
matical Colloquium, Second Series, 2 (1940), 15-20 and in particular W. Schwan: 
Mathematische Zeitschrift 3 (1919), 11-28. 
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(1) There exist at least two different lines and two different points. 

(2) If p and q are two different points, then there exists one and only 
one line passing through p and q; this line is denoted by p+ gq. 

(3) If P and Q are two different lines, then there exists one and only 
one point which is on both these lines; this point is denoted by PQ. 

(4) Every point is on at least three different lines and every line 


contains at least three different points. 


Points lying on a line and lines passing through one point shall be termed 
collinear points or lines respectively. 


2. Dualities and transformations. A function f defined for all the 
points and lines of a projective plane is said to be a transformation of the 
plane, if it satisfies the following conditions. 


(i) f is a 1 —1-correspondence of the class of all the points upon itself. 
(ii) f is a 1—1-correspondence of the class of all the lines upon itself. 

A function f defined for the points and lines of a projective plane is said 
to be a duality of the plane, if it satisfies the following conditions. 
(i*) f is a 1—1-correspondence which maps the class of points upon the 
class of all the lines. 
(ii*) f is a 1—1-correspondence which maps the class of lines upon the 
class of all the points. 
(iii*) PI+Q%= (PQ)! 


The product of two dualities of the projective plane under discussion is 
clearly a transformation of the plane; and the transformations of the plane 
form a group. There exists always at least one transformation of the plane; 
but there are planes which do not admit of dualities. 

Our discussion will not be concerned with all the possible transformations 
and dualities of the plane. If p is a point and Z a line of the plane, then the 
transformation f of the plane is termed a p— L-transformation, if 


(iv) R=R for p<R and q=@q¢@ for q<L. 
If p + L, then the duality f of the plane is termed a p— L-duality, if 
(iv*) RL=RS for p<R and for q<L. 


Again it is clear that the p— L-transformations form a group, that the 
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inverse of a p — L-duality as well as the product of a p— L-duality and a 
p—L-transformation is a p— L-duality, and that the product of two 
p — L-dualities is a p — L-transformation. 

Suppose now that f is a p— L-transformation, that q¢ is a point which 
is different from p and which does not lie on L and that qq. If Ris a 
line, then F is certainly left invariant by f, if R—=L or if p< R. If 
q< Rk, then RK ~q-+ RL so that such a line PF is left invariant by f too, 
since both q and RL are fixed-points of f. If x is a point not on p+ q, then 
a=(p-+2)(q-+ 2). Hence such a point z is a fixed-point too, since both 
lines p + x and q + @ are left invariant by f. Now it is clear that every line 
is left invariant by f, since a line is either equal to p+ q or else contains at 
least two different points not on p-+q; and since all the lines are left 
invariant by f, all the points are fixed-points, i.e., f=1. Likewise we might 
have proved that the p— JL-transformation f is the identity, if it leaves 
invariant a line different from LZ not passing through p. 

Noting that the quotients of two p— L-transformations as well as the 
quotients of two p— L-dualities are p— L-transformations, the following 
facts are direct consequences of what we have shown just now. 


THEOREM 2.1. Jf f and g are p— L-transformations (p— L-dualities) 
such that qf = q* for some point q different from p and not on L, then f=g. 


If f and g are p—L-transformations (p—L-dualities) such that 
Qf = Q¢ for some line Q different from L and not containing p, then f = g. 


The following criteria will prove helpful. 


LemMA 2.2. Jf R, 8S, L are three different lines, and if f is a trans- 
formation of the plane such that R= Rf, S=Sf and p= pf for every p< L, 
then f is an (RS) — L-transformation. 

Proof. If the point RS is not on LZ, X any line passing through RS, 
thn X=—RS+ XL; and and (XL)f=—XL imply 
X = Xf. Hence we assume now that RS < L, and that p is a point neither 
on R nor on S such that p~ pf. Then p + p/ = P is a well determined line 
different from L so that P= p+ pf = pf + PL =PL-+ p and consequently 
P =P#, All we have to prove now is that PL = RS. Let us assume that 
PL=RS. Then PR and PS are two different points not on LZ and they are 
fixed-points, since the lines P, R, S are left invariant by f. Hence it follows 
as before that every line through PR and every line through PS is left 
invariant by f. Thus it follows that f is both a PR—L- and a PS—L- 
transformation ; and since PR and PS are different points not on L, it follows 
from Theorem 2.1 that f = 1, a contradiction which completes the proof. 
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Corotiary 2.3. If a transformation f of the plane leaves invariant all 
ihe points of a line L, then f is a p— L-transformation (for some point p). 


Proof. If f1, then there exists a point qg, not on L, such that q+ gf. 
Since (q + q/)L is a fixed-point under f, the line q + q/ is left invariant by f. 
Since there exist points that are neither on Z nor on g + qf, it follows that 
there exist at least two lines different from L that are left invariant by f; 


and now our statement is a consequence of Lemma 2. 2. 


CoroLtLary 2.4. If K and L are two (distinct or coincident) lines, 


then the p— L-transformations for p< K form a group. 


Proof. Suppose that f is a p— L-transformation, that g is a gq — L- 
transformation, and that both p and g are on K. It follows from Corollary 2.3 
that fg is an »— L-transformation for some point r. If KAL, fg ~1, 
then the line K is invariant under fg and r is on K, since otherwise fg = 1. 
If K = L, fg~1, but r not on L, then 7f = re" so that p—gq and f—g" 
by Theorem 2. 1, contradicting fg ~1. Thus it follows that fg is an r— L- 
transformation for r< K; and this proves our statement. 


3. Transitivity and homogeneity. The projective plane is p— L- 
transitive, if there exists, to every pair of points r, s such that r and s are 
different from p and not on LZ and such that p, r, s are collinear, a p— L- 


transformation mapping 7 upon s. 


THEOREM 3.1. The projective plane is p— L-transitive, if there exists 


a point r different from p and not on L with the following property. 


If sis a point on p+r, not on L and different from p, then there exists 


a p—L-transformation mapping r upon s. 


Proof. Suppose that wu and v are two points (which are not on LZ and 
which are both different from p) such that p, u, v are collinear. Then either 
both wu and v are on p+ r or neither of them is on p+ rr. In the first case 
there exists a p—L-transformation f mapping r upon wu and a p—L- 
transformation g mapping 7 upon v so that the p— L-transformation fg 
maps u upon v. In the second case we consider the line u-+r different from 
both p+rand LZ. Then r= (u+r)(p+r), L(w+r) is a point different 
from p; and (p+r)(v+ L(u+r)) =w is a point on p+r, not on L 
and different from p. There exists, therefore, a p— L-transformation f 


mapping r upon w and f maps wu upon 2, since 


u=(u+p)(utr) =(u+p)(r+L(u+r)) 


| 
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and 


= (u+ p)(w+L(u+r)); 
and this completes the proof. 


If K and L are two lines, then the projective plane is said to be K — L- 
transitive, if it is p— L-transitive for every point p on K. 

LemMaA 3.2. If K and L are two (equal or different) lines, and if the 
projective plane is p— L-transitive for at least two different points p on K, 


then the plane is K — L-transitive. 


Proof. Suppose that p and q are two different points on K such that 
the plane is both p— L- and g — L-transitive. If w and v are two different 
points which are neither on nor on K, then p+ u and q+ v are two 
different lines such that w= (p-+u)(q+v) is a point not on K. We 


distinguish two cases. 


A. w not on L. 

Since w= p, and since p, u, w are collinear, there exists a p— L- 
transformation f, mapping wu upon w; and since w= q, and q, v, w are col- 
linear, there exists a g — L-transformation g, mapping w upon v. The product 
fg is a transformation of the plane which leaves every point on ZL invariant 
and which maps wv upon v. Hence, it follows from Corollary 2.4 that fg is a 


K(u + v) — L-transformation, mapping u upon v. 


B. won L. 

Since our lemma clearly is true, if lines contain exactly three or four 
points, we may assume now that lines contain more than four points. Thus 
there exists on the line w+ v a point ¢ which is different from u, v and which 
is neither on K nor on L. Since tv is on u + v, it follows that the two 
different lines p+ wu and g + ¢ meet in a point not on LZ; and hence it fol- 
lows from what has been proved in A, that there exists a K(u + t) —L- 
transformation r mapping uv upon ¢. Likewise it follows that there exists a 
K(t+ v) —L-transformation s mapping ¢ upon v. Since u, v, ¢ are collinear, 
K(u+v)=K(u+t) =K(t+v), and consequently rs isa K(u-+v) —L- 
transformation mapping & upon v. 

Thus we have proved that there exists to every pair of different points 
u,v which are both neither on K nor on L a K(u + v) — L-transformation 
which maps uv upon v; and hence it follows immediately from Theorem 3. 1 
that the plane is K — L-transitive. 


If Z is a line and p is a point not on L, then we say that the plane is 
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p — L-homogeneous, if there exists to every line W which is different from L 
and which does not pass through p and to every point von p+ WL which is 
different from both p and WL a p— L-duality which maps W upon v. Note 
that the restrictions in the choice of v are due to the fact that p— L-dualities 
map WZ upon p+ WL so that WL < W implies v < p+ WL. 


THEOREM 3.3. If the point p is not on the line L, and if the plane is 
p — L-homogeneous, then the plane is p— L-transitive. 


Proof. Suppose that wu and v are two points not on L and different from 
p such that u, v, p are collinear. Let W be any line different from Z and u+v 
which contains the point L(u-+ vv). There exists a p— L-duality d which 
maps W upon wu and there exists a p— L-duality e which maps W upon v. 
The quotient de is a p— L-transformation which maps w upon v so that 
the plane is p — L-transitive. 

Note that, conversely, the plane is p— L-homogeneous, if it is p— L- 
transitive and if there exists at least one p— L-duality. 

If K and LF are two different lines, then the plane is said to be K — L- 
homogeneous, if it is p— L-homogeneous for every point p on K which is 
(different from KL. 


THEOREM 3.4. If the plane is K — L-homogeneous, then it is K —L- 


transitive. 


For let p and q be two different points on K which are both different 
from KL. Then it follows from Theorem 3.3 that the plane is both p— L- and 
q — L-transitive; and it follows from Lemma 3.2 that the plane is K — L- 


transitive. 


4, Cartesian coordinates.’ Suppose that X, Y, Z are three different 
points on a line Z and that O is a point not on L. (Since these four points 
will play an exceptional réle in the following discussion, it may be allowed to 
designate them by capitals.) We denote by F the system of those points on 
O-+Y which are different from Y (and therefore not on L). The elements 
in F will serve us as codrdinates and we shall introduce later on addition and 
multiplication of the elements in F’. 

If c is an element in FP, then XY + ¢ is a line and we shall designate this 
line—for reasons that will be apparent very soon—by (y —c). 


® Since we give preference to the line Z, our approach may be described as affine 
and the coordinates we introduce are inhomogeneous. That there are inner reasons for 
doing this, may be seen from the fact that the possibility of introducing homogeneous 
coordinates—whatever that may mean—is essentially equivalent to the validity of 
a proof of this statement will be given elsewhere. 
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If c is an element in F, then Z +c is a line which is different from the 
line O-+ X. They meet in the point (7 + .c)(O+ X) which is not on L, 
since Z and X are different points on L, and since neither c nor O is on L. 
Thus Y + (2+ ¢)(O+X) is a well-determined line different from L which 
we shall designate by (*=—c). 

Noting that (X + c)(O+Y) =c, it follows that = (y= 4d) 
if, and only if, cd; and noting that (O+ Y)(Z+ (t=c)(0+X)) =c, 
it follows that (4c) = (a=—d) if, and only if, c—d. 

If c and d are elements in F, then (cc) and (yd) are different 
lines which meet in a point not on ZL, since YX; and we denote this 
point by (c,d). From (c,d) = («—c) (y=d), and from the last paragraph, 
it follows immediately that (c,d) = (c’,d’) if, and only if, c=c’,d—d’. 

Suppose now that p is a point not on Z. Then the lines p+ 2X 
and O-+ Y meet in a well-determined point not on ZL; and likewise 
(O+ Y)(Z2+ (»+ Y)(0+X)) is a well-determined point not on L; 


and one verifies that 


p=((O+¥)(4+ (p+ ¥)(0+%X)), (O+Y)(p+%)). 


Thus the points not on L are in 1—1-correspondence with the pairs (c, d) 
of elements in F’. 

In order to be able to introduce addition in F we have to assume that 
the projective plane is Y —L-transitive. If c is any element in F, then there 
exists—because of Y — L-transitivity and Theorem 2.1—one and only one 
Y — L-transformation f = f(c) such that c= Of. If c¢ and d are any two 


elements in F’, then we define: 
ct d= 


and it is clear that an isomorphism is defined by mapping the Y — L- 
transformation f upon the element Of in F so that in particular the additive 
system F = F, is a group; though thus far we have no reason to assume that 
F, be commutative. 

lf f is any Y —J-transformation, then since 
(v= c) is a line through Y. If c is any element in F, then c is a point on 
O+ Y,c=Of©); and we find that 


(y= = (c+ 4 — OM 4+ X— 


since f = f(O*). 
If p is any point not on L, then p= (c,d) for suitable c,d in F; and 
we find that 
p= (c,d + OF). 
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If p is any element in J’, then (O,p), (p,O) and Z are three collinear 
points. If is any other element in F, then (0, p)f@ = (0,p+q), 
(p, O)F@ = (p,q) and Z are collinear points too; and this shows that the 
lines through Z which are different from L are characterized by the equation: 

et+y=c or 

In order to be able to characterize all the lines different from LZ by means 
of equations—and at the same time to describe the points on Z—we need a 
suitable definition of multiplication in /’; and in order to do this we have to 
give preference to some element different from 0 which shall serve as a left- 
unit of this multiplication. This element may otherwise be chosen at random, 
though different choices lead to different definitions of multiplication. 

Thus let 1 be some element in F which is different from 0. If r and s 
are elements in 7, then (x =r) and O + (1,s) are two different lines which 
meet in a point not on Z. Thus we may define the product rs as the uniquely 
determined element in F satisfying: 

(r,78) = (x =r) (0 + (1,8). 

If M is any line which does not pass through Y —is not of the form 
(x =c) —then M meets 0 + Y in a point (0,m) for suitable m in F and 
Mi is a line passing through O. This line meets (271) in a point 
(1,s) for s in F; and it is an immediate consequence of our definition of 
multiplication that 

Mit-™) + (1,8) = (y = 2s) 
so that 
M = (0 + (1,8))/(™ = (y=as+m). 


The lines (y=as-+m) and (y=«at-+n) meet in a point on L if, and 
only if, s=¢; and thus the common point of all the lines (y= «rs + m) 
for variable m may very well be denoted by L(s) —and Y as the common 
point of all the lines (2c) should then be denoted by L(o). We note 
furthermore that not only does every line determine an equation ; but the lines 
exhaust the admissible equations ; and two lines are equal if, and only if, their 
equations are identical. 
Since 
(0,0) =O = 0)(0 + (1,s)) = (0, 0s), 


and since 
(r,70) = (c=r)(O+ (1,0)) = (t==r)(y=0) = (17,0), 

it follows that r0 =0—0s. Since 

(1, 1s) = (w= 1)(0 + (1,8)) = (1,8), 
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it follows that 1s —s. Since 


O+ (1,—1) = (y=2(—1)) =04+Z2=(y=—2), 

it follows that —«—a(—1). Since the lines and + 
for * 4s meet in one and only one point which is not on Z, it follows that 
for given elements r, s, in F' such that rs, there exists one and only one 
element z in satisfying + ar=t. Since the points (r,0) and (s, 
for r 4s determine one and only one line of the type (y—=am-+n) where 
the elements m and n in F satisfy the equations 0 = rm +n or n=— rm 
and t= sm +n—sm—rm, it follows that for given elements r, s, ¢ in F 
such that rs, there exists one and only one element z in F satisfying 
st — rr = 

For convenient enunciation of our results let us introduce a few terms. 
A Cartesian number system is a set F of elements with double composition : 
addition m + n and multiplication mn, subject to the following rules. 

(1) F is a group with regard to addition. 

(2) The product mn of the elements m and n (in this order) is a 
uniquely determined element in F. 

(3) Om = m0=0 for every m in F. 

(4) There exists an element 10 in F satisfying 1m =m, m(—1) 
= -—  m for every m in F. 

(5) If r,s, ¢ are elements in F such that rs, then there exists one 
and only one element x and one and only one element y in F such that 
+ ar=t, sy—ry=t. 

If F is a Cartesian number system, then denote by P(F) the system of 
all the pairs (p,q) for p and q in F together with symbols L(p) for p in F 
and a symbol L(o) = Y. To derive from this system P(F) of points a pro- 
jective plane, it suffices to state which sets of points are the sets of all the 
points on a given line. 

a. The line L consists of all points L(p) and Y. 

b. The line (2 = c) consists of Y and of all the points (c,y). 

c. The line (y= consists of Z(7) and of all the pairs (2, ar +s). 

The set P(F) together with this definition of line constitutes the 
projective plane over F’. That this really is a projective plane in the sense of 
Section 1. is readily verified. 

If c is some element in F, then a 1—1-correspondence f between the 


points of the projective plane over F is defined by 
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for p on L. 

This transformation f leaves Z and every line (x =d) invariant and it 
maps the line (y—ar-+s) upon the line (y=ar+s+c), ie, f is an 
L(«) —JL-transformation of the plane. This shows that the projective plane 
over F is L( co) — L-transitive. 

Collecting all the results of this section we obtain now the following 

THEOREM 4.1.4 The projective plane is p—R-transitive for p< R if, 
and only if, there exists a Cartesian number system F and a transformation 
of the projective plane upon the projective plane over F which preserves 
collinearity and maps p upon L(«) and R upon L. 

5. Transitive and homogeneous planes. On account of the result of 
the last section we may restrict our attention to the consideration of projective 
planes over Cartesian number systems. 


THEOREM 5.1. The projective plane over the Cartesian number system 
F is (O+ L(«)) —L-transitive if, and only if, the following conditions 
are satisfied by F. 
(6) r(s +t) =rs+rt for r,s,t in F. 
(7) r(st) = (rs)t for r,s,t m F. 

Proof. If the projective plane over the Cartesian number system F is 
(O + L(o)) —J-transitive, then it is, in particular, O — L-transitive; 
and there exists therefore to every given element r0 in F an O—L- 
transformation h = h(r) which maps (1,0) upon (r,0). 

Since A leaves all the points on JL invariant, it follows that 


(c= 1)4 = ((1,0) + ¥)*—=(r,0) + 


Since every line through OQ is left invariant by h, and since (1,s) is a point 
on the line (y= 2s) through O, it follows that 


(1, = =a)" = =r) (y = 28) = (1,78). 
Consequently 


(y —s)*—= (1,8) + L(O))* = (1,78) + L(0) = (y=78), 
(c—s)* ((s,—s) + (s,—s)* + 
= (y=—2)*(y=—s)* + L( 0) = (y=—2) (y= r(—s)) + 
(—r(—s),r(—s)) + = (e=—r(—3)) 


*It should be mentioned here that this theorem provides a convenient machinery 
with which to translate the formal laws of addition and multiplication—apart from 
statements concerning commutativity—into conditions postulating q-S-transitivity for 
suitable points gq and lines S; and this will be done in a forthcoming publication by 
H. F. Gingerich. 
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and hence finally 
(x,y (—r(—2), ry). 


Considering now that (p, pt) is a point on the line (y= at) which is 
left invariant by h, it follows that 


(p, pt)* = (—r(—p), r(pt)) = (—r(—P), 
so that 
r(pt) = (—r(—p))¢# for r,p,t in F. 


Furthermore we have 
(y= as +t)" = (L(s) + (0, t))*—=L(s) + (0, rt) = + rt) 


and since (1,s + t) < (y=—as + #), it follows that (r,r(s + t)) 
< (y=as-+rt) so that r(s + t) =rs + rt, verifying (6). This left- 


distributive law implies in particular r(—s) —=—rrs so that we have 
r(pt) = (—r(—p))t = (rp)t, i.e., the associative law (7). 


If, conversely, (6) and (7) are satisfied by 7, then the transformation 


h defined by 
(x, y)* = (ra, ry) for some r~0 


is one-to-one and maps the line (« =c) upon the line (e —rc) and the line 
(y= 2s-+ +) upon the line which consists of the points (rz, + t)) 
= (ra,r(as) + rt) = (ra, (rz)s + rt), upon the line (y= zs + rt) so 
that h clearly induces an O — L-transformation mapping (1,0) upon (r, 0) ; 
and this shows—Theorem 3. 1—the 0 — L-transitivity of the plane. Applying 
Lemma 3.2 and Theorem 4.'1 it follows that the plane is (O + L(0)) —L- 


transitive. 


THEOREM 5.2. The projective plane over the Cartesian number system 
pro; y 
F is (O+L(c)) —L-homogeneous if, and only if, F is an ordinary 


commutative field. 


Proof. If the projective plane over F is (O + L(«)) — L-homogeneous, 
then it certainly is—by Theorem 3.4—(O + L(«)) —JL-transitive. It fol- 
lows, therefore, from Theorem 5.1 that / is a group with regard to multi- 
plication (excepting 0) and that F’ is left-distributive. Thus all we have to 
prove is the commutativity of multiplication. 

The projective plane is in particular O — L-homogeneous. Hence there 
exists an O — L-duality d of the projective plane which maps the line (4 = 1) 
upon the point (0,—1). (This choice is admissible, since («—1) ~L, 
and since (0, —1) < (t=0) =O0+L(0) 


— 
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We note that d interchanges (ya) and L(a), (x =0) and I(«), 
Land O. Hence we find that 


(1,a)¢ (( = 1) (y= «a))4 = (x= 1)4 + (y= 
= (0,—1) + L(a) = (y—2a—1), 

(y=c)*= ((1,c) + L(0))4= (y= ae —1)(y=0) 
=(c',0) for c¥0, 


since F is a group with regard to multiplication ; 


(c,c)¢ = + (c*,0) 
=(y=az—c") for 


(considering rl = 1r—r), 


(x= c)4= ((c,c) + =0) 
=(0,—c"') for c0, 

(p,g)¢ =((t=p) (y= q))*= (0,—p*) + (¢7, 90) 
= p") 


for g and p different from 0, again using the fact that F is a group under 
niultiplication. 

Suppose now that r and s are two elements in F. If one of them is 0, 
then certainly rs sr. If none of them is 0, then we consider the point 
(r,rs) < (y=as). Since d is a duality, we find that 


L(s) = < (r,rs)¢ = (y 
and this implies that 


Consequently s = 7sr? or sr =rs as was to be proved. 

Assume now, conversely, that / is an ordinary commutative field. Then 
it follows from Theorem 5.1 that the projective plane over F is (O + L(«)) 
— J-transitive. Hence it suffices to prove the existence of one O — L-duality 
in order to assure (O + L(o«)) — L-homogeneity. 

A duality d which meets our requirements may be defined as follows. 


for c¥0, 
(c,d)¢ = (y=ade*—c") for c¥0, 

I4=0, 
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Combining this last theorem with the well-known result that a projective 
plane is a projective plane over an ordinary commutative field if, and only if, 
the theorems of Desargues and Pappus are valid in this plane, we find: 


The theorems of Desargues and Pappus are valid in a projective plane if, 
and only if, there exist two different lines K and L such that the plane is 
K — L-homogeneous. 


6. The characteristic configurations. Suppose that p is a point not 
on the line L. We intend to characterize p— L-homogeneity by means of a 
certain configuration. With this in mind we introduce the following 


p—L-property: Whenever x(t), y(t), z(t) for 11,2 are points such that 
y(1) Ay(2), A2z(2), y(t) 
y(t) < DL, < L, x(t) not on L, and 
L(x(2) +p), +yQ))(p+y(2)), +2(1)) (p + 2(2)) 
are three different collinear points,> then 
L(x(1) +p), +2(2)) (p+ 
are three different collinear points. 


The second of these triplets of collinear points is obtained from the first 
one by interchanging 1 and 2.° Thus the p—L-property implies the 
following fact: 


L(x(2) +p), (1) +y(Q1))(p+y(2)), +2(1)) (p+ 2(2)) 
are three different collinear points if, and only if, 

L(x(1) +p), (x(2)+y(2))(p+y(1)), +2(2)) (p+ 2(1)) 
are three different collinear points. 


THEOREM 6.1. The projective plane is p—L-homogeneous (p < L) 
if, and only if, the p — L-property is satisfied by the points of the plane. 


Proof. Assume first that the projective plane is p— L-homogeneous, 
that x(i), y(t), are, for i= 1,2, points such that 


y(1) Ay(2), A2(2), <L, 21) <L, 


’ Note e.g. that this implies #(2) ~ p, since otherwise L(#(2) +p) =0 and not 
a point. 

°H. Liebmann has introduced two exchange postulates which are rather different 
from the p — L-property though his “ great exchange postulate ” seems to be equivalent 
to the condition that the p — L-condition should be satisfied for every p not on LZ which 
is on a given line K#L; ef. M. Steck: Deutsche Mathematik 1 (1936), 165-174. 


= 
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x(t) not on LZ, and such that 
q=L(x(2) +p), y= +9(1)) (P+ 9(2)) 


and z= (#(1) + 2(1))(p+2(2)) are three different collinear points. Put 
W=—q+t+y+z. 

If W and Z were equal, then y would be on L, and since x(1) and p are 
not on L, it would follow that y = y(1) = y(2) which is impossible. If W 
and p+ q were equal, then p, y and z would be equal points which contradicts 
our hypothesis that y 4 z. Since the three lines W, L, p+ 2(2) meet in the 


[2(1) +2(1)][2(2) +2] 


point g, and since the plane is p— L-homogeneous, there exists a p— L- 
duality d which maps W upon 7(2). 

Since p is not on W, y=W(y+p). Since y+ p—p+y(2), it 
follows that 

yt = 2(2) + y(2) and likewise 24 —=a(2) + 2(2). 
Since 
y+2x(1) =2(1) +y¥(1) =y +91), 

it follows that 


(y+ a(1))4= (2(2) + 9(2)) (p+ y(1)) 


and likewise that 


(z+ a(1))4= (2(2) + #(2)) (p+ 2(1)) 


y(1) gq=L[p+2(2)] 2(1) 2(2) + 7(1)] ¥(2) 
L 
aa 
\ 
\ [y(2) + 2(2)] [yq) 4 ] 
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7(2) 
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and finally we have 
(p+ 2(1))¢=L(p+2(1)). 


Since the three lines on the left are three different lines passing through the 
point x(1)—otherwise either z(1) = z(2) or y(1) = y(2) or y(1) =2(1)— 
it follows that the three expressions on the right signify three different col- 
linear points; and this proves that the p— L-property is a consequence of 
p — L-homogeneity. 

Assume now, conversely, that W is a line different from L, that p is not 
on ZL and that x(2) is a point on p+ WL which is different from both p and 
WL=q. We define a function d of the points of our plane as follows. 

L, for r< L, 

2(2) + (p+v)L for v< W. 
If finally x(1) is a point neither on W nor on JZ, then let y be some point 
on W which is neither on Z nor on p+ 2(1). We put 


d(x(1),y) =y*(L(x(1) + y))*+ (p+ 2(1))4 

= (2(2) + (p+ y)L) (pt +y)L) + (p+ 2(1))L 

= (x(2) + y(2)) (pt y(1)) + (P+ e(1))L 
L-property that d(x(1),y) =d(a(1),z), 
if z is another point on W meeting all the requirements. Thus we may put 
finally for y any point on W, not on or p+ (1). 
It is an immediate consequence of our construction that d is a 1—1- 


and it is a consequence of the p 


correspondence mapping points upon lines and collinear points upon collinear 
lines; and thus d defines a duality which meets all the requirements. 


THEOREM 6.2. The projective plane is p 


L-transitive (where the 
point p may or may not be on the line L) if, and only if, the following 
condition ts satisfied. 
Whenever b(i), c(t) for i=1, 2,3 are triplets of points such that 
b(i), c(t), p are collinear for 1=1, 2, 3, 
(b(i) + b(j)) (c(i) + ts for point different from p and such 
that at least two different ones of the points (b(i) + b(j)) (c(t) + ¢(7)) 


for iA jare on L, then the third one is on L too. 
The condition of this theorem may be described as the p— L-Desargues 
condition—The customary enunciation of Desargues’ Theorem: 


Two triangles are perspective from some point if, and only if, corre- 


sponding sides meet in collinear points, 
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though sounding more elegant is quite unsatisfactory, since there do not exist 


projective planes with this property. 


Proof. Suppose first that the plane is p— L-transitive, that b(7), c(i) 
are points such that b(t), c(), p are collinear for i = 1, 2, 3, d(i, 7) = (b(i) 
+ b(j)) (c(t) + ¢(j)) for tj are points different from p and that at least 
two of these points, say d(1,2) and d(1,3), are on L. Since 6(1), c(1), p 
are three different collinear points, and since neither 6(1) nor c(1) is on L 
—since otherwise c(1, 2) —c(1,3) —there exists a p — L-transformation f 
mapping 6(1) upon c(1). If i~1, then 
= (b(t) + p)4(b(t) + c(t, 1) = + p)(B(1) + 
(c(t) +p) (c(1) + ¢(t,1)) = (c(t) + p) (e(1) + ¢(t)) = c(t) 
so that Z(b(t) + 0(j)) = L(c(t) + ¢(j)) =d(i,7) as was to be shown. 
Assume, conversely, that the condition of the theorem holds true; and 
that r,s are points not on Z and different from p such that p, r, s are collinear. 
Let g be some point on Z such that p, r, s, g are not collinear. Then the lines 
R=r+q and S=s-+gq are different from L, pass through q, but not 
through p; and it will clearly be sufficient to prove the existence of a p — L- 


transformation mapping upon 
If x is any point of the plane, not on L, then let & be some point on L 


which is different from L(p-+ x); and put 
f(ask) = (pta)(k+S(pt (@+hk)R)). 
It is then an immediate consequence of the p— L-Desargues condition, that 
f(xz;k) =f(x;h) for k and h points on ZL, not on p+ 2; 


and a transformation f meeting all the requirements may therefore be defined 


by the formulas: 
for x on L, p=/p, 


af =f(x;k) for x not on L, rAp, 


and & any point on L, not on z -+ p. 
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SQUARE ROOTS OF MEASURE PRESERVING 
TRANSFORMATIONS.* 


By Paut R. Hatmos. 


1. Introduction. Let XY bea metric, complete, separable space, and let 
m(H) be a measure defined on a Borel field of subsets of XY. Sets of this 
Borel field will be called measurable sets. Concerning m we assume that 
spheres are measurable and have positive measure, m(X) < o, and that 
every measurable set is contained in a G5 of the same measure.t Let T be a 
one to one, measure preserving, (not necessarily continuous), transformation 
of X into itself. A classical problem concerning such measure preserving 
transformations is their embeddability into a flow: does there exist a one 
parameter group of measure preserving transformations 7’;, satisfying suitable 
regularity requirements with respect to the real parameter ¢, and also the 
group condition 7:7’, = T1.s, for which T,; = 7'? Other problems of interest 
center around the subject of change of velocities in a flow: what purely geo- 
metric properties of a flow remain invariant when we replace 7 by another 
flow S, related to it by the sole requirement that the complete trajectory of 
every point remains the same? One discrete analog of this latter problem 
might be the replacement of a transformation 7 by another transformation S 
related to it by the requirement that the orbit under 7 of every point is a 
subset of its orbit under S. It is the purpose of this paper to make a first 
step in both these directions by finding necessary and sufficient conditions 
for the existence of a transformation S, called a square root of 7, for which 
S?=T7.? Clearly the existence of a square root is a necessary condition for 
embeddability into a flow, and the finding of a square root is the simplest 
speeding up we can effect on a transformation. 

Consider the unitary operator U defined in L.(X) by Uf(z) =f(Tz). 
The correspondence between the set of all measure preserving transformations 


* Received September 17, 1940; Revised May 25, 1941. 

1In the terminology of J. von Neumann, (“ Einige Siitze iiber messbare Abbil- 
dungen,” Annals of Mathematics, vol. 33 (1932), pp. 574-586), X is an m-space and the 
measure is obtained from an l-measure. We shall not make explicit use of the topo- 
logical properties of X, but we assume them in order to be able to make use of von 
Neumann’s results. See also remark (C) in § 4. 

* The equality of the two transformations, S? and 7, as well as every statement 
we make concerning the vanishing of a function, the existence of a function or of a 
transformation, the equality of two sets or two functions, etc., is to be qualified, through- 
‘almost everywhere.” 


‘ 


out this paper, by the phrase 
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T’ and those unitary operators U which are obtained from them is one to one, 
and the analytical tools available in the study of operators make it easier to 
investigate U. We shall give a complete solution of our problem in case U 
has pure point spectrum: in other words, in case there exists a sequence of 
complex numbers Ap, (characteristic values of U), and a complete orthogonal 
set of functions fn(x), (characteristic functions of U), such that Ufn = Anfn. 
The principal tool that we shall use is the following result, due to von 
Neumann, which, for convenience of reference, we state in the form of a lemma. 


Lemma 1. If U is a unitary operator on L2(X) such that for every 
par f,g of bownded measurable functions 


U(fg) = Uf Ug 
then there exists on X a one to one measure preserving transformation T such 


that Uf(x) =f (Tz). 


In order to facilitate the application of this lemma we make the following 


remarks. 


(A) If U satisfies (*) for f,g in a complete set in L. then U satisfies 
(*) for all f,g. This is easily verified by letting f and g be linear combina- 
tions of functions in the complete set and limits of such linear combinations. 

(B) If M is the set of functions in ZL, satisfying Uf Af for some 
fixed A then there exists in M a complete orthogonal set of bounded functions. 
For, let fn(r), n =1,2,---, be a complete set in M. For every positive 
integer & let fn*(x) =fn(x) whenever | Sk; fr*(x) =O otherwise. 
Then fn*(x) «M and together the f,*(2) are a complete set in M; by an 
application of the Schmidt orthogonalization process * we obtain the desired set. 

(C) If £ isa measurable subset of XY and if U’ is a unitary operator on 
[.,(E£) satisfying (*) for all bounded f, g in L.(/’), then there exists on EF a 
one to one measure preserving transformation 7” such that U’f(#) =f(T’2). 
For, we may apply Lemma 1 to the operator U defined by the relations 
Uf =U’f if f =0 on the complement of /, Uf =f if f=0 on £. 

We call attention to the following notations, used throughout the paper. 
If £ is any subset of X, £ will denote the complementary set Y — HZ. If P 
is any proposition concerning points xe XY, »{P} will denote the set of points 


3 Here fg is the ordinary product f(#)g(xv). See J. von Neumann, “ Zur Operatoren- 
methode in der Klassischen Mechanik,” Annals of Mathematics, vol. 33 (1932), pp. 587- 
642, particularly pp. 618-619. 

4See R: Courant and D. Hilbert, Methoden der mathematischen Physik, Springer, 
1931, vol. 1, p. 41. 
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where P is true. 7’ will always be a given one to one and measure preserving 
transformation of XY into itself, and U its corresponding unitary operator. 
2. The necessary and sufficient conditions. We are now in a position 
to begin the characterization of transformations which have square roots. 
THEOREM 1. Jf T has a square root, T = S?, then —1 is a charac- 
teristic value of U of even multiplicity (= 0,2,4,---, 0). 


Proof. We shall prove the theorem by making correspond to each charac- 
teristic function f(x) belonging to the characteristic value —1 another such 
characteristic function f*(x) with the following properties: (i) f(x) and 
f*(x) are orthogonal; (ii) if f.(a) is orthogonal to f,;(2) and f*,(2) then 
so is ; (iii) f*¥*(z) =—f(z). 
Suppe. that f(7r) We define f*(r) =f(Sz).> We have 
f*(Tx) =f(STx) = f(TSz) =—f (Sz) =—f*(z); 


it remains to be proved that f*(x) has the properties (i), (ii), (iii). 


Since S is a measure preserving transformation we have, for any 
integrable function u(r), fu(x)dx—= fu(Sx)dx. Writing u(x) = f(x) f*(z), 
it follows easily that fu(x)dx = — fu(Sx)dx=0. Next: if and 
f2(@) are orthogonal characteristic functions of 7 belonging to the charac- 
teristic value — 1, and if f.(a) is also orthogonal to =f, (Sz), then an 
application of S to the arguments of the integrands in ffilx) f¥2 (x) de and 
de shows that f*.(a) is orthogonal to both f,(#) and 
Finally it follows from the definition of that f**(2) =—f(x). This 
completes the proof. 

The result of Theorem 1 motivates the following theorem which will be 
used to split up the study of transformations, satisfying the necessary condi- 
tion of Theorem 1, into two cases. In Theorem 2 and in much of what follows 
we shall make repeated use of a concept for which it is therefore desirable to 
introduce a convenient notation. If A is a characteristic value of U and £ is 
a subset of Y, we shall denote by (/,A) the class of characteristic functions 
belonging to the characteristic value A, which vanish on Z. We shall refer to 
a member of this class as an (#,2)-function. 

THEOREM 2. To every T there corresponds a measurable set E, invariant 
under T’, such that there are no (E,—1)-functions other than f(x) =0, and 
such that there is at least one (E,—1)-function which does not vanish on E.° 


5% is the conjugate of the complex number ¢. 
® Z may be the whole space or the empty set. In the case where E turns out to be 
X the theorem says that —1 is not a proper eigenvalue of U, (i.e. the only charac- 
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Proof. Let M be the set of functions f(z) in LZ, for which f(Tz) 
=-—f(x). If M is of dimension 0 we write H =X, (see footnote ‘*); 
otherwise let f;, f2,- - - be a complete orthogonal set in M. Since along with 
fn, R(fn) and I(fn) also belong to M,* and since the set 


{R(fn), (fn); n=1,2,- 


is complete, the Schmidt orthogonalization process permits us to assume that 
the f, are real valued. Let EF be the set 


E = = 0} - 


Since fn(Tx) =— f(x) the set o{fn 0} is invariant under 7, and there- 


fore so is H. Suppose now that f(z) is a bounded (£,—1)-function. Since 


we may write f(z) = > aifi(x), (the Fourier series converging in the mean), 
i=l 


we have f(z) =~ 0 on E; since by hypothesis f(z) —0 on £, it follows that 


f(z) =0. 
To construct an (#,—1)-function which does not vanish on F we pro- 
ceed as follows. Let A, be the set 2{f; o{fn-1 = 0}, n = 2, 


A,=4X, and let a(x) be the characteristic function of An. Write 

f(x) =D a,(x)fn(x). The series converges everywhere since, as is easily 
n=1 


verified, for each z at most one term is different from zero. We may now define 


then f(z) is an (#,—1)-function in Z., (in fact f(x) is bounded), and 
f(x) does not vanish on & ; we remark that f(x) is real valued by construction. 
Retaining the notation of the above proof we have 


Lemma 2. If T has a square root S, then SE=E. 


Proof. If E=X or HE =0, the lemma is trivial. In any other case 
let f(x) be an (#,—1)-function which does not vanish on £; write 
G = ,{g(z) =0}, where g(x) —f(S“*r). Since FE 2{f(x) = 0}, we have 
SE Since, furthermore, g(7x) it follows that g(x) 
on F, so that H € G; since, (S being a measure preserving transformation), 
m(E) =m(G), we have E=G=SE. 


teristic function corresponding to — 1 is f(#) = 0), and the condition on B is satisfied 
vacuously. In the case where H = 0, the theorem says that there exists a characteristic 
function corresponding to —1 which never vanishes. 

7R(z) and I(z) are the real and imaginary parts, respectively, of the complex 
number 2z. 
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Considering the transformation 7 only on the subspaces Z and F# we 
observe that the last two results enable us to split the problem of finding 


square roots into two cases. 
Case I. The only function satisfying f(Tr) =—f(z) is f(x) =0. 
Case II. There exists a nowhere vanishing real valued function f(z) 
for which f(Tx) =—f(z). 


The only detail we have to verify is whether or not Lemma 1 is applicable 
to the subspaces # and &. This is answered in the affirmative by the remark 
(C) following Lemma 1. 

We shall be able to prove that if 7 has a pure point spectrum® and 
belongs to case I then 7 always has a square root. First, however, we shall 
prove a special case of this theorem because the special case is sufficiently 
important to make a simple proof desirable and because the proof of the 
special case will serve as a guiding thread in the steps of the general proof. 
We recall a definition: J is said to be metrically transitive if T has no non- 


trivial invariant sets: more precisely, if —E implies m(£)m(£) =0. 


THEOREM 3. Jf 7 is a metrically transitive transformation with a pure 


point spectrum not containing —1 then T has a square root. 
The proof of this theorem depends on the following lemma. 


3. If G isa countable multiplicative group of complex numbers 
of modulus one which does not contain —1, then there exists an isomorphic 
group G’ such that if X% and N correspond under the isomorphism then 
=A, 


Proof of Lemma 3. We observe that it is impossible that both the 
numbers A and —A should be in G, for any A, for then we should have 
(A) (—1/A) = — 1« G, contrary to our hypothesis. Hence if we denote by H 
the subgroup of squares in G, then to each »e H there corresponds a unique 
Ae G for which A? =p: throughout this proof we shall denote A by V p. 

Let A, be an arbitrary element of HH; choose A, in G but not in H, Ag; in 
G but not in H nor in AsH (where AH means the set of all numbers of the 
form Ap, we 1), and so on. In this way we obtain a finite or infinite sequence 
of elements A,,A2,° in G, such that the cosets A,H,A»H,- - are disjoint 
and exhaust G. If we define AkH © A;H —=diA;H, then under this compo- 
sition the cosets A,// form a group isomorphic with the quotient group G/H. 
We observe that every element in this (abelian) quotient group is of order 


® This means, of course, that U has pure point spectrum. 
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two, since A,*« H implies A,°H = H for n—1,2,---. Hence we may find 
in this quotient group a basis represented by, say, the cosets Aq,H, Aa,H,---. 
This implies that every element of G is uniquely expressible in the form 


where ¢; = 0 or 1, we H, and only a finite number of the «; are different from 
zero. We now choose, for each j, either of the two values of Vda, : we denote 
this number by va, To the general element of G written above we make 
correspond the number 


It is easily verified that the set of all these numbers forms a group G’ with 
the desired properties. 


Proof of Theorem 3. Since T is metrically transitive, U has simple 
spectrum, so that to each characteristic value A; there corresponds a charac- 
teristic function f;, uniquely determined except for a constant multiplicative 
factor, and by hypothesis the f; form a complete orthogonal set in L.. Since 
U (fifi) = (Ufi) (Uf;) we must have AiAj —dAx, = cfe for 
some positive integer k and constant c. The set of all characteristic values 
forms therefore a group G to which Lemma 3 may be applied to obtain an 
isomorphic square root group G’. A unique unitary operator V may be defined 
by the conditions Vf; = 2’ifi, where ’; is the isomorph of Aj in G’. It is 
clear that V?—U; and since we have V(fifj;) =cVfx = and 
(Vfi) =NiN = so that V (fifi) = (Vfi) (Vi), Lemma 1 
and the remark (A) following it yield the proof of the theorem. 

By means of this theorem it is easy to give a complete spectral charac- 
terization of the metrically transitive transformations with pure point 
spectrum which have a square root. In fact we can show that the sufficient 
condition of Theorem 3 is necessary, even without the assumption of pure 


point spectrum. 


TueoremM 4. If —1 is a characteristic value of the metrically transitive 


transformation T then T does not have a square root. 


This theorem is an immediate consequence of Theorem 1 and the fact 
that the characteristic values of a metrically transitive transformation are 
simple. We elect, however, to give another proof to which we shall have 


occasion to refer later. (See the proof of Theorem 6.) 


Proof of Theorem 4. Suppose that f(x) is a characteristic function 
lelonging to the characteristic value —1. Then f(#) is an invariant func- 


| 
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tion under U*, so that T* is not metrically transitive. Let Co be a non-trivial 
invariant set of JT? (i.e, 0< m(Co) < m(X)). Then since Co +T7Co is 
invariant under 7 we must have C, + TC) =X, and since Cy: TC) is invariant 
under Co: TC, =0. We write TC, = 

Suppose further that 7 has a square root S. Writing Ci; = C;- SC;j, 
we have SCy; = SC; TC; = SCi (where the subscripts are to be 
interpreted modulo 2), so that TCi; = Ciss,j.1. It follows that ‘A = Coo + Cu, 


and B=C >; + Cio, are non-trivial invariant sets under 7, contradicting 
the hypothesis of metrical transitivity. This proves the impossibility of the 
existence of S. 

We return now to the more general problem, and give the proof of the 


following theorem. 


THEOREM 5. Jf T has pure point spectrum not containing —1.then T 


has a square root. 


Proof. For any complex number A of absolute value one we define a set 
M(A) as follows. If A is not a characteristic value of U we define M(A) to 
be the null set. If A is a characteristic value, let f;, f2,- - - be a complete 
orthogonal set of functions in the manifold of characteristic functions 
belonging to A. Let K = K(A) be the set = 9}- +--+; write 
M(A) =K. Just as in the proof of Theorem 2 we see that there are no 
(K,2)-functions, and that there is at least one (M(A),A)-function which 
does not vanish on M(A). We introduce the convention that Wh: for any A 
of modulus one, is that value of the square root of 4 whose argument lies in 
the interval 0 = 0 < zx. 

Consider, for any A, the sets (A) and M(—A). We remark that these 
two sets are disjoint, for otherwise we should have bounded characteristic 
functions, f belonging to A, and g belonging to —A, such that the set where 
neither vanishes is of positive measure. Then the function f-g does not vanish 
identically, and it is a characteristic function belonging to (A) (Aa) =—l. 

Now let A» be any one of the characteristic values of U ; write 


Fy = M( V Xn a= M(— V An); A, = M (An) (Fr + Gn), 


In view of the remark above the sets Fn, Gn, Hn, Kn, for any fixed n, are 
disjoint and cover X. 

We shall now define a unitary operator V which will turn out to be the 
unitary correspondent of one of the square roots of 7. Because of the 


*It is easy to see that M(An) D M(+ Vn). 
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hypothesis of pure point spectrum it is sufficient to define V for a complete 
subset of the set of all characteristic functions of U: it will then have a 
uniquely determined extension to all LZ... We shall explicitly define V for 
all (Fy, An)-functions, all (Gn, An)-functions, and, for each fixed n, for all 
(H,£;., An)-functions, where the £; will be a suitably chosen finite collection 
of disjoint measurable sets covering XY. The totality of all functions here 
listed is obviously complete. 

For every (Fn, An)-function f we write Vf = V Mal 3 for every (Gn, An)- 
function g, Vg =— Vang. For (Hn, dn)-functions we shall give the defini- 
tion of V by induction on n. For every (H,,A,)-function h we define 
Vh = VaA,h. In defining V for (H.,A-)-functions we distinguish between 
two possibilities. (1) No odd power of A, is in the (cyclic) group generated 
by A:. In this case we define, for every (H2, A,)-function h, Vh = V doh. 
(ii) There is an odd power of A, in the group generated by A,. In this case 
we define V separately for the four possible classes of functions 


(HsFi,d2), (H2G:,d2), (HeHs,A2), (H2K:,.2)- 


For any function k of the last class we define Vk = VA.k. The definitions 
of V for the other three classes are similar to each other: we give the defini- 
tion only for the first class (H.I',,A.). By hypothesis A."2 = A," with n. odd. 
Then Az is one of the values of A,"/"*. To the class of functions (F,,A,) we 
have already made correspond one of the values, say 14, of the square root 
of A;. We now make correspond to the class (//2.F,,A2) that uniquely deter- 
mined value, v2, of v,"/"2 which is a square root of A,. The existence of such 
a v2 is obvious and its uniqueness follows from the fact that nz is odd, so that 
no m-th root of unity is —1. It still remains to be shown that if we also 
have A”? =A,"2, where n’, is odd, then the square root v, obtained from 
this relation by our process is the same as vz. This ‘is true because the square 
root v’’, obtained from the relation A,"2"2 = A,""1 is seen to be equal to both 
v. and v’,. Our notation being consistent we may define Vf, for any (H2F1, 2)- 
function f, by Vf = vf. 

The details of the general step in the inductive process are cumbersome: 
we merely sketch them. Suppose then that V has been defined for all 
characteristic functions belonging to Aj, 1,: we are to define V 
for the class (Hns1, Ans). We do this by considering separately the classes 
An, Anti) Where each A; may be Fj, Gj, Hj, Kj, =1,° 0. 
In any one of these classes a certain number of A’s may be K’s. We consider 
only those numbers of the set A;,: ~~, An whose subscripts correspond to the 
other A’s: those which are F’s, G’s, or H’s. We distinguish between two 
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2 possibilities according as there is or is not an odd power of Ansa in the group 

1 generated by the d’s under consideration. In the latter case we associate with 

r | the function class under consideration an arbitrary one of the two values of 

] | Vin in the former case we prove as above the existence of a unique square 

1 root of An. compatible with the previously chosen square roots. 

2 V is now defined; we shall show that it satisfies (*), (see Lemma 1), 
thereby concluding the proof of the theorem. 

. For each positive integer n we suppose that we have given a complete set 

: of bounded characteristic functions belonging to A, such that every member 

; of the set belongs to one of the function classes (A,A2-~-+An,An) where 

‘ Aj = Fj, Gj, Hj, Kj, j=1,--+-,n. Let dn and dm be such characteristic 

1 functions corresponding to A» and Am respectively. If gndm==0 then 
V(dndm) = 0 = (Von) (Vdm), so that (*) is satisfied in this case. If 

: ¢ném £0 then this product is a characteristic function belonging to the 

characteristic value Ax, say, where Ay —=AnAm. In this case the function 
oj, j =n, m,k, can be written as a sum of functions fj, gj, hj’, hj?,--- , hj, 
where f; is an (F,,A;)-function, g; is a A;)-function, and hj‘ is a func- 
tion in the i-th class of the classes Ax-+,Aj) (in some order), 

where A, =F ,, G,, Hr, Kr; r=1,2,° +, k—1. 

We have 

: = + ths +: + (j =n, m,k). 

it We are to show that 

= Vim, Vox= Von: (i=1,:--,p). 

h Now Vf = vefx, Where vy is one of the square roots of Ay. On the other hand 

ut Vim = nfm = Vnvmfx. We must have vavm = vz for vavm is one of the 

. square roots of Ax, and if it were not equal to v, then /; would intersect both 

Ks the sets M(V/Ax) and M(— Vx) and this is impossible by the definition 

7 of F;. The same reasoning establishes the desired result for the g’s. For the 

h h’s the situation is even simpler: of the three numbers An, Am, Ax the one with 

- highest subscript is included in the group generated by the other two, and 
therefore by the way V was defined for the h’s the corresponding square root 

choices are compatible. 

. In order to be able to state our final theorem we need to define a concept 

' introduced by A. Haar.’® An orthogonal set f,, f2,- - - of bounded functions 

ve is said to be relatively complete if the function f(a#) =1, and the functions 

‘ faim, n,m = 1,2,--- belong to the closed linear manifold spanned by the fy. 

3 In terms of this concept we can state our final theorem. 

y 10 A. Haar, “ Uber die Multiplikationstabelle der orthoganalen Funktionensysteme,” 
Mathematische Zeitschrift, vol. 31 (1930), pp. 769-798. 
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THEOREM 6. Jf T has pure point spectrum and if there exists a nowhere 
vanishing real valued characteristic function n(x) belonging to the charac- 
teristic value —1, then a necessary and sufficient condition that T have a 
square root is that there exist a function p(x) invariant under T and taking 
only the values +1, and a relatively complete orthogonal set $1, $2,° 
of characteristic functions such that the totality of the functions 


P(X) ; m= 1,2,° 
is a complete orthogonal set in Lo. 

Remark. If we write A = +1}, B=X— A, then the con- 
dition says, essentially, that the transformation 7 behaves about the same way 
on the two invariant sets A and B. For, let P be the projection in L. on the 
manifold of all functions which vanish on A and let Q=I—P; write 
Gn = Pon, Bn = Von. Then {an} and {8,} are complete orthogonal sets of 
characteristic functions of 7 on the manifolds Z.(A) and L.(B) respectively. 
The fact that ¢n(z) is orthogonal to p(a)dn(x) implies that the linear 
operator W with domain L.(A) and range L.(B) defined by Wan = By is 
isometric. Moreover the relative completeness of the set ¢, implies W(%n¢m) 
= BnBm. By an easy modification of Lemma 1 this is seen to imply that 
there exists a one to one measure preserving transformation R of A on B 
such that for every fe L2(A), Wf(x) =f(Rr). Since the transformations T, 
and 7’, induced by 7 on A and B, respectively, have ¢ and Bn as charac- 
teristic functions corresponding to the same characteristic value, it is easy to 
verify that RT = Tz. 

Proof of necessity. Suppose that 7’ has a square root, 7’ = S*. Write 

Co = a2{n(z) >0}, Ci—.{n(z) < 0}. 


Then TC; =Cis:, (where the subscripts are interpreted modulo 2). If we 
write =C;:SCj, and A=Co + Cn, B=Cou+ Cio, then it follows, 
just as in the proof of Theorem 4, that TA =SB= A, TB=SA=B. 
Let An be any one of the characteristic values of U; let {ai"(x)} be a 
complete orthogonal set of bounded functions in the manifold of (A, An)- 
functions. Write by"(x) =a;"(Sx)/An: then {bi"(x)} is a complete ortho- 
gonal set in the manifold of (B,An)-functions, and together the ai"(«) and 
bi"(x) are a complete orthogonal set in the manifold of all characteristic 


functions of characteristic value An. We write 
fi™(x) (x) + gi" = p(x) fi" = ay" (x) — 


It is immediately verified that these functions are a complete orthogonal set 
in the manifold of characteristic functions of An. 


W 
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We shall now prove that the set of functions f;"(z), i,n =1, 2,-° - 
is a relatively complete set. Let a(x) and b() be the characteristic functions 
of A and B respectively; suppose that A, = 1. Then since a(x) is an (A, Ax)- 
function we have a(x) = XqCadq'(x) and 

b(x) = = (2), 
o that 
1=a(z) + b(z) Sala (Ma (2) + bq’ (x)) (2). 
Hence the function f(x) =1 is in the manifold of functions spanned by 
the fi". If fi" (x) f;" (x) =0 then clearly this product is also in this manifold ; 
if fi"(v)f;"(x) 0 then this product is a characteristic function belonging 
to value A; say. We have 
b;”) (a;™ 4- b;”) aj"aj™ bi"b;™. 
Since, clearly, a;"a;" is an (A, A,)-function, we have 
(2) 
so that 
ay” (Sr) aj m (Sr) 


b,” (x) b;™ ( ) = = SaCabda* (zx). 


It follows that 
This completes the proof of the necessity of our conditions. 

Proof of sufficiency. Let Ay,A2,° - + be all characteristic values of T 
and let a complete orthogonal set of bounded characteristic functions belong- 
ing to An be {fi"(x), where gi"(z) = p(x)fi"(z) and where the 
fi™(z), 1,2 = 1, % - + are a relatively complete set. (We may take, for n 
fixed, fi"(x), t= 1,2,- to be those characteristic functions of the set 
which correspond to Take arbitrary fixed values of 1, 7, n, m; 
if AnAm is a characteristic value write Ax —AnAm, Otherwise write A, =A, —1. 
The hypotheses made imply the following relations: 

fi nf; XaCafe*(z), 
gif i™ SalaJa* (2). 


We define an operator V by the equations: 


-1+An 
Vii" = (4 + ) 
y 1 Am 1 


it is easy to verify that V is a unitary operator whose square is U. We prove 
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that V(¢y) = (Vd) (Vw) whenever ¢ and y are chosen from the set fi”, g;". 
The proof is merely a matter of calculation; we give the steps for only one 


of three possible cases. 


1 —2Am 1 —A2Am 


=(Xacafa") (- + (SaCaga") 


9 


Sala [( 2 + ga" | =I (fi"gi™)- 


The theorem now follows from Lemma 1 and the remark (A) following it. 


3. Examples. In this section we give some examples illustrating the 
scope of our theorems and demonstrating the necessity of the detailed proofs 
of Theorems 5 and 6. 

Let X be a finite interval, a= x < b, and y an arbitrary real number. 
Denote by T(a,b; y) the transformation defined by Tx = x + y, mod (a, b): 
i.e., the transformation that sends each point 7, a2 < b, into y=ar+y 
+ n(b—a), where n is the unique integer for which a= y < b. T(a,b;y) 
is a one to one measure preserving transformation of (a,b) into itself; it is 
known that 7'(a,b;y) is metrically transitive if and only if y/(b—<a) is 
irrational and that T has pure point spectrum with characteristic values 
e2riny/(v-a) and corresponding characteristic functions for 

(1) Let X be a finite interval, a= 2 < b, and let y/(b—a) be an 
irrational number. Denote by R = R(a,b;y) the transformation defined as 
follows: 

For (a+b)/2, Rr=—T(a,b; (a+ (a+ d)/2; 
for Rr=—T(a, (a+ b)/2;y)T (a,b; (a+ b)/2)z2. 
It is readily verified that R is a metrically transitive transformation with 
pure point spectrum (which is therefore simple) and that —1 is a charac- 
teristic value of R. Hence by Theorem 4, RF does not have a square root. 


(2) The most important property of metrically transitive transforma- 
tions used in the proof of Theorem 3 is the fact that the characteristic values 
form a group, and in fact it is easy to extend the proof to all transformations 
with this property. The following is an example of a transformation which 
does not have this property. Let X be the interval O0=2<1 and y an 
irrational number. Define S by the conditions 


col 


" ] An —1 An 
(Vfi") (Vgi")= fie + gi" | 
( 
| 
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Sz =T(0,1/2;y)2 for OS < 1/72, 
Sx=—T(1/2,1;y+ (1/4))¢ for 1/7227<1. 
It is easy to see that —1 is not in the spectrum of S, but + e*7‘7 are both 
characteristic values. 

(3) The above example had the property that X was decomposable into 
invariant sets on which the characteristic values form a group. To show that 
this is not the general case we consider the following example. Denote by 
S(y) the transformation in (2). Let X be the (countably) infinite dimen- 
sional product space of the unit interval with itself, with the usual multipli- 
cative measure, and let yi, y2,°** be a sequence of linearly independent real 
numbers. Define the transformation S’ for a point re X, «= (2, %2,° + *) 
by = (S(y1)21, S(y2)22,° + +). In this case it is impossible to split X 
into a countable number of parts on each of which the characteristic values 


of S’ form a group. 


(4) An example which typifies the situation described in Theorem 6 
is the following. Let XY be the unit interval, and y an irrational number. 
Let R’ be defined by the relations 

= R(0,1/2;y)2 for 0 S2< 1/2, 
= R(1/2,1;y)z for 1/22 <1, 
where R(a,b;y) is the transformation defined in (1). Let p(#) =—1 for 
C= 2 < 1/2, p(x) —1 for 1. Let 
= ine for 0 Sa<1/4 and 12S27< 3/4, 
= for 1/4S27<1/2 and 3/4S2<1, 
(n= 0, +1, 
The functions p(a) and ¢,,¢2,° - - satisfy the hypotheses of Theorem 6, 
and therefore R’ has a square root. One such square root Q that our method 
vields is defined as follows: 
For 0 Qz 1/2, 
for 
for 1/2s2< 3/4, Qu = T (0,1; 3/4)a, 
for 3/42 <1, = T (0, 1/4; y)T (0,1; 1/4). 


4. Concluding remarks. (A) We observe that no sort of uniqueness 
could be hoped for in any general theorem that asserts the existence of a square 
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root: witness, for instance, the identity transformation, which has any trans- 
formation of order two for a square root. The method of Theorem 5 (or of 
Theorem 3) yields a unique square root only if every characteristic value is 
the square of another characteristic value; in all other cases there are several 
square roots obtainable by that method. The unique square root which the 
method associates with the identity transformation is the identity itself; 
more generally if the characteristic values of a transformation form a finite 
group not containing —1 then the method of Theorem 5 yields as a square 
root a transformation with the same group of characteristic values. (This 
fact is most easily seen by an examination of the proof of Lemma 3.) Thus, 
for example, the square root, given by Theorem 5, of 7(0,1;1/3) is not 
T(0,1;1/6) but 7(0,1; 2/3). 


(B) The square root of a transformation is more likely to be metrically 
transitive and less likely to be continuous than the transformation itself, 
For if S* = T, then any set invariant under S is invariant under 7’, but not 
conversely. If 7’ is the transformation defined by Tx =—va for —12751 
then a square root for 7 is easily found by Theorem 6, but since 7 and the 
identity are the only two continuous measure preserving transformations of 


(— 1,1) into itself, 7 has no continuous square roots. 


(C) We remark, finally, on the role of the topological assumptions we 
made on X. They were necessary only in order to apply Lemma 1: a result 
which most likely remains true if all topological assumptions are removed, 
but which has never been proved without them. We can, however, get along 
without the topology even so, if we are willing to restrict our attention to set 
transformations. The sort of set correspondences we consider are, of course, 
one to one and measure preserving, and preserve (countable) sum, product, 
and complement. To any such transformation T there corresponds a unitary 
operator U determined by the condition that if F is the characteristic function 
of a measurable set #, then Uf is the characteristic function of T/. All our 
results may be applied to these unitary operators and our theorems yield, 
whenever possible, a unitary operator V satisfying (*) and V?—U. The 
advantage of considering set transformations (and the réle of Lemma 1 and 
the topological assumptions necessary for its proof) becomes apparent only 
now: it takes Lemma 1 to assure us of the existence of a point transformation 
which generates V, but a set transformation which generates V always exists. 


(See reference in footnote “). 
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POST ALGEBRAS. I. POSTULATES AND GENERAL THEORY.* 


By Pau C. RosenBioom. 


Historical introduction and summary of results. In 1920, Post? (1) 
gave a definition of n-valued logic that was a generalization of the usual 2-valued 
calculus. He'defined the most important operations and discussed some of 
their properties by means of tables of values. Webb (2) reduced the required 
number of undefined ideas to one. Later Webb (3) proved most of the impor- 
tant propositions of the n-valued logic by the numerical interpretation in 
terms of congruences. This consists, essentially, in using tables of values in 
a general way that eliminates trial and error. The Lukasiewicz-Tarski (4) 
n-valued logics are included in the Post calculi, but not conversely. In fact, 
the Post logics are symbolically complete,’ i.e., all operations and relations 
in these systems definable by tables of values are definable in terms of the 
primitive ideas of these logics; the Lukasiewicz-Tarski systems do not share 
this property. We shall confine our attention, in this paper, to the Post 
algebras,* not concerning ourselves with their interpretation as logics, but 
with the abstract algebraic properties of the systems. 

We give here the first* postulate-set for Post algebras and prove the 
fundamental theorems from the assumptions. The Post algebras are here 
generalized in analogy to the extension from 2-element Boolean algebras to 
n-element Boolean algebras. We prove that two n-valued Post algebras with 
the same finite number of elements are simply isomorphic, and deduce, as a 
corollary, that our postulate-set is complete when a postulate as to the number 
of elements is added. The analogues to the prime elements in Boolean algebras 
are defined and a unique factorization theorem is proven. This leads to the 
theorem that an n-valued Post algebra with m(=1) prime elements has n™ 
elements, and also to a numerical interpretation analogous to the Sheffer 


* Received November 6, 1940; Revised June 28, 1941. 

1The numbers in parentheses refer to the bibliography at the end of the paper. 

* This term is attributed by Webb to J. C. C, McKinsey. 

®We believe this term most appropriate for the algebras described here, just as 
Boolean algebra seems the best term for the algebra corresponding to the two valued 
logic. 

‘Since this was written Rosser’s paper (8) appeared. His “ Axiom group I” corre- 
sponds to the present development. However, he has a propositional calculus whereas 
we have here an algebra. The former explicitly states its rules of deduction, while the 
latter is “ embedded ” in ordinary logic, which is assumed implicitly. 
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“Boolean numbers.” It turns out that Boolean algebra is such a degenerate 
special case that most Boolean theorems generalize into several theorems and 
most Boolean operations into several Post operations. In fact, the first Post 
algebra which exhibits the typical properties of them all is the six-valued case.5 

Post algebras should have many applications since every operation or 
relation defined on a finite range can be defined in terms of Post operations,® 
and many cases of multiply-isomorphic objects? can be dealt with simultane- 
ously. It follows from results of Bernstein (5) that this is not true of con- 
gruences, i.e., we cannot in general get a definition of an object isomorphic 
to a given finite operation or relation in terms of arithmetical addition and 
multiplication with respect to some modulus.§ Furthermore, algebraic manipu- 
lations in Post algebras are in many ways simpler than the corresponding 


arithmetical operations. 


The primitive frame.® We take as undefined a class K of elements,’ 
a binary ** operation +-, and a unary?” operation ’ and make the following 
assumptions about them: ** 

Undefined: K, +, ’. 

We make the following definitions in order to be able to state our postu- 
lates in convenient form. We take n = 2 to be some fixed positive integer. 
Dl. (Similarly for p+q+r-+s, ete.) 

b 
D2. f(t) =f(a) +: 


=a 


D3. p =p. (pm)’. 


° For example, P9 does not begin to show its general form until n=6. Of course, 
this is true only with respect to the way in which the theorems are derived from the 
postulates and not for the class of theorems as such. 

® See Post (1), Webb (3), or this paper T57, which implies as a corollary that every 
n-ary operation on a range of n elements can be defined in terms of the operations in 
an n-valued Post algebra. 

7 The definition alluded to in * will yield an operation multiply isomorphic to the 
given one defined on a range of n™ elements. 

8 If the range has a prime number of elements, it is possible to define an isomorphic 
operation or relation in terms of addition and multiplication with respect to a modulus; 
see Bernstein (5). 

®° This term, introduced by Curry, means the totality of undefined ideas and 
unproved propositions. 

10Tn the logical interpretation these are the “ propositions.” 

11, Our + is Post’s and Webb’s V,.. 

22 (’) is Post’s and Webb’s ~,. 

18 We iuse, for brevity, such symbols as > for “ implies,” e, and 4 without further 


comment. 
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n-1 

D4. 1(p) = 
Db. 2(p) = (1(p))’. (p) = (1(p))™. (n>m=2). 
D6. 0(p) = ((n—1) (p))’ = 

n-1 
D8. Pm = ((p+ 2(p))™ + 
D9. pi = (p*);. 
D10. p-+ = 


1(p), 2(p),° - -, ete., will be proved independent of p. (T2, T3). They 


correspond to the so-called “truth values” which appear in the interpreta- 


tion as logic. pi, po,- - + are what might be called “ step-functions” in view 
of T33 and T34 below. 

n-1 

m=1 


p’ and — p are two generalizations of the “ complement of p” in Boolean 
algebra.** In the two-valued case they degenerate to that operation. In 


general however, they are distinct. 


D13. pqr = (pq)r. 
Pi. pe K. 
P2. 
For convenience, we use H(p,q,7,- +) to mean “p,q,7r,- and 


all their combinations mentioned in the conclusion are in K.” ® 


P3. 

P4, H(p,q,7) p+ (a+r) =(p+q) +7 
P5. H(p).7>.p+p=p. 

P6. 1(p) = (1(p))" = (0(p))’. 

PY. (p+) (p +7"). 
P8. H(p,q).— == 9, 


P8 is a generalization of the Boolean law pq + pq’ = p. 


Our — is Post’s 
18 The second part of the definition of H was inserted to facilitate the finding of 


possible independence examples. 


i 
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+ {[m—2] (p) + {[m—1] (p) + (0(p) 


P9 is a generalization of the Boolean law p=—p-+0p’. It will be 
simplified in T30.¢ 


n-1 


n-1 
P10. H(p, Ao, An-1) (> Aigyt)’ 
i=0 


P10 is a generalization of the Boolean law (Aop + Axp’)’ ='A’op + A’ip’. 
P11. pAq. 


A system *® which obeys the above postulates will be called a Post Algebra 
of type n, and will be designated by P,. If K contains exactly k elements 
(by P11, k = 2), Pn will be said to have the order & and will be designated 
by Pn(k). 

' We now develop the elementary, but fundamental, formal properties. 
(Henceforth, such hypotheses as H(p,q) will be understood implicitly.) 


= (D12, P3). 
T2. 1(p) =1(¢). (D4, P8, T1, P3, P4, P8, D4). 
n-1 n-1 n-1 n-1 
Proof. l1(p)= => (> pig’) == 
= i-0 j=0 j=0 
n-1 n-1 
(gp!) =X =1(9). 
j= i=0 j=0 
T3. m(p) =m(q). (n—1=2=m=20) (T2, D5, D6). 
D14. m=m(p). (n—1=m=0). 


D14 is justified since, by T3, m(p) is a unique element of P, independent 
of p. From now on we shall use the notation of D14. Using this notation, 
the following theorems are mere restatements of D4, D5, D6, D8, P6, P9. 


T4, 1 =D pi. 
i=0 
T5. fn == 1", (n—1=>m=1). 


16 This postulate combines T27 and T30 in view of T14; it is not necessary to 
work T31 into this postulate. These considerations explain the complicated structure 
of this postulate. 

17 For convenience we make the convention that with small Latin letters, subscripts 
are used in accordance with D7 and D8; with capital letters subscripts have the usual 
meaning. Thus here, A,,A,>° . + are any » elements of K, not the elements derived 
from a single element A in accordance with D7 and D8. 

18 That is, an ordered triple (K,+,’). 
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T6. Q = 
Pm = ((p + + (2=mSn—1). 
T8. 1* =] =—(0’, 


+ [n—2] pr? + [n—1] px? + 


T10. 
n-1 n-1 
Proof. dpi=—p+ 
4=1 i=1 
T10 is the analogue of the well-known Boolean law. 
T11. (9) gmk, (Induction) .*® 
T12. m" =m. (T5, T11, T8, T5). 


T13. m*=—[m-+k], where [m+k] is the constant element of K 


represented by the least non-negative residue of m + k modulo n.?° 


We shall continue this convenient use of [m]. 


T14. m, = 0. (mA1;0Sm=n—1) (D?, T13, T10, T6). 
= 0. (m¥¢k (modn); OS mSn—1,1Sk Sn). 
n-1 


Proof. Lett m=2. m= (> = (mem + 
i=1 
= (1 + == == 0, 


(>’ indicates summation over all terms except m™~**.) 
If m=1, n—m-+1—n; therefore this reasoning does not apply. 
If m = 0, 0’ 1 occurs in the summation and the above reasoning is 


valid. m a= = [m+ n—k +1], = [m—k+1]1. 
T15. p=ptpa—pq+p. (P8, P5, P8). 


n-1 n-1 n-l 


Proof. p= = + Pa = + PY + pg 
= PIT P—P 


T16. p= (p+ (T15, P7, Pd). 
Proof. p=p+py=(p+p)(p+q) =Pp(pt+ 

T17. p = pp. (T16, P5). 

T18. p=— (—p). (T17, D12, P5). 


19 T11 is just a notational theorem, i.e., it follows from D3 alone. 
20 Within square brackets, all operations are in ordinary arithmetic; otherwise 


they are always Post operations. 
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Proof. p= pp=— ((—p) + (—p)) =— (—p). 
T19. (T16, T10). 


This theorem shows that, as in Boolean algebra, 1 is the unit element, 


T20. pP(qr) = (pq)r = pqr. (D12, T18, P4). 
Proof. p(qr)—=—{—p +—(qr)} =—{—p 
—{—(py) +-— 1} — (pg)r. 
T21. + pr=p(q+r). Fa, 


Proof. pq + pr= (pq + p) (pq +1) = +7) 
=p(p+r)(q+r) =p(q+7). 


T22. (T9,T14,T17, T15, D11, D8, P5,T13,T10, T6, T10). 
Proof. 1=1,+2-0, +> (i+ [i+1])16+ [n—2]4.+ [n—1]3, +022 
=1,+2-04+35 (i+ [i+1])0+ [n—2]0 + [n—1]0 +0-0 

i=3 


n-3 


=1,+2:°0+2 (t+ [¢+1])0+ [n—2]0 + [n—1]0+0 


==], 0. 
n-1 n-1 n-1 
Therefore —0 = = 1; + 22+ = 1, + ((2 + + 
i=1 i=3 i=3 


n-1 n-1 


= 1, + (2" 4 27)" 4 (1+ 22)" 4+ 
i=3 
n-1 n-1 n-1 
i=3 i=3 


I have been unable to find a simpler proof of this theorem. 


T23. p0 = 0p =0. (D12, T22, T10, T18). 
Proof. p0O=—(—p+—0) =— (—p+1) =—1=— (— 0) = 0. 

T24. p+q=—((—p)(—q)). (D12,T18). 

T25. pt0=—0+p=p. (T15, T23). 
Proof. ptO0—p+0p—p. 


As in Boolean algebra, 0 is the zero element. 
T26. 1,—1. (See proof of T22). 
T27. i+ (3 SisSn—83). (T14, T19). 
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Proof. +2[n+i—1], +3 (i+ [n—2] [04+ 3], 
+ [n—1][¢+ 2]: + +1). 
=0=([n+i—1],= [i+ 3], 2]1. 
0 7; except when n+ i—j+1=1,modn, i.e, i=}. 
Then, 13 == 1, 


i— (i+ [i +1])-1=t4 [641]. 


We are now able to simplify P9. 


n-1 
T28. p= pst (T27). 
T29. p* =p. (T28, P10, T12). 
n-1 n-1 
Proof. pn i"p-i 1*p,° + >» 1p,° + == 
n-1 n-1 
T31. (n=3). (T26, D7, T5, T29, P5). 
n-1 n-1 
Proof. 1 == 1, = (> 1? (> 1*)* 
i=1 4=1 
n-1 n-1 n-1 
i=1 i=4 i=4 
n-1 
4=1 


T32, (2SiSn—1, or i—0O). Similar to above proof. 


Now we are able to characterize the function p, more precisely and show 
the agreement between our definition and Post’s. 


T33. (11; 0515 
(T?, T32, T13, T10, T6). 


T34. 1, =k. (T7, T10, T6, T25, T13). 


Proof. = {(1 + 2)" 4 4 
= (0 + = = 14! = [k++ n] =k. 


T3, —i=—(n—i+1]. (OStSn—1). (D11,T33, 734, T13). 


n-1 
Proof. —i=Si;i. All the terms equal 0 except the one with = 1, 


ie, J=[n—i+ i]. Hence, —i =j = [n—1+1]. 


| 
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D15. 
T36. p@Cq.2.pq—p. 
Proof. =P= 


T37-T44 are proved by D15 or T36. 


T37. pCq.>.ptrCq+r and prCegr. 

T38. pCp+q. pq p. 

T39. pCp. 

T40. pCqand qCr.>.pCr. 

T41. pCq and 

T42. pCrand gqCr.>.p+qCr. 

T43. 0C pCi. 

T44, pCq and qCp.>.p=q. 

T45. pCq.c.—qC—p. (D15, T24, T36). 


Proof. 
T46. ‘2. (2Sisn—1). (T32). 
T47. —1] =—2Ci. (1Sisn—1). (T45, T46). 
T48. ij = j. 

(T39, D15, T27, T46, T47). 

Proof. 


If 1SiSjS[n—1], and jCi, and [j7+1] [n—1], then 
1Si<c [fj +1] S [n—1]], and [j +1] Cy. Therefore [7 + 1] Ci. 
Therefore the theorem is true by induction on }. 


T49. (T26, T14, T43). 


Proof. j=1 and hypothesis .>.j 
j1 and hypothesis .—>.j,; Cu. 
T50. 

Proof. Hither i Sj or Assume iSj. If +7). 
pCi. jt+i—t. Therefore (¢+ 7): +): By symmetry, the 
theorem is true for 7 1. 

The fundamental theorem in Post algebras. This is the analogue of 


the Boolean theorem f(p) —f(1)p+/(0)p’. Before we can prove the 
theorem in general, we must deduce certain special cases. 


POST ALGEBRAS. 


I. POSTULATES AND GENERAL THEORY. 


n-1 n-1 
T51. [7 + (P10, T13). 
j=0 j=0 
n-1 
T52. > pit = 1. (T4, T21, T4). 
j=0 
Proof. 1=Zp'= (Sip) ae. 
4=0 j=0 j=0 i=0 j=0 j=9 
T53.”! f(p) = 


Proof. For f(p) =p, it is true by T30. For f(p) =a, a constant, 
n-1 n-1 


we have by T52, a=a-1—a> p,i=Dap,'. If T53 is true for f(p), 
then for g(p) = (f(p))’, . 


i=0 i-0 


If T53 is true for f(p) and g(p), then for h(p) =f(p) + 9(p), 


n-1 n-1 n-1 


h(p) = t+ Dg (F(t) + = Zhi) 
By induction, then, T53 is true for all f(p) expressible in terms of the 
undefined ideas. 
n-1 
T54. f(p) = forall p.».Ai—f(t). 
i=0 
n-1 
Proof. f(t) = Ajt_j = Ai, by T13, T14, T26. Hence the expansion 
is unique. 
We now establish some important consequences. 


n-1 


T55. f( > Aip-« ) 


i=-0 


n-1 


Proof. Let 9(q) =X Aig-i; h(g) =f(9(q)), for all g. Then 
n-1 n-1 n—-1 


Proof. Let h(x) (S Acs) Bits) for all Then 
i=0 i=0 


*1 Throughout this paper f(p), g(p), ete., stand for functions expressible in terms 
of the primitives, + and .. 
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n-1 n-1 


n-1 n-1 


n-1 


i=0 j=0 
Proof. The theorem is true for functions of 1 variable. If the theorem 
is true for functions of N variables, and F(p,q,:---.s) is a function of 
N +1 variables, then 
n-1 
F (p, 58) = 2 F(i,q,° . 8) p-i; but 
4=0 n-1 


k 
Therefore 
n-1 -1 n-1 


i-0 


As before the coefficients are unique. 


Theorems T51-T57 hold equally well if + and - are the arithmetical 
operations modulo n and K is the set of residue classes modulo n, provided 
that the p,’s are added as primitives (even this will be unnecessary if n is a 


b 
prime number.) To see this, let SF (i) be arithmetical summation. 


=a 


n-1 
Let g(p) =Sf(t) X p-i (here a X b is arithmetical multiplication). 
i=0 


Then g(m) = Sf(i) X mi 


= f(m) x M_m (by T14). 
=f(m) X1=—f(m). 

Therefore g(p) (Post operations !—by T53). 
—S f(r = (by 


n-1 
Therefore f(p) =Sf(t) X 


From this the analogues in arithmetical operations of T51-T57 follow 


almost immediately.” 
T58. Put = (T53, T33, T34). 


n-1 n-1 
=0 i=0 


= = = kp. 


22 This observation is due to the referee. 
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T59. f(t) is 0,1,2,---, or [n—1] for 1=0,1,---,[n—1].™ 


Proof. This follows easily by induction as in T53. 


n-1 


T60. f(p) => for all p:—:f(i) Ck. 


i=0 


f(t) =k, [k+1],---,[~—1], or 0. 


n-1 n-1 
Proof. f(p) = = (all p). 
Therefore (T54, T38) f(t) = kA; Ck, 
Therefore (T48) f(t) =k, [k+1],---,[m~—1], or 0. 


Conversely, we have 


T61. f(i) Ck (all i): >: f(p) — Sf per™. 


Proof. f(p) = Sf (i)p1— 


But f(t) =f(i)k. (T36). 
Therefore — S fi) 
T62. =0. 


Proof. m,‘m,i =[m-+i],:[m-+ 7]: =0, by T14, since at most one of 
i] and [m-+ j] can equal 1. The theorem follows by T53. 

The question arises whether the functions p,‘ are determined by the 
properties in T52 and T62. The answer is given in T65 below. First we need 
two lemmas. 


T63. 10. 
Proof. 1=—0.>.p=1p=0p =0, contradicting P11. 
T64. 


Proof. 15 >, ] = — 
if 7 Aimod n. 


T65. If n distinct functions $i(p), i=0,1,2,---,[n—1], none of 
which is identically 0, are built up from p by the primitive functions + and ’ 
and satisfy the relations 


*? Here in T60, and in T65, f(p) and ¢;(p) are built up by + and ’ from p only 
without the introduction of constant elements. Of course, they fail for functions like 
f(p) = ap, where a is not of the form 1‘. 


12 


| 
| 
i 
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n-1 
(1) Zdi(p) =1 and (2) $i(p)bi(p) j) for all p, 
then the $i(p)’s are the p,’s in some order.** 


Proof. Let k =1,2,---,[n—1], or 0. Then 
= 1, di(k) =1,2,---,[n—1], or (all 7). 
If ~1 for all i, $i(k) C 2 for all 1. (T46). 
Therefore 1 C 2 (T42). Therefore 1 = 2, which is impossible, 
Therefore one of the $;(%)’s, say is equal tol. If j Au, 


Therefore ¢i(¢) =0 or 1 (all 7,4). Since none of the ¢’s is identically 0, 
each is 1 for at least one value of /, and we have shown that not more than 
one can be 1 for a given’ value of &. Hence each is 1 for exactly one value 
of & and 0 for all others. That is $i,(k) =1. ¢$i,(j) 4). 


n-1 
Therefore ¢i,(p) = ¢i,(m)p."”"', whereupon the theorem follows.* 
m=0 


T66. 


n-1 n-1 


i=0 j=0 


n-1 n-1 
—2 (t + = Pi + 
i=0 j= 
T67. 
T68. (T55, T26, T14). 


The Structure of Finite Post Algebras. 
Prime elements and the unique factorization theorem. 


D16. pis prime (pe Pr):<:pAland pCq:- (allq):¢=—porg=1. 


4 This fails without the restriction in **. For example, in a P,, with n prime ele- 
ments (see D16), Q,> 9.5 ++ let $;(p) be the constant element (9,),"": By 
T82, T90; T83 below, the hypotheses but not the conclusion of this theorem would be 
satisfied. 

25 The material in T58-T65 is due to the referee. 


| 
= $j (k) = (k) = 0, by (2). 
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This definition is fundamental in the rest of the paper. In lattice- 
theoretic terminology, a prime is an element covered by 1. For n=2, it 
reduces to Huntington’s definition of “prime” or “ irreducible” elements 
in a Boolean algebra. 

From T69 on, we assume that K has a finite number of elements. All 
the previous developments are independent of this assumption. 


T69. qe (Tp): pePr-qCp. 
Proof. Hypothesis and gePr:—-:qePr. qCq. Hypothesis and 
qe Pr:—:(FA1)°qC Ai‘ A: 
If A, «Pr, then the theorem is proved. If A,éPr, then 


Therefore A, Therefore A, q. Continuing we get a chain which 
must end since K is finite. Therefore the last A is a prime. 


T70. p,.qgePr and 
Proof. pCpt+q qCp+q. Therefore p+q—lorp. If 
p+q=—p then Cp, pq, p¥1. 
Therefore géPr. Therefore p+q“~p. p+q=1. Therefore 


Ath=(ptqi=1—1. (T66). 
n-1 
T71. pi. 
i=0 
n-1 n-1 
Proof. p= XL (T46). 
4-0 
n-1 
Cp+ 2 = + 2. 
Therefore p, +2—p or 1. (D16). 
Pi +2= 1 (pi)i + 21 (pi +2),=—1,—1. (T66). 
n-1 
(T10). 
péePr. 


Therefore p, Therefore p, +2—p. 
T72, pePr:>:p=p+2. 2C p. 

Proof. Hypothesis 
T73. pe Pr: 3: p,*=pi=0. ((A1,2). >. (t40,n—1). 


ale- 
By 
be 
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Proof. Hypothesis .>.p—p, +2 p,! 
n-1 
4=1 
n-1 
>. pi =1,ip, + 25> pit (T55). 
i=l 


n-1 
Pa’ 
= 0 unless + 1] =1 or [7 +2] =—1, 
j—=n—1 or j=0. 
74. pePr:—>:p=p,+ 2p,"". f(p) + f(2) pi". 
flap, + =f(a)p. + f(b). 
T%5. 
n-1 


Proof. Hypothesis .>.1=3 p,t=p,?+ =p, + py. 


4-0 


We now consider an important subalgebra which is also a P, (as we prove 
below). 


D18. 
D19. = q*. (g*k)*, 


We wish to prove that {p}.is a sub-P, if p is a prime element, and to 
characterize it precisely. 


T 76. 


Proof. +9) thm +a 
(letting >” indicate summation with omission of i = 1) 


=pitf(ip. + + =p. + + g>’p-i) 
+f(q)d’p- 


n-1 
=p.+f(q) p-i =pit+f(q). 
wer. q** = p, + q*. 
Proof. gti + 
If 


gt) — (p, + gt)* =p. + (m+ qt)!’ (T68). 
T78. qe{p} 


Proof. Hypothesis 


n-1 
D17. 
| 


POST ALGEBRAS. I. POSTULATES AND GENERAL THEORY. 181 


n-1 
T79. 1 = > q**. 
i=0 
n—1 n-1 n-1 
Proof. (PS). 
i=0 i=0 
T80. ge{p}-pePr:>:¢=1 or qCp. 


Proof. Hypothesis :—:p,C q 
p=p+2Cq4+2 
(T38). 


Therefore not 


(qC _(T66). 
n-1 
Ligi=1. (T10). 


T81. 


Proof. qe {p}. 
= (q*/) *(n-j) —— 1 ¥(n-f) =p; (T77). 
qe {p}-q*) for all 7:—: for all j, g*/ Cp. 
n-1 
j=0 


Therefore pe Pr-qe{p}:—: (qj) -q*i=1 
(7j.)-q=pr +1". 


This theorem is important in what follows, since it delimits {p} so 


precisely. 
T82. If are all the primes in K, + +°°:=1. 


Proof. Hypothesis and a=p,"?+q,7'+-:-+-s1:-—: there is a 
prime, say p, such that aC p. Therefore 


a+ 2 = p. 
But 


Therefore p—1. But pe Pr. Therefore a—1. 


T83. Hypothesis (T82) 
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Therefore 


powers of p; (by T81, all powers of p are members of {p}, and conversely), 
T84 now states: 


prove that this factorization is essentially unique. 
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(T62), 


T84. aeK. Hypothesis (T82) 


(Fi, 


Proof. Hypothesis 
(P?), 
a+ pre {p}, 


We can put ‘I'84 in a more striking form if we define: 
D20. All elements of the form p, + 1+*, where p ts a prime, are called 


Every element a of K can be factored into powers of primes. We now 


T85. (T77, T76). 
T86. Hypothesis (T82) and if p.q,r,- ++ are all distinct, and if 
a= (pi + + 1/)- = +1") + then 1¢ = 1, 
1) = etc. 
Proof. (T70). 
(By symmetry). 
Therefore 
a) *(n-t) + 1+) *(n-4) (1 1™) 
Therefore 
1 = = 1” == (1*+)*¢ +. (1™) 4-4 == 
T 
Therefore 


POST ALGEBRAS. 


I. POSTULATES AND GENERAL THEORY. 


Therefore 


m + mod n. m ==tmod n. 1” == 
Similarly 1¢—1), etc. 


Therefore, every element a of K can be factored into powers of distinct 


primes in one and only one way, disregarding the order of the factors. 
Further theorems and a numerical interpretation. 


T87. The elements 0,1,:--,(m—1) are a Pn(n) with respect to 
+, (’). 

Since they are elements of K, they obey P3-P10. But by T13, T48, 
and T25, and T63, P1, P2, and P11 are also satisfied. Obviously, by T64 


this algebra is of Type Pn(n). 


T88. Jf pA 1, then form a P,(n) 
with respect to +-, (*). This is isomorphic to the one in T8% under the 
correspondence T(1*) =p, + 1+. 

Proof. By this correspondence, each element 1‘ corresponds to a unique 
element p, +1‘. Conversely, if 

+ 16 T(1*) T(14) p, + 14, 
then 
1=p, + + 
=A (T85). 
Therefore 


Hence p=1. Therefore 7==imodn. Therefore 1‘'—1/. Therefore, T 
generates a one-to-one correspondence. 
T((1*)’) = =p, + 1% = (p, + =T(1')* 
1¢+ 1/—1¢ or I, say 1%. 

Then 

T(1¢+15) =T(14) =p, +1! 

Therefore TJ is an isomorphism. Therefore the set of elements p; + 1¢ is a 
P,(n) with respect to +, (*). 

T89. If p isa prime in K, then p, in that case equal to T(2), ts the 
only prime element of the subalgebra {p}. ; 
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Proof. or :>:pisa 
prime in {p}.° By T80, there can be no other. 


In all the rest of this paper, p,q,7,--- are all the distinct primes of K, 
Proof. (Mtn): (P7, T70). 


Let Therefore ~Pit+a=1. Therefore 
Therefore p,"Ca. But 
a=a(p*+q"' +--+) =ap," 


(T62), 
Therefore aC p,*". Therefore a= py! = 
Therefore = 0. 
Therefore (T42). 


But Pr = pi( Pipi” 
+ + rn +: = +: -), 


T91. aC (Wt) -a = 
Proof. Hypothesis 
Therefore 
T92. 
Proof. 


Proof. Let a= + Then 
Pi ta=pi t+ lip =p, by p, and (T74). 
Therefore 


26 This result can be trivially generalized: If p is a prime in K, p is prime in any 


sub-algebra of K containing p. 
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Proof. Let a=1tp + +---, 
= + (pi + =p, +1. (T85). 


Similarly for g, +a’, ete. 


Therefore a = (p,+’)(qi ta’): -=(pi+1)(q. +1%)--- 


T95. If 


a= lip? + 
and f(x) ts definable in terms of + and (’), then 


Proof. If f(x) =z2, the theorem is obvious. If f(z) =b, a constant, then 
If f(x) = (g(2) )’, and the theorem is true for g(2z), then 
Pi + g(a) =p, + 9 (1 + +° 


Therefore 


Pit f(a) =p + =p. + (m+ 9(4))’ 
+ (n+ 9(1'))’ f(1'). 


Therefore 
f(a a f( 1 i 
Therefore 
f(a) f(a ) 1 4. f(a) qx" -1 f(1‘)p." + f(14)qi" 


If f(x) =g(x) + A(x), and the theorem is true for g(x) and h(a) then 


f(a) = g(a) + h(a) + 
+: (by T74). 
Therefore 
f(a) =(m+f(4)): 


Therefore the theorem is true by induction. 
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We are now in a position to characterize the P», of finite order precisely, 
and to prove our postulates consistent; they are also complete as soon as a 
postulate of the following form is added: 

P12. K contains exactly m elements. (m finite) 

Let us consider all sequences of k numbers of the form 


@ == where OS n—1. 
There are n* such sequences. Define 


where yi = min (aj, Bi), and §= a = (8,,8,: - -,8&), where 8; = the least 
non-negative residue of «; + 1 modulo n. 

It is easy to verify that these definitions of + and ’ yield a Py(n*) (see 
Post, Webb for = 

Now take any P» with k prime elements. Let p,q,7,- -- be its distinct 
prime elements. Form the correspondence 


T'(a) is a unique element of K. Conversely, if T7(«) =T7T(B), «= 8 by the 
uniqueness of the decomposition proved in T86. Therefore 7 is one-to-one 
on {a} to K.*° 


T(o’) = (T(«))’ by T94. 

(a) +1 (8) (1% + + (184 
=T(«+ 


Therefore 7 is an isomorphism. But A was any Py with & prime elements. 
Therefore every P» with k prime elements is simply isomorphic with the 


algebra {a} defined above. These considerations yield: 


T96. If m is finite, any two P,(m) are simply isomorphic, and m =n’, 
where k is the number of prime elements in each algebra. In particular, every 
P»(n*) is isomorphic to the algebra defined above. The isomorphism may be 
obtained by pairing off the 1-elements*® and the prime elements, and then 


27 We show later that m must be a power of n. 

28 Cf. (7) in the bibliography below. 

2° We use here and below the fact that if 0 Sa, bSn—1, then it + 1° = 1°, where 
c=min (a,b). This follows almost immediately from T48. 

0 By 1-element we mean the element in each algebra represented by 1 in accordance 
with D4 and D14. 
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making two elements correspond to each other when they have corresponding 
representations of the type discussed in T92 (or T84). 


This theorem contains in it the consistency and completeness properties 
announced above. 

We can put the P,(n*), {a}, defined above, in a more suggestive form. 
Let N = py"? where Pe are k distinct positive prime 
numbers ** (in ordinary arithmetic), and K be the set of all positive divisors 
of N. Then any element a of K is of the form a= p,;“p.%- = 
symbolically. If we define the above operations on the exponents, 


a =p", 


then K, the set divisors of N, becomes a P,»(n*) (of course, a ® b becomes 
“the greatest common divisor of a and b”). In the case n = 2, we get the 
Sheffer “ Boolean numbers.” It turns out that the p; are the “ prime elements ” 
in this algebra, and the p;j are the “ powers of primes”; indeed, these “ Post 


> 


numbers” were the starting point of the whole investigation embodied in 


this paper. 


Some general remarks. In the last section we determined completely 
the structures of all possible Post algebras of finite order. The structure of 
Post algebras of infinite order is much more complicated and it seems as 
though a far from trivial extension of Stone’s methods will be necessary to 
determine their structure as completely as he has determined the structure of 
infinite Boolean algebras. We intend to devote another paper to the study 
of infinite Post algebras. Among the results already obtained are: 

There are P, of any transfinite order with or without prime elements. 
This can be proved without assuming the continuum hypothesis. 

Among the important unsolved problems in Post algebras are: 

1) What are the necessary and sufficient conditions that an operation 
defined in terms of the Post operations be a group operation? 2) Are all 
Post algebras isomorphic to a subalgebra of the algebra of all functions on 
some given set A to the set of integers 0,1,2,---,(m—1)? (The opera- 
tions on the functions are defined like the operations on the sequences dis- 
cussed above.) 3) What are the lattice-theoretic characterizations of Post 
algebras? 4) Post constructed algebras by means of sequences of elements in 
# Boolean algebra.** (G. Birkhoff has communicated a similar construction 


*t Here p,j are the ordinary arithmetical powers of the p,, not the Post operations 
in D9. 
32 Post 4 pp- 184-185. 
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to me privately.) Birkhoff conjectures that every Post algebra can be repre- 
sented in this way. It is easy to show that this question is equivalent to 
problem 2) above. 5) What are the relations between Post algebras of Type n 
and combinatory topology modulo n? 6) Suppose we have a lattice with a 
1-element. Define a power of a prime as an element a such that there is one 
and only one chain from a to 1. Then the finite Post algebras and ordinary 
cardinal arithmetic have the following proposition in common: 

Every element can be factored uniquely into a product of powers of 
primes. (In arithmetic we use for “ multiplication ” the operation of finding 
the least common multiple.) Can purely lattice-theoretic conditions be found 
equivalent to this which would include as special cases Post algebras and 
arithmetic ? 

We wish to acknowledge the valuable help of the referee, Professor E. L. 
Post, in the preparation of this paper. He not only made contributions to 
the actual material of the paper (see pp. 176-178) but also made suggestions 


concerning style and exposition. 
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ON SUMS OF POSITIVE INTEGRAL k-TH POWERS.* 


By H. DAvENPorT. 


In a previous paper ! with the same title, the author has established certain 
lower bounds for V,‘*)(n), the number of numbers less than n that are repre- 
sentable as the sum of s positive integral k-th powers. The object of the 
present paper is to prove more precise results of the same type. A knowledge 
of the previous paper is not assumed. 

In the paper which follows this, these results are applied to Waring’s 
problem to prove that G(5) S 23, G(6) S 36. 

All small Latin letters (with or without suffixes) denote positive integers. 
and k= 3. denotes an arbitrarily small positive number. The constants 


implied by the symbol O depend only on & and «. 
THEOREM 1. Suppose that 


Then the number S of solutions of 


subject to 

(2) P< 2,.9< BP, Uy, Uy << PA 
satisfies 

(3) S = O(PU + PU { P-? +- | 


where U denotes the number of u’s less than P®, 
Proof. The number of solutions with =y is O(PU). Hence 
(4) S=0O(PU)+0(M,), 


where /, denotes the number of solutions with y >a. Writing y=a+t, 
(1) becomes 


(5) Ar(a*) + uj = 
F(z). Plainly 


where Ar(F'(x)) = F(a + t) 


* Received March 28, 1940. This paper was originally submitted for publication 
to the Polish journal Acta Arithmetica in March 1939, but the number which was to 
have contained it never appeared. 

? Proceedings of the Royal Society (A), vol. 170 (1939), pp. 293-299. See also a 
paper by Davenport and Erdés, Annals of Mathematics, vol. 40 (1939), pp. 533-536. 
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< te < A:(z*) < a, < ™, 
whence 
(6) t < P%, 


In the remainder of the proof, variables denoted by x (and similarly 2’), 
ui, uj (and similarly u;-), ¢ are subject to (2), (6). 
Let M(t,u;) denote the number of solutions of (5) for given ft, 14. 


By Cauchy’s inequality, 


M,< M(t,u) S( 1)4( M(t, u))* < (PU) *(M)%, 


where 3/’,; denotes the number of solutions of 
(7) Ar + uj = Ae (a) + uj = 


The number of solutions of (7) with z’ =x is precisely 1/,. In the solutions 
with 2’ > 2, write (7) implies 


(8) + uy wy, 

where = A;:,(At), and ¢, is subject to 1, << P. Thus 
M’, = M, + 2M, =O (max(M,, Mz) ), 

where M, denotes the number of solutions of (8). Hence 


M, = O((P°U)* max(M,*, ), 
which implies 
(9) M, = O( + 
We now generalize the above argument. Let Mn, denote the number 


of solutions of 


(10) At,t, ty.,(2*) Uj = 
where 
(11) 


Applying Cauchy’s inequality in the same way as before, we obtain 


Ma < Man + 
Hence 


It follows that 
(13) M, = O(P'®U{P? + 
For, if 1/1, this reduces to (9); and if (13) holds for 1 == h —1 it holds 


for 1 = h, since 


fi 
; 
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= O{P-* + P-*5-2h[7-2 ( P2s+2h-2[72 4 pd+h-1T7 ) } 
= 0 { p+ U0 
We now prove that 
(14) Min = O(PU?). 


Given uj, uj in (10), where h=1-+1, the variables t,t,,- --,¢, are de- 
termined with only O(P*) possibilities as factors of u;—u;. Since, by (c), 
1+ 1=4—1, the remaining factor in Az,¢, 
uniquely. 

The assertion of the theorem follows from (4), (13), (14). 


t,(2*) then determines z 


THEOREM 2. If N,“)(n) > n® for all large n, where 1/k < a < 1, then 


(15) N ®)(n) > 
for n > no(e), where 


1 § 
6 == max — ¢ 
(16) B i) 1+ 


Proof. Let 1 be the value of h for which the maximum is attained. Let 
(17) § = {1+ 1— (k—1)a@}/(2'—1+ 2). 
Then 6 is also a maximum for this value of ] and > 0. Also 


6<1. 


Let 
k'k k(2!'§—1+- a) 
By (16), 
(18) kB—=1-+ kaa. 


We observe for future reference that 
(19) § + = (6 + 17+ 1) 


Since ] is the integer for which 8 (defined by (17)) is a maximum, 
we have, provided / > 1, 


whence 
(1+ 1— 2'—1+4, Le. 
(20) 


Obviously this holds also when / = 1. 
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Let P= Let uw, < ug < P* denote the numbers 
less than P*\ which are representable as the sum of s positive integral k-th 
powers. By hypothesis, 

(21) 


The conditions of Theorem 1 are satisfied. Let r(m) denote the number 
of representations of m as x* + ui, where P< 2 < 2P. By Theorem 1, 


> r?(m) = O(PU { P-2 1/2") 


Also, plainly, Xr(m) > (P—2)U. By (21), PU=O(P!®*U?), By 


(20), (21), 
( P-2) 1/2! =< , 


By (19), (21), 


Hence 


Pirtha-e r?2(m) = 1r(m))?). 


m m 
Using Cauchy’s inequality, we have 


N®(n) => > (1) > 


m m m 
r(m)>0 


== P*6-2 hy (18) > 
since 2e/k <«. This proves Theorem 2. 
THEOREM 3. WN, *)(n) > n%-€ for n > no(e), where 


@—=1/2, a@—=19/28, a= 331/412, a; = 5539/6268. 


Proof. The first result is well known, and follows from the fact that the 
number of representations of an integer m as the sum of two fourth powers 
is O(m*). 

By Theorem 2, taking h=—2 in (16), an admissible value for a, 


(s > 2) is 


§ 3-34+241 3+ 
+ 4(3 + 


The results follow by repeated application of this formula.” 
We now prove a theorem, analogous to Theorem 1, which yields more 


precise results when k = 5 or 6. 


* These results were proved and applied to Waring’s problem in a paper in the 
Annals of Mathematics, vol. 40 (1939), pp. 731-747. 
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THEOREM 4. Assume hypotheses (a) and (b) of Theorem 1, but suppose 
that (c) either l1=k—3, or lSk—4 and k —1 is even. Then the number 
S of solutions of 


(22) pu; = + puj, 
subject to 

23) p prime, p=—1(modhk), < < PII, 
(24) P <2, OP, Ui, Uj < PR, ptry, 
satisfies 

(25) S O(PUN + P-? + 1/2"), 


where U denotes the number of u’s less than P®, and IL denotes the number 
of primes p satisfying (23). 

Proof. The number of solutions with «= y is O(PUTL). 

Since p > k and p==—1 (mod £), we have (k, d(p*)) = (hk, 2). Hence, 
if pfx, the congruence y*=.2r* (mod p*) implies y= + x (mod p*), where 


the negative sign is possible only when /& is even. Thus, in the solutions of 
(22) with y > 2, either ya -+ tp* or y=— «+ tp, the latter possibility 
arising only if & is even. In the first case, we write x = é, in the second case 
In either case, 26+ >0. Then 

(26) S = 0O(PUN) + O(M,), 


where VM, denotes the number of solutions of 


= (€ + tp*)* + 
that is, of 
(27) + uj = wu, 
where é is an integral variable, and the conditions (24) are replaced by 
28) P< OP, Ui, Uj < PP, 
Since tp* = y — €, we have 
SP. 
Hence ¢ satisfies 
or, + tp* > 0. 
In the remainder of the proof, variables denoted by é (and similarly €’), 
uj, uj (and similarly u;-), ¢, p are subject to (23), (28), (29). 
Let M(t, u;, p) denote the number of solutions of (27) for given t, wi, p. 
By Cauchy’s inequality, 
M,= > M(t,u,p) =( 1)4( M(t, w, p))* 
t,uisp t.uiep 
< (8P°UTL)*(M’,)*, 
13 
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where IM’, denotes the number of solutions of 
+ Uj = (E*) + = 
The number of solutions with & = € is precisely M,. Hence 
M, = + O((P®UTIM.)*), 
where M, denotes the number of solutions of 
p*Atp*t, (4) + uj = uj, t, < 4P. 


The argument generalizes exactly as in the proof of Theorem 1. Denoting 


by Mi,, the number of solutions of 


we obtain 
(31) M, = 0O(P'“UN{P? + 


We now prove that 
(32) = O(PU?), 


We note first the identity 
6, 


where {= 26+ 7, and each of 6,,: -,6, takes the values 1 
and —1. This follows at once from the definition of the symbol A. In the 
expansion of (€+ 6,w,-++- - +--+ 6,-w,)* on the right of (33), the only terms 


which remain after summation over 6,,: - -,6, are those in which each of 
W1,*° * *,Wr occurs to an odd power. Hence, firstly, if k —vr is odd, 


where F is a homogeneous polynomial of degree $(4— r—1) whose coeffi- 


cients are positive integers depending only on k and r. Secondly, if s —r=2, 


35 Aw,,...,0-(&) == wr(k! 2/2! +k! (wi? + /3!) 
( 5) =k!w,:- wr + wi? + w,) /24, 

We apply (34) and (35) to prove (32). 

Case 1. k—4,k—leven. By (34) with r—1-+ 1, the equation 
(30) has the form 


(36) tik’ (tp*)?, ne ti”) 2* (us — uj), 
where 
(37) Cm bth 


| 
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By the second half of (29), >0. Given uw, uj; with u;j—uj >0 (since 
the left-hand side of (36) is positive), there are only O(P*) possibilities for 
all of &, t, t:,: - +, ¢: as factors of 2*(u;—u;). For any such set of values, 
(36) determines p uniquely, and (37) then determines € uniquely. This 
proves (32) in this case. 


Case 2. l= k—3. By (35) with r=1-+ 1=—k— 2, the equation (30) 
has the form 


Given u;, uj with u; —u; > 0 (since the left-hand side of (38) is positive), 
there are only O(P*/*) possible sets of values for t,t,,- - -,¢: as factors of 
24(u;—u;). For any such set of values, (38) determines ¢ and p with only 
0(P*/*) possibilities, since the number of representations of an integer m as 
30? + q? is O(m*). This proves (32) in this case. 

The assertion of the theorem follows from (26), (31), (32). 


THEOREM 5. N,)(n) > n%-€ for n > no(e), where = 2/5 and 


16 + 85a,_, 


9 = f = 3/5, 
. 
(40) 5(% + if 


Note. The values of a given by these formulae are «;—=5/9, a 
= 569/845, and thereafter by (40). 

The result is well known for s = 2. We therefore assume that 
> n™--€ for n > no(e), and deduce the corresponding result for s, where ae is 
given by (39) or (40). 

Proof of (39). Let 
(41) (16 —20a)/(16+ 5a), A= (4+ 8)/5 —16/(16 + 5a), 
where, for brevity, « is written for a,_,. Plainly §8>0. Also 
(42) 8 < [16 — 20(2/5) ]/16 = 1/2. 

We observe for future reference that 
(43) § + = (8+ 3)/4+ (1—A)/4. 


Let P= n/°/3. Let U2 < uy < be the numbers less 
than P representable as the sum of s—141 positive integral fifth powers. 
By hypothesis, 

(44) U > 
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Let r(m) denote the number of representations of an integer m as 


+ where P< 2P, p prime, p=—1(mod5), 
<p< FP. Plainly 

(45) > 

where I denotes the number of primes p = — 1 (mod 5) satisfying 


< < It is well known that 
(46) > P, 
for large P, where C is a positive absolute constant. 
Let r(p,m) denote the number of representations of m in the above form 
for given p. Using Cauchy’s inequality, we have 


m m Dp 


(p,m) =18, 


m p 
where S denotes the number of solutions of (22) subject to (23), (24), with 
k=5. By Theorem 4 with k =5,1=—k—-3 = 2, 

S = 0O(PUN + + P1110} %), 
By (44), 
PUT 
By (42), (44), 
TT (P-*)% < = 17), 


By (43), (44), (46), 
4 O ( (log P)%) O( 


Hence 
(47) Pisha-te r(m) )*). 
We have 
12 (3 (m) > P*e-7/0(1) by (47) 
> ‘P1+5da-de > nB-€, 
where 


B= (1+ daa) /5 = ((16/5) + 1%a)/(16 + 5a). 
Proof of (40). By Theorem 2 with k = 5, h = 3, an admissible value 


for is 
THroreM 6. N,)(n) > for n > no(e), where % 2/6 and 


— 
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(48) a= (19 + 120e5-,)/6(19 + tf 1/8 Sas. 19/42, 


(49) (43 + 246051)/6(43 + 6as1) if 19/42 S S 2/3, 


(50) as = (15 + 81as1)/6(15 + 23a, <1. 
Note. The values of a, given by these formulae are 


ay 59/126, a 1661/2886, 5549/8379, = 575117 /787182, 
and thereafter by (50). 

The result is well known for s = 2. We therefore assume that N {9)(n) 
> nt--€ for n > no(e), and deduce the corresponding result for s, where 


a; is given by (48) or (49) or (50). 

Proof of (48). Let 

(19 —30a)/(19 + 6a), 4+ 6a), 
where @ is written for Plainly §’>0. Also 


§< 1— (10/19) < 1/2. 
We observe that 
8+ = (8+ 3)/4-+ (1—A)/4. 
The rest of the proof is almost the same as in the proof of (39). The 
inequality (44) is replaced by 
U 
We appeal to Theorem 4 with k = 6, 1 = 2, which is permissible, since k —l 
is then even. We obtain (47) with the exponent 1 + 6A%— 3e in place of 
1 + 5ra — 3e, and finally 
N, (n) > 
where 
B= (1+ = (19 + 1202) /6(19 4+ 6a). 
Proof of (49). Let 
§= (25 — 30a) /(43 + 6a), A= (5+ 8)/6 = 40/(43 + 62), 
where « is written for as, Plainly §>0. Also 
(51) § = [25 — 30(19/42) ]/[43 + 6(19/42) |] = 1/4. 


We observe for future reference that 


(52) 8+ 6Aa/8 (8 + 4)/8 + (1—A)/8. 


; 
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Let P= n/*/3, Let uy, Ue << uy < P® be the numbers less 
than P* representable as the sum of s —1 sixth powers. By hypothesis, 
(53) 

Defining r(m) and r(p,m) in the same way as before, we have 


=r(m) > PUTI/2 


where II satisfies (46) ; and 
+r(m) STS, 


where S denotes the number of solutions of (22) subject to (23), (24) with 
k=6. By Theorem 4 with 1=k—3=8, 
S = 0(PUN + P + 1/8), 


By (53), 
PUM = O( 


By (51), (53), 


By (52), (53), (46), 
Hence 


m m 


It follows as before that V,‘*)(n) > n®-*, where 
B= (1+ 6da)/6 = (43 + 2462) /6(43 + 62). 
Proof of (50). By Theorem 2 with k = 6, h = 4, an admissible value 
for a is 
[1+ (15-5 +5) + 1/6 = (15 + /6(15 + 
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ON WARING’S PROBLEM FOR FIFTH AND SIXTH POWERS.* 


By H. DAVENPORT. 


Introduction. Let G(k) denote the least value of s for which it is true 
that every sufficiently large positive integer is representable as the sum of s 
positive integral k-th powers. In a recent paper,’ I have proved (inter alia) 
that @(4) = 16. In the present paper, it will be proved that 
(1) G(5) S 23, G(6) S 36. 

Up to now, the best known results (due to Hua and Estermann respectively *) 
have been G(5) = 28, G(6) S 42. 

The necessary new material for the proof is provided in the paper pre- 
ceding this, which will be referred to as II. The proof as a whole follows 
the same lines as for fourth powers, and many of the lemmas are taken from I 
and from Landau.* 

The fundamental lemmas. Throughout the paper, & is either 5 or 6. 
We define 

ifk=—5; —13 if k—6, S=7 if k=—5; =—10 if k—6. 

Let N.‘*)(n) denote the number of numbers less than n that are repre- 
sentable as the sum of s positive integral k-th powers. 

LeMMA 1. For any «e>0 we have Ns®(n) > for n> no(e), 
where 
== (15 + 81m) /6(15 + (s 27). 

Proof. Theorems 5, 6 of II. 


LEMMA 2. kys,*) + 82/2** > k + 10%. 


Proof. By calculation from Lemma 1, we have 


ps) == 6913439/7576115 > (5 — (7/16) + 10-*) /5, 
24040 980 990 984981 _ 1 10 
25335 323 032 000 606 ~ 6 (6 32 ) 


* Received March 28, 1941. 

1 Annals of Mathematics, vol. 40 (1939), pp. 731-747. This will be referred to as I. 

*Hua, Proceedings of the London Mathematical Society, ser. 2, vol. 45 (1937), 
pp. 144-160; Estermann, Acta Arithmetica, vol. 2 (1937), pp. 197-211. 

® Vorlesungen iiber Zahlentheorie (Leipzig, 1927), volume 1. 
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From now onwards, s is defined by 
S= 2s, + so 23 if k=—5; —36 if k—6. 


Notation. Throughout the paper, all small Latin letters, with or without 
suffixes, denote positive integers. § is a small positive number, fixed through- 
out, and ¢ is an arbitrarily small positive number, not necessarily the same 
at each occurrence. (©,,(C2,° - - denote positive absolute constants. 

Let NV be the large number which is to be represented as the sum of s 


positive integral k-th powers, and let 
(2) P = [(N/100)'4}. 


Let +, Uy be the (different) numbers less than P* that are repre- 


sentable as the sum of s, positive integral k-th powers. By Lemma 1, 


(3) U > 
For any real a, let 
2P U 
T (a) => e(az*) ;s U(a) = Dde(aun), 
h=1 


where e(A) is an abbreviation for e?"'4. Let 


T#(a)U?(a) => rs(m)e(ma). 


m 


Then 7,(m) does not exceed the number of representations of m as the sum 
of s = 2s, +s, positive integral k-th powers, and in order to prove (1) it 
suffices to prove that r,(N) >0. We have 


(4) r,(N) = Na)da, 


where the range of integration is any interval of length 1. 
Throughout the paper, a and q are subject toa q, (a,q) =1. Let 


Saq= q(aa*) (eq(A) =e(A/q)). 
For any real £, let 
(2P)* 
1(B) = 


and let 
T* (a, a, ) —- a/q). 


Approximations to T(<). 
LemMA 3. 


Proof. Wandau, Satz 315. 


| 
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4. If | S1/2, then 
1(B) =O(min(P, B|*)). 


Proof. Lemma 4 of I. 


Lemma 5. If a=a/q+ 8, where | B| 1/2, then 
T*(a,a,q) =O(q7* min(P, P!* | B|-*)). 
Proof. Lemmas 3, 4. 
LemMA 6. Jf «=a/q+ 8B, where gS and B= then 
T (a) —T*(a,a,q) = ; T (a) = O(q7? min(P, | B|-*)). 
Proof. lemmas 8, 9 of I. 


Lemma If qs and B=O(q'P'*>), then 


T (a) 
where x = 1/2*", 


Proof. Lemma 11 of I. 


IA 


The Farey dissection. Let =[P***]. For P*, let Mtaq denote 


the interval 
|a—a/q|S1/qQ. 
Two intervals Wa,¢,, Wto.g corresponding to different pairs a,q do not 
overlap, since 
| (41/91) — 1/qigz > = + 
The hypotheses of Lemmas 5, 6 are satisfied if « is in any Wa 
Denote by m all points of the interval 
(5) /Q<a<1+1/Q 
which do not belong to any Waq. Exactly as in I, if « is in m, there exist 
a,q such that 
(6) | a—a/q | i/e, 
Taking the interval of integration in (4) to be (5), we have 
(7) r(N)—= T(a)U2(a)e(—Na)da 
q= 
+ T*(a)U?(a)e(— Na) da. 


‘m 
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Major arcs. 


LEMMA 8, 


a Mao 

Proof. If « is in Mtag, then by Lemmas 5, 6, 
T —T**(a, a, q) = min (Part, ), 


Hence 


| a, 9)| da 


| min (Per, P- (82-1) (k-1) dB) 
0 


Thus the sum of the Lemma is 
O(U2Ps1-* (3/4)+€-(82-1)/k) P8e-1-k+ ( (11/4) +€-( 8-1) /k) /2 
4 ) = O(U?P# ). 
The exponent of P is less than s. — k 4+- (€/2) by an amount 
1— (11/8) + (s2,—1)/2k = 9/40 if k=5; =—3/8 if k=—6. 
Lemma 9. If Dtaq denotes the part of the interval (5) which does not 
belong to Mag, then 
| T*(a, a, q)|%| U(a)|? da = O(U?). 
=P% 
Proof. Since the integrand is a periodic function of « with period 1, 
we can take the interval of integration to be q?Q"'=|B|=1/2, where 
a—a/qg+f. By Lemma 5, the sum in question is therefore 


q 


O(U? » P-82(k-1) B-82G B) 
g=P* a 
O(U? > qq ) ) (k-1+6) ) 
g=P* 

O (U2 Pl , 
The exponent of P is 
— § —(7/10) + 68 if 5; 

k+1+ (1+ (82/k))/2 + (82 —1)8 | (1/8)4.98 at 


and is therefore negative. 
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Minor arcs. 
LemMA 10. Jn m, T(a) = where «= 1/2". 
Proof. For any « in m, there exist a,q satisfying (6). 
Case 1. P# <q By Lemma 6, 

T (a) O(g#P) — 


Case 2, P< qSQ—1< Pe, Lemma 7. 

LEMMA 11. | T (a) |% | |? da = 

Proof. Plainly 


f | U(a)!? da = U, 


where the integral is taken over any interval of length 1. Also, by Lemma 
10, in m, 


Hence the integral of the Lemma is 
O ( ) == ( U2 P82(1-K+5) 


by (3). Using Lemma 2, the exponent of P is 


— (82/2*-1) — + 8.8 + € < 82 —k — 10* + 8.8 + € < 82 —k— 10". 


The singular series. 
LEMMA 12. f T**(a, a, g)e(— na)da = q-*(Sa,q) %eq(— na) R(n), 
70 


where, for cn < N, R(n) satisfies 
(8) < R(n) < 


Proof. The integral is 


na) J I*:(B)e(— nB)dB = q-*(Sa,q) na) R(n), 
0 
where 


and the variables of summation are subject to 


(9) P= * nyt: +++ ns, 
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Plainly 
<< R(n) < 


where F’(n) denotes the number of solutions of (9). Since 
determine ns, uniquely, we have 


< 
Also, by (2), 100P* = V 101P*, so that 98 Pk n < 101P*. 
96P*/(s.— 1) = fn,,° < 97P*/(s.—1), 


the value of ns, determined by the last condition in (9) also satisfies the first 
condition. Thus 
(P¥/(s2— 1) ) #27. 


This establishes Lemma 12. 
Let 
A(n,q) = #(Sa,q) na). 


LeMMA 13. A(n,q) 

Proof. Lemma 3. 

Lemma 14. (q1,q2) =1, then A(n, qigz) = A(n, qi) Gz). 
Proof. Landau, Satz 282. 


The following notation corresponds to that of Landau, pp. 280-302, except 
that in some cases we are precluded from using the same symbols. 


For any prime p we define y as follows: 


1 for p>2, 5, and y=2 for p=2 or 35; 


(a) if k=5, then y 

(b) if k=—6, then y—1 for 3, and y=3 for p=2, and 
y=2 for p=3. 

For any prime p and any /,n, we denote by N(p',n) the number of 


solutions of 
++ =n (mod p'), p', 


in which not all the 2’s are divisible by p. 


Lemma 15. Let kp +o be the exact power to which p divides n, where 
Let 
ly = max(pk pk+y). 
Then 
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A(n, p')=0 for 
and 
p-1 
xp(n) = > A(n, p’) = YN (py, 0) 
p-0 T=0 
pee #2) +7 (1-82) N ( n/p), 


where, if p= 0, the sum on the right is to be read as zero. 


Proof. Landau, Satz 293. (Note that Landau uses P for pY, and B 


instead of p). 


Corottary. If and y=1, then A(n, p') =0 forl>1. 


LEMMA 16. N(p?¥,n) > 0 for all n and p. 
Proof. By Landau, Satz 301, it suffices to prove that s, = r+ 1, where 


r= [(pY—1)/(p—1)] p—1). 
If = 5, we have 


r= (5,p—1) if p2,5; =3 if p=2: —6 if p=5; 


If k—6, we have 


r= (6,p—1) if pA2,3; if p= =8 if p=3; 


thus r-+1<10— 8. 


LEMMA 17. Yor any prime p and any n, xp(n) > pe. 


Proof. Case 1. Suppose p*fn, so that p=0 in Lemma 15. By 
Lemmas 15, 16, 
Xp (2) == N n) = > ps. 


Case 2. Suppose p*|n, so that p= 1. By Lemmas 15, 16, 

xp (1) N (py, 0) = > pe, 
LEMMA 18. For any prime pand any n, | A(n, p)| < Cop'‘#/?), 
Proof. Wandau, Satz 318. 
LemMMA 19. For any prime p and any n, xp(n) > 1— Czpt'*/?), 
Proof. Wandau, Satz 322. 

LEMMA 20. For any n, the series S(n) = A(n,q) converges abso- 


lutely, and S(n) > Cx. 


H. DAVENPORT. 


Proof. By the Corollary to Lemma 15, and by Lemma 18, if p{30n, 
| xp(n) —1]| =| A(n, p)| < 
Hence the product JJ xp(”) converges absolutely; therefore, by Lemma 14, 


oo 
so does the series 5} A(n,q), and the two are equal. By Lemmas 17, 19, 
q=1 


II > II TI (1— Crp?) = Cs. 
LEMMA 21. For »21, > |'A(n,q)| 
q2n 


Proof. Case 1. k=5. Any q is representable as 2757'q.g2, where 


(1) gq: is quadratfrei and not divisible by 2 or 5; 


(2) gz is composed of prime powers with exponents = 2, and is not 
divisible by 2 or 5; 


(3) (592) =1. 
By Lemma 13, 
A(n, 27) O(2-77/5),  A(n, 5”) = O(577/*), qe) = 


By Lemma 15, if p'|q. and p''{q., and A(n,p') #0, then 1S], 
= 5p -+o+1, where 5p + a is the exact power to which p divides n. Since 
1 => 2, it follows that | n?. Hence, if A(n,q2) £0, we must have 
| n*. 

By Lemmas 14, 18, 


| A(n, q1)| | A(n, p)| < Cop?” = 
vids 


Hence 
>. | A(n, q)| 0(> > 
19227 57’=n 


qeln? 1’=0 


O 


Case 2. k=6. The proof is similar, expressing q as 2737’qig2, and 
appealing to the same Lemmas. The exponents are more favourable, since 
82/k is now 10/6 instead of 7/5. 
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Proof of (1). By (7), 
1 
r(V)= T'*8(a, a, q)U?(a)e(— Na) da 
q= P% 


— 


ae, 


+E — (a, a, q))02(a)e(— Na) da 
g=Pra 
T*:(a)U?(a)e(— Na) da. 
m 


By Lemma 9, the second sum is O(U*). By Lemma 8, the third sum is 
0(U?Ps*-0/5)), By Lemma 11, the final integral is O(U?P#*1°*), Also 
the first sum, by Lemma 12, is 


U 1 
T*8(a,a,q)e(une + uja— Na)da 


h=1 j=1 g=P*% a 


Mea 


*(Sa,¢) (N — un — uj) a) R(N — ua — uj) 


j=1 q=P" 


=z A(N—wm— q)R(N—u— uj). 
h=1 q=P% 


By Lemma 21, 


A(N—uwu— uj, q) = S(N — ua — + O(P- 27+), 


=p% 
Since V — u, — u; lies between N — 2P* and N, we have 
< R(N —u—uj) < 


by Lemma 12. Hence 


= S(N — — uj) R(N — un — uj) + O( 
h=1 j=1 
By Lemma 20, 6(N —u,a—uj) > Cs. Thus the above sum is greater 
than 
Hence 
>0. 
THE UNIVERSITY, 
MANCHESTER, ENGLAND. 
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A CLASS OF LINEAR INTEGRAL TRANSFORMATIONS.* 


By H. L. GARABEDIAN 


1. Introduction. In 1924 Silverman [1] studied a class of integral 
(kernel) transformations which has its analogue in the Hausdorff theory of 
matrix transformations. In view of certain recent developments in the field 
of Hausdorff matrix transformations ([2] and [3]) we find it possible now 
to clarify certain obscurities in Silverman’s work. We are also able to make 
highly significant extensions of Silverman’s results on inclusion and equi- 


valence relations among Hausdorff integral transformations. 


2. Results of Silverman. Silverman was concerned with the trans- 


formation 


(2. 1) v(x) = au(r) + y)u(y)dy, 


0 
where u(a) is bounded and integrable, 0 = 2 S a, where k(x, y) is integrable 
zr 
in y for each positive 7,0 << and where | k(x, y)| dy converges 
70 
for each positive x. The function k#(z,y) is called the kernel of the trans- 


formation (2.1). The transformation is said to be regular if the existence of 


lim u(x) implies the existence of lim v(a) and the equality of the limits. 
Let ¢(2) be a Hausdorff mass function (vide infra) which fulfills the 


following conditions: 
(i) ¢(2z) is continuous, 
(ii) is continuous, 0 << 2S}, 


(iii) =0, 
(iv) if | dx < M. 


A function ¢(x) satisfying these conditions is called absolutely regular. 
It has been established that the transformation (2.1) with the kernel 


is a regular transformation when ¢(.) is absolutely regular. 
In what follows we shall use the symbol (H,¢()) to designate a kernel 


* Received March 27, 1941. 
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transformation with the absolutely regular mass function (2x), and the symbol 
[H, (x) ] to designate a matrix transformation with the mass function ¢(z) 
which is regular in the sense of Hausdorff. We shall also use this symbolism 
in connection with well-known particular transforms. For example, the sym- 
bols (C, «) and [C, «] will be used to designate Cesaro summability for integral 
: and matrix transformations respectively. 

Silverman’s main results involve the integral equations 


(2.8) [1—#e(1) + + f° 


These equations may be expressed symbolically in the form 


= p(x) 0 $e (2). 


The following two theorems embody Silverman’s principal results. 


THEOREM 1. A sufficient condition in order that (H, da(x)) © (H, $o(2)) 


8 is that there exist an absolutely regular solution $c¢(x) of the equations (2.3), 
(2. 4). 
f THEOREM 2. A sufficient condition that the transformation (H, $(z)) 


be equivalent to the identical transformation v(x) = u(x) is that there exist 


. an absolutely regular solution of the equation $(x) ow(x) = 0. 


Silverman used the equation (2.4) to prove that (H,2) = (C,2), where 
(H,2) is the symbol for Holder integral summability of order 2. He sug- 
gested that his method could be used to prove that (H,k) = (C,k), (k=1, 
2,3,- + +), a result obtained by Landau [4] in 1913; but this technique would 
be very laborious. An extension of Landau’s result to include the case of non- 
integral orders of k > 0 was made by M. Jacob [5] in 1927. 


r. 3. Hausdorff matrix transformations. Before discussing Silverman’s 
results we recall certain results in the domain of Hausdorff matrix trans- 


formations. 
The transformation 


3 ( ° Sn, 


n=0 n 


e] 


where {s,} is an infinite sequence of numbers and 


com 


e 

| 14 
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defines a regular Hausdorff method of summation [H,¢(zx)], or a regular 
moment sequence (regular sequence), if and only if 


(i) (2) is of bounded variation on the interval 0 = 
(ii) (2x) is continuous at x = 0, and ¢(0) = 0, 

(iii) $(1) =1, 

(iv) $(z) —4[6(@—0) + 0)] if 


Associated with a regular Hausdorff method [H,¢#(2)] is the function 


(3.1) 


1 
c(z) R(z) 20, 
0 
called the moment function of the Hausdorff method, and also the function 


f(z) =¢o + + + 


called the moment generating function of the Hausdorff method. 
We now list together various equivalent formulations of the Hausdorff 


inclusion problem. 
THEOREM 3. [H, [H, 
(i) if and only if there erists a regular sequence {Cn} such that 
On = ba 3 0, 
(ii) if and only if there exists a regular moment function c(z) such that 
a(z) = b(z)c(z), R(z) = 0, 


(iii) if and only if there exists a regular mass function pc(x) such that 


fat) — 


(iv) if and only if there exists a regular mass function $c(x) such that 


for all except at most a countable set of values of x in the interval OC 2 <1. 


A discussion of the nature of the exceptional set in the last formulation 


may be found in [3]. 


q fi 
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4. Extensions of Silverman’s results. In the discussion of this section 
we need the following theorem. 


THEOREM 4. Let o(x) be a bounded monotone non-decreasing function 


1 
on the tnterval (0,1); then if en = (n= 0,1,2,° - 
0 


lim ¢n = (1) —4(1— 0). 


This theorem was stated without proof in a recently published paper by 
the present author and H. 8. Wall [6], p. 192. The proof has been included 
in a paper, by the same authors, as yet unpublished.* 
This theorem may be extended readily to include the case of a function 
¢(x) of limited variation. If ¢(z) is a function of limited variation it is 
well known that we can write ¢(2) = — $2(x), where $:(x) and ¢2(z) 


are bounded monotone non-decreasing functions. We then have 


1 
Cy = (x) — f 
e 0 270 
and from Theorem 4 it follows that 
lim ¢n = $:(1) — 0) — + —0) 
= ¢(1) —¢(1— 0). 


We are now in a position to prove the following theorem which is relevant 


to this investigation. 


TuEorEM 5. If {cn} is a regular sequence equivalent to or identical with 
convergence then the associated mass function $(x) has a discontinuity at 
equal to 1—4¢(1—0). 


If the sequence {¢n} is equivalent to or identical with convergence, then 
by Theorem 3, formulation (i), the sequence {1/cn} must be a regular sequence. 


Since all regular sequences are bounded we must then require that lim c, + 0. 


From the extension of Theorem 4 it now follows that 1—¢(1—0) 40. 
This completes the proof of our theorem. 

In order to establish a more complete connection between the theories of 
Hausdorff kernel and matrix transformations than is known at the present 
time, we must revise the conditions of absolute regularity (2.2) in the light 
of our present knowledge of Hausdorff matrix transformations. From Theorem 


*H. L. Garabedian and H. S. Wall, “ Topics in continued fractions and summa- 
bility,” Northwestern University Studies in Mathematics and the Physical Sciences, 
No. 1 (1941), pp. 87-132. Added in proof. 
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5 we know that mass functions equivalent to or identical with convergence 
in the domain of Hausdorff matrix transformations are discontinuous at x = 1, 
However, mass functions of this character are not absolutely regular in the 
sense of Silverman. The conditions of absolute regularity (2.2) may be 
restated in such a way as to preserve intact the proofs and results of Silverman 
and to unify the two theories of Hausdorff transformations. 
We shall now re-define a function ¢(2) to be absolutely regular provided 
that 
(i) (2x) is continuous, 0=2< 1, lim ¢(2x) exists and is equal to 
(ii) (x) is continuous, 0 << 2 <1, lim ¢’(z) exists and is equal to 
@-1- 
¢ (1 0) ? 
(4.1) (iii) —0, 
(iv) $(1) = 1, 
1 


We now have 
a—1—¢(1—0), 


and Silverman’s integral equations (2.3) and (2.4) become 
a1 
(4.2) = + dele) + (2) 


(4.3) = [1—40(1 + + (2) 


We observe that if (2) is continuous at = 1 we have ¢(1) = ¢(1— 0) 
and a0. We also observe that if (x) fulfills the conditions of absolute 
regularity (4.1) then ¢(2) satisfies the conditions of regularity (3.1) and is 
hence regular in the sense of Hausdorff. 

To find the connecting link between the Hausdorff theories of matrix and 
integral transformations it remains only to investigate briefly the integral 
equations (3.1) and (3. 2). 

First of all we write these equations in the form 


(4. 5) = (=) do-(t). 


q 
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Effecting an integration by parts in each of these equations we obtain 


1 
(4.6) a(x) = [1—$e(1— 0) + + of dt, 


z\1 


(4.7) = [1—¢0(1 —0) + bo(t)$’r (2) 


If in each of the integrals in (4.6) and (4.7) we make the change of variable 
defined by the transformation ¢s = z and then invert the order of integration, 
the equations (4.6) and (4.7) become (4.2) and (4.3) respectively. Thus, 
the theories of Hausdorff integral and matrix transformations are coextensive 
for mass functions which are absolutely regular. 

The implications of the preceding discussion are highly significant. For 
example, all of the inclusion and equivalence relationships which are known 
among Hausdorff matrix transformations associated with absolutely regular 
mass functions are now valid in the domain of Hausdorff integral transforma- 
tions. Moreover, we have now available all four of the formulations of the 
Hausdorff inclusion problem listed in Theorem 3 to use in investigating inclu- 
sion and equivalence relationships between kernel transformations associated 
with absolutely regular mass functions. In this connection we observe that 
ordinarily it is easier to use formulations (i) and (ii) than formulation (iv) 
of Theorem 3 in investigating inclusion and equivalence relationships among 
Hausdorff transformations. 

In order to exhibit some of the hitherto unknown inclusion and equi- 
valence relations between Hausdorff integral transformations we list several 
mass functions which satisfy the conditions of absolute regularity (4.1) : 


1 1 
T(a) f (1054) dt. 0, 
(a) P(y a) 70 
$3 (2) ome ] 


— y>a>0, 


= 


The function defines Hélder summability [H,«]. The function ¢2(2) 
defines hypergeometric summability [H,a,1,y] [6]. In particular, summa- 
bility [H,1,1,«-+-1] is identical with Cesaro summability [C,a]. The 
function ¢3;(z) defines a method of summation which includes all of the 
Cesaro methods [7]. 

That (C,«) = (H,a), «a > 0, was proved by M. Jacob [5] in 1927, as 
previously mentioned, using rather tedious methods. This result also follows 
from the well-known equivalence [C,a] ~[H,a], «>0. A number of 
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inclusion and equivalence relations are known among the hypergeometric 
matrix transformations [6]. All of these are now valid in the domain of kernel 
transformations. We list a few of these: 


(H, a, 1, y:) (H, a, 1, Y2 0, 
(H, Ge, 1, y) (H, 1, > >% > 0, 
(H,2,1,4a+ 8) = (C,B),a,B>0. 


The last of these relations has been recently proved [8] in the domain of matrix 
transformations. Finally, we have the interesting result 


(H, (C,@),a>0. 


NORTHWESTERN UNIVERSITY. 
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EXTENSION AND REDUCTION THEOREMS FOR CERTAIN TYPES 
OF CONTINUOUS TRANSFORMATIONS.* 


By D. D. 


1. Introduction. In recent years several types of single-valued con- 
tinuous transformations have been defined and investigated by various authors. 
Of these transformations, some of the most interesting are the interior trans- 
formations defined by 8S. Stoilow [1] * the non-alternating transformations 
defined by G. 'T. Whyburn [2], the non-separating transformations of J. F. 
Wardwell [3], and the monotone transformations studied by Whyburn [2] and 
others. Stronger and weaker forms of the non-alternating and non-separating 
transformations have been considered by E. P. Vance [4]. These transforma- 
tions will be defined as they are used in later sections of this paper. 

In this paper we study what might be called “ hereditary ” properties of 
such transformations. That is, if P is one of the properties mentioned above 
(interiority, monotoneity, etc.), we inquire under what circumstances a trans- 
formation having property P on a space A will have property P on every 
subcontinuum of A, or on certain special subcontinua (are-sets and cyclic 
elements) of A. The conditions for this “ inheritance” of a property by a 
subcontinuum or set of subcontinua may take the form of conditions on the 
transformations or of conditions on the subcontinua. In addition to these 
reduction theorems, we give an extension theorem valid for several types of 
transformation. 

The author wishes to acknowledge his indebtedness to Professor W. L. 
Ayres, who suggested the investigation of this topic, for his advice and en- 
couragement during the preparation of the paper. 

Unless otherwise specified, A will denote, throughout this paper, a Peano 
space (= continuous image of an interval = compact locally connected con- 
tinuum), and 7’ a single-valued continuous transformation. If a transforma- 
tion 7 (A) = B has property P, and if R is a subcontinuum of A, T will be 
said to have property P on R if T(R) =S, where S is a subset of R, has 
property P. Definitions of cyclic elements, arc-sets, ete. may be found in a 
paper by Kuratowski and Whyburn [5]; we assume that the reader is familiar 
with the definitions and results of this paper. 


* Received March 18, 1941; presented to the American Mathematical Society, April 
12, 1940. 
1 Figures in square brackets refer to the bibliography at the end of the paper. 
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2. Transformations possessing a property hereditarily. In this section 
we obtain necessary and sufficient conditions on transformations of certain 
types on a space A in order that these transformations shall possess their 
defining properties on every subcontinuum of A. 

Our first theorem concerns monotone transformations, i. e., transforma- 
tions under which the inverse image of each point of the transform is connected. 


THEOREM 2.1. A necessary and sufficient condition that a transformation 
T (A) =B be monotone on every subcontinuum of A is that the inverse image 
of each point of B be an arc-set.* 


This theorem follows readily from results of Whyburn [6, pp. 311-312]. 

A transformation is said to be non-allernating on A if, given any two 
points of the transform, neither inverse image separates the other in A. 
(Throughout this paper we use “ separate ” in the strong sense; 7. e., a set X 
is said to separate a set M in A if A —J is the sum of two disjoint sets, each 
closed relative to A — X, and each containing at least one point of M.) 


THEOREM 2.2. A transformation T(A) =B is monotone on every sub- 
continuum of A if and only if it is non-alternating on every subcontinuum 
of A. 

Since every monotone transformation is non-alternating, the necessity is 
immediate. 

To prove the sufficiency, we use the characterization of transformations 
monotone on every subcontinuum of A given by the preceding theorem. Let 
y be a point of B, and suppose that 7-'(y) is not an arc-set. Then there is an 
are « in A with only its endpoints in T-*(y). But T is obviously not non- 
alternating on a, contrary to the hypothesis that 7 is non-alternating on every 
subcontinuum of A. Hence every 7-*(y) must be an arc-set, and 7 must, 
therefore, be monotone on every subcontinuum of A. 

We now obtain a necessary and sufficient condition, of different character 
from the condition of Theorem 2.1, in order that a transformation be mono- 
tone (or, by the preceding theorem, non-alternating) on every subcontinuum 
of the space. We shall say that a transformation is constant on a set £ if it 
carries H into a single point. 

THEOREM 2.3. A necessary and sufficient condition that a monotone 


transformation T(A) = B be monotone on every subcontinuum of A is that 
T be homeomorphic or constant on each cyclic element of A. 


2 We use the term arc-set in the sense of closed arc-set (= A-set in the terminology 
of [6]). 
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The condition is necessary. Obviously 7’ is constant on each degenerate 
cyclic element (=a single point). Now let C be a true cyclic element of A. 
If 7 is not homeomorphic on C, then, for some point y of T(C), T-*(y) - C is 
non-degenerate ; and if 7’ is not constant on C, there exists a point x of T'(C) 
distinct from y. Let p and r be distinct points of 7-*(y) -C, and let q be a 
point of 7-*(x)-C. By Ayres’ Three-Point Theorem [7, p. 130, Th. 3], 
there exists an arc pgr in C. But, contrary to the hypothesis that 7 is mono- 
tone, and hence non-alternating, on every subcontinuum of A, T then fails 
to be non-alternating on the subcontinuum pqr, for T-'(y) intersects two 
components of pgr — T(x), one in p and the other in r. 

The condition is sufficient. Let JT be monotone on A and homeomorphic 
or constant on each cyclic element of A. Suppose that there is a continuum K 
in A and a point y of B such that K -T-'(y) = M + N, where the sets M and 
N are disjoint and closed. There is an are @ in A, with endpoints m and n, 
such that «- M =m and «a:-N=—n. Since K and T-'(y) are continua, it is 
easy to see that no point separates m from n in A, whence m- n lies in a 
cyclic element #. Since T is thus not homeomorphic on FL, we must have 
ECT"(y). Now EK is connected, but FK = E-K-T*(y) = EM+ EN, 
and the summands are mutually separated. This is a contradiction. 

For the necessity part of Theorem 2.3, the condition that T’ be monotone 
on A is evidently superfluous. However, without this condition the sufficiency 
part of the theorem is not true. For example, let A be an are zy and let T be 
a transformation which identifies x and y but is homeomorphic elsewhere on A. 

As an immediate consequence of Theorems 2.2 and 2.3 we have 


THEOREM 2.4. A necessary and sufficient condition that a non-alternating 
transformation T(A) = B be non-alternating on every subcontinuum of A 1s 
that T be homeomorphic or constant on each cyclic element of A. 


CoroLttary. A necessary and sufficient condition that every non-alter- 
nating transformation on a Peano continuum A be non-alternating on every 
subcontinuum of A is that A be a dendrite. 


The sufficiency of the condition follows at once from Theorem 2. 4, for 
every single-valued transformation on a dendrite is necessarily constant on 
every cyclic element. Conversely, on a non-acyclic Peano continuum we can 
always define a non-alternating transformation which, on some cyclic element, 
is neither homeomorphic nor constant, and which in consequence, by the above 
theorem, must fail to be non-alternating on some subcontinuum. Such a 


8 The author is indebted to the referee for this abbreviated proof of the sufficiency. 
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transformation may be defined as one which carries into a point an arc in some 
true cyclic element of the continuum, and which is a homeomorphism else- 
where; this transformation is obviously monotone, and hence non-alternating. 

A transformation T(A) = B is said to be weakly non-alternating provided, 
for any two distinct points x and y of B, T-'(x) separates T-'(y) in A only if 
some single point of 7-'(x) separates 7-*(y) in A. The transformation would 
be called completely non-alternating if, for any two points x and y (not neces- 
sarily distinct) of B, and any closed subset K of T-*(x), K did not separate 
in A. 

The necessity part of Theorem 2. 4 fails if the hypothesis that T' be non- 
alternating on every subcontinuum of A is replaced by the weaker hypothesis 
that T be weakly non-alternating on every subcontinuum of A. For example, 
let A be a circle and let T identify two points on the circle (T being a homeo- 
morphism elsewhere on A); 7 is then weakly non-alternating on every sub- 
continuum of A (and, in fact, completely non-alternating on A), but is neither 
homeomorphic nor constant on the cyclic element A. 

It will follow as a trivial corollary of Theorem 2.5 that the sufficiency 
part of Theorem 2. 4 holds if “ weakly non-alternating ” replaces “ non-alter- 
nating ” throughout the statement of the theorem. However, if only the first 
the 


3 


occurrence of “ non-alternating ” is replaced by “ weakly non-alternating, 
theorem is no longer true. For example, consider the transformation which 
folds a line segment about its midpoint; this transformation is weakly non- 
alternating on the segment and is constant on every cyclic element, but is not 
non-alternating even on the whole segment. Since every transformation com- 
pletely non-alternating on every subcontinuum of a Peano space is obviously a 
homeomorphism, it is apparent that replacement of the second occurrence of 
“ non-alternating ” by “ completely non-alternating ” will render the sufficiency 
theorem false unless the first occurrence of “ non-alternating ” is similarly 
replaced, in which case the theorem is trivially true. 

A transformation T(A) = B is called non-separating if the inverse image 
of no point of B separates A. It is weakly non-separating if an inverse image 
can separate A only if one of its points separates A. It is completely non- 
separating if no closed subset of any inverse image separates A. 

Results similar to the above for the various types of non-separating trans- 


formations, insofar as they are not contained in the foregoing remarks, are to 
be found in Theorems 2.5, 2.6, and 2.7. There is one exception, however: 
it is impossible to define a transformation completely non-separating on every 
subcontinuum of a Peano space. 

As a preliminary to the proof of Theorem 2.5 we prove the following 
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Lemma. If H is a subcontinuum of a Peano space A, and K is a closed 
set which separates H between two points p and q, then there exists a cyclic 
element C of A such that KC separates H between p and q. 


Consider the cyclic chain C(p,q) from p to g. Since every cut point of 
C(p,q) is a cut point of A, and hence a cyclic element, if K contains a cut 
point of C(p,q) the lemma is proved. Let us suppose, then, that K -Z = 0, 
where Z is the set of all cut points of C(p,q). Since H-C(p,q) is a sub- 
continuum of C'(p,q) containing p+ q, ZC H-C(p,q). But, by hypothesis, 
H-C(p,q) —K =H, + Hg where H, and Hg are mutually separated sets 
containing p and q, respectively. Hence Z = Z,-+ where Z, and Zq are 


mutually separated and contain p and gq, respectively. Since Z+ p+ q is 
closed, Zp and Z, are closed. The cyclic elements in C(p,q) being linearly 
ordered between p and q, let p’ be the last point of Z, in the order from p to q, 
and let g’ be the first point of Z, in the order from p’ to q. Since p’ ~q/, 
p’ and q¢ must be the limit points in a certain cyclic element C of the com- 
ponents of C'(p.q) —C containing p and q, respectively. The points p’ and q’ 
being separated in H by K, they must then be separated by KC, whence p and g 
are separated in H by KC. 


THeorEM 2.5. If T(A) = Bis homeomorphic or constant on each cyclic 


element of A, then T is weakly non-separating on every subcontinuum of A. 


Suppose that there exists a subcontinuum H/ of A on which T is not weakly 
non-separating ; i. ¢., suppose that there exists a point x of T(H) such that 
T-‘(x) separates H while no single point of T-*(x) separates H. By the fore- 
going lemma, there exists a cyclic element C of A such that C - T(x) separates 
H. Now T cannot be homeomorphic on C, for if it were then C- T-?(a2) would 
be a single point, and we have supposed that no single point of T-*(z) 
separates 7. On the other hand, T cannot be constant on C; for in this case 
C would separate //, and, C being a cyclic element, C would contain a cut 
point of A which would separate 7, contrary to supposition. But, by hypo- 
thesis, 7’ is either homeomorphic or constant on C. Hence, by contradiction, 
T is weakly non-separating on every subcontinuum of A. 

The converse of this theorem is false; for if the space A be taken to be a 
circle, any transformation carrying a semicircle into a single point, and homeo- 
morphic elsewhere on A, is weakly non-separating on every subcontinuum of 
A but is neither homeomorphic nor constant on the cyclic element A. However, 
the hypothesis that 7 is weakly non-separating on every subcontinuum of A 
does yield the conclusion embodied in 
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THEOREM 2.6. If T(A) =B is weakly non-separating on every sub- 
continuum of A, then T is monotone on each cyclic element of A (in fact, 
T-*(x) - E is arcwtse connected for every point x of B and every cyclic element 
E of '‘A). 


Let z be any point of B and £ any cyclic element of A such that T-1(2) - 2 
~0. If T(z) -£ is a single point, our conclusion follows trivially. Hence 
we suppose 7~'(z) - # to be non-degenerate and let p and q be distinct points 
of T-"*(z)-H#. Since p+ q lies in a true cyclic element F, there exists a 
simple closed curve J in # containing p + q; and J is the sum of two arcs, @, 
and @, having only p+ q in common. Since 7 is, by hypothesis, weakly 
non-separating on J, and since no single point can separate a simple closed 
curve, it follows that J — T-'(x) is connected. Hence 7-*(z) contains one of 
the arcs a; from p to g, whence 7-*(z) - E is arewise connected. 

That the converse of this theorem is false is easily seen by considering a 
é-curve A (i. e., two points, p and q, and three ares which join p to q and each 
pair of which have in common only p + q) and a transformation which carries 
one of the arcs pq into a single point and is homeomorphic elsewhere on A. 
Each inverse image is arcwise connected, but the transformation is not weakly 


non-separating even on A. 


THEOREM 2.7. A necessary and sufficient condition that a non-separating 
transformation T(A) = B be non-separating on every subcontinuum of A is 
that B be a single point. 


The sufficiency is obvious. To prove the necessity of the condition, suppose 
that there exist distinct points z and y of B. Let p be a point of T-'(x) and 
g a point of T-*(y). Since A is a Peano space, there exists an arc pg in A; 
and since and T-*(y) are disjoint and closed, pg — T-*(x) — T*(y) 
~0. Let ¢ be a point of pg —T-*(x) —T-*(y); then ¢ is an interior point, 
and hence a cut point, of pg. But ¢ is a point of J-'(z) for some point z of B; 
and since =t-T-*(y) =0 we have Hence p-T*(z) 
=q:T-"(z) =0, so that T-*(z) cuts pg, a subcontinuum of A, contrary to 
hypothesis. 


THEOREM 2.8. A necessary and sufficient condition that an interior 
transformation T(A) = B be interior on every subcontinuum of A is that T 
be homeomorphic or constant on A. 

The sufficiency of the condition is obvious. To prove the necessity, sup- 


pose that B is not a single point but that there exist points z, and 2, of A 
such that 7'(z,) = T(x,). Since A is a Peano space, there exists at least one 
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arc in A joining z, and 2; let « be such an arc. We consider separately the 
mutually exclusive cases in which (1) there exists a point u of a such that 
T (xu) AT (x.u), where aju denotes the subarc of joining 2 and u 
(t= 1,2), and (2) T(a,u) = T(a,u), for all points u of a. 


Case 1. In this case, since T(v,u) ~ T(ax.u), there exists a point s of 
v,u such that 7'(s) is not a point of T'(a,u) (or else there exists a point of ru 
whose transform does not belong to T'(x,u) ; let us suppose the former). Now 
let p; be the first point on «, in the order from s to z,, such that T(p,) is a 
point of T’(z,w) (there exists such a point, for T-'T(r2u) is closed and at 
least 2, itself satisfies the condition). Let p. be any point of zw such that 
T (p2) =T (pi), let pis be the subare of « from p, to s, let VU = T (pis —s), 
and let A, be the subare p,ur, of «a. Then p,s —s is a set open relative to Ai. 
Let T(A:) = B;. We proceed to show that T(p,s—=s) is not open in By, 
whence the hypothesis that 7 is interior on every subcontinuum of A is 
contradicted. 

Since 7'(pi1) =T(p2), T(pi) CU: T (au); and since p, is the only 
point common to p,s—s and T“T(2.u), U-T(x.u) CT(p.). Hence 
U-T(x.u) =T(p,). Therefore, since C A,, —T(p,) CB, —U. 
But p, is a limit point of a subset M of x.u, whence T (pz) is, by the continuity 
of 7, a limit point of T(M), and T(M) CT(2.u) —T(p,) CB, —U. 
Therefore, since T(p:) = T (pe), the point T(p,) of U is a limit point of 
B, — U, whence U is not open relative to B;. 


Case 2. In this case we suppose that 7 (2,u) = T(22u) for every point u 
of the arc a joining z, and a. If T(a) isa single point, T is obviously interior 
on a. But we are supposing that B is not a single point, so that there exists 
a point y in A such that T(y) #7 (a). Let B be an are joining « toy. Then 
T is not interior on the subcontinuum « + £, contrary to hypothesis. 

On the other hand, if we suppose that 7'(a) is not a single point, 1. ¢., if 
we suppose there exists a point v of « such that T(v) #~T(2,) =T (a2), then 
where p(T(v),7(2:)) is the distance between T'(v) 
and 7'(z,) and ¢ is a positive number. Since 7 is a continuous transformation, 
there exists a point u of & so close to 2, that diam T'(x,u) < «, whence T (2,u) 
cannot contain 7(v). Hence v is a point of and ~T(x2u), con- 
trary to supposition. 


3. Conditions on the subcontinua. In this section we obtain necessary 
and sufficient conditions on a subcontinuum R of a Peano space A in order that 
every transformation having one of the aforementioned properties on A shall 
have the same property on R. In order to state the theorems in the strongest 
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possible form, we shall in some cases state separately the necessary and the 
sufficient conditions. 


THEOREM 3.1. In order that every monotone transformation T(A) = B 
be monotone on a given subcontinuum R of A, it is necessary and sufficient 
that R be an arc-set. 


The condition is necessary. If FR is not an arc-set, then, for some pair of 
points x and y in &, there exists an are zy not lying wholly in #&. Let 7 bea 
transformation carrying zy into a single point p and homeomorphic on A — zy. 
Then 7 is monotone on A but not on A; for an arc zy is irreducibly connected 
between xz and y, whence zy: R(—T-"(p) - is not connected. 

The condition is sufficient. Since 7’ is monotone on A, J-'(x) is connected 
for every point z of B. But, since F# is an arc-set, RC is connected for every 
connected set C in A. Hence 7-*(2)-F is connected for every point x of B, 
and T is therefore monotone on FR. 

In view of the obvious fact that a Peano space is a dendrite if and only if 


all its subcontinua are arc-sets, we have at once the 


CoroLLaRY. A necessary and sufficient condition that every monotone 
transformation on A be monotone on every subcontinuum of A is that A bea 
dendrite. 


THEOREM 3.2. A non-alternating transformation T(A) =B is non- 


alternating on every arc-set in A. 


Let & be any arc-set in A, and suppose that 7 is not non-alternating on P. 
Then there exist points 2 and y of T(#) such that T-1(x) separates R between 
some two points p and gq of T-1(y). But since FR is an arc-set, any set which 
separates two points in R must separate these points in A. Hence 7-*(x) must 
separate p from q in A, which contradicts the hypothesis that 7 is non-alter- 
nating on A. 

The following converse of this theorem is also true: if every non-alter- 
nating transformation 7(A) = B is non-alternating on a subcontinuum PF of 
A, then FP is an arc-set. In this statement, however, we can weaken the hypo- 
thesis by replacing the first occurrence of “ non-alternating ” by “ completely 
non-alternating,” without destroying the validity of the conclusion. From this 
follows, by virtue of Theorem 3. 2, the equivalence of the apparently stronger 
and weaker forms of the hypothesis of the converse. Before proceeding to the 
proof of this converse, we establish two preliminary lemmas. 


Lemma A. If a closed set M irreducibly separates a Peano space A 
between two points p and q, no proper subset of M separates M in A. 
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Let C, and Cz be the components of A — M containing p and q respectively. 
Since M separates A irreducibly between p and q, M is the common boundary 
of Cp and C, [8, p. 48, Th. 7], whence M C C;. Suppose that there exists a 
proper subset M’ of M which separates M in A; 7. e., suppose that there exist 
mutually separated sets M’, and M’, such that A — M’ = M’, + M’.=€0 and 
and M-M’, ~A0~M-M’.. Since C A—MCA—MWM,, and since C, is 
connected, Cp is contained either in M’, or in M’:, say in M’;. Hence 
C> C M’,, whence MC M’,. But this implies, since M’, and M’, are mutually 
separated, that /- M’, 0, contrary to our supposition. 


Lemma B. If C is a continuum without cut points such that for some 
two points p and q of C there exist three mutually exclusive connected subsets 
of C, Ky, Kz, and Ks, each having both p and q as limit points, and if p’ and qf 
are points lying in different components of C —p—gq, then C—p'—q is 
connected. 


Since C has no cut points, every component of C — p’—q’ must have 
both p’ and q’ as limit points. Hence, if C; is a component of C — p’ —q’ 
containing neither p nor g, Ci + p’+ q’ is a connected set joining p’ and q’ in 
C —p—gq. But this is impossible, for by hypothesis p’ and q/ lie in different 
components of ( — p—q. Hence every component of C — p’—q’ contains 
either p or g. But Ki: (p’ + q’) = 0 for at least one of the K; (i 1, 2, 3), 
and the connected set Ki + p+ q thus joins p and g in C — p’ — q’, whence 
p and q lie in the same component of C — p’ — qd’. Hence C — p’ — ¢ has only 


one component, and thus is connected. 


THEOREM 3.3. If every completely non-alternating transformation 
T(A) = B is non-alternating on a subcontinuum R of A, then R is an arc-set. 


Suppose F is not an are-set. Then there exists an arc a, with end points 
p, and po, such that R- «= p, + peo. Thus p; and pe are joined by the continua 
a and R, having in common only p; + pe, whence @ lies in some true cyclic 
element C of A. As will be pointed out later, we shall lose no generality by 
assuming at this point that the space A is cyclicly connected, so that C = A. 

Let K be a closed set which irreducibly separates [8, Th. 8] A between 
p, and pe. Since K and @ are closed sets, K - « is closed, whence, F being closed, 
p(K-a,R)—d>0. Hence there exists an open set U (viz., the e-neighbor- 
hood of K-a, where e<d) such that 0 >K-a and UR=0O. Let K’ 
= K—U. 

Consider now the components C; of A — p, — pe such that C; contains a 
component C;* of R— p,— pe such that C;* has both p, and pe as limit 
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points. Since A is locally connected, there is only a finite number * of such 
components C;. We now consider separately Case 1, in which there is only 
one such component (that there is at least one is obvious), and Case 2, in 
which there is more than one. 


Case 1. We define the transformation T as follows: T(C,:K) =z, 
T (pi: + po) =t, where z and ¢ are distinct points, and 7’ is homeomorphic 
elsewhere on A. Now T is not non-alternating on F, for C,K’ separates p, 
from in (since UR = 0), whence T-*(z) separates in R. But T 
is completely non-alternating on A, for (1) no closed subset of C,K’ separates 
p: from p. in A (since U contains K- a, whence K’-%«—0), (2) no closed 
subset of CK’ separates C,K’ in A (for any such separating subset of C,K’ 
would separate K in A, which is impossible by Lemma A), (3) no closed sub- 
set of p, + ps separates C,K’ in A (since C, © C,K’), (4) no closed subset of 
Pi + pe separates p,; + po, and (5) no single point can separate either p, +- pe 
or C,K’ (since A was assumed to be cyclic). 


Case 2. If there is more than one of the components Ci, each such com- 
ponent must intersect K’, whence p, + pe. separates K’-3C; in A, and a 
transformation defined as in Case 1 fails even to be non-alternating on A. To 
avoid this difficulty we redefine our transformation T as follows. 

Let = K’-C;, and K” = 3K”; = K’-3Ci, noting that this is a 
finite sum. Then each K”; is closed, whence K” is closed, and therefore 
p(pi + po, K”) =d>0. The space A being locally connected, there exists a 
positive number 6 such that every point in Us(pi) ® can be joined to p; by an 
arc lying within Ua(pi) (t=1,2). Let p’i be any point of Us(pi) - Ci, and 
let 8; be an are pip’; lying within Ua(pi) (t—=1,2). Now K” separates p’; 
from in R, for K” separates p, from p. in R and K”- Ua(pi) =0 (t=—1,2). 
Hence if we define T as the transformation which carries K” into a point z 
and p’, + p’2 into another point ¢t, and is homeomorphic elsewhere on A, T' is 
not non-alternating on R. But T is completely non-alternating on A, for (1) 
no closed subset of K” separates p’,; from p’, in A (since the connected set 
B, +a-+ B. does not intersect K”), (2) no closed subset of K” separates K” 
in A (for the reason cited in (2) of Case 1), (3) no closed subset of p’; + p’s 
separates K” in A (in fact, if in Lemma B we let p= p., q= po, = p's, 
= Ki =C,, Ko=C2, and = %— po, we see that + 


‘For if the number of such components C, is infinite, let {7} be a sequence of 
points such that a, is a point of C,; and p, #2,A7p, (i=1,2,-- -). Then, since A is 
compact, the sequence has a limit point «, and in the neighborhood of 2 the space fails 
to be locally connected. 

* The symbol U,(x) denotes the neighborhood of « of radius r. 
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does not cut A at all), (4) no closed subset of p’; + p’s separates p’, + p's, 
and (5) no single point separates p’,; + p’s or K” or itself in A (since A is 
assumed to be cyclic). 

If the space were not assumed to be cyclicly connected, the foregoing steps 
would remain unaltered if 7’ were defined to be a homeomorphism on A — C. 

We have thus defined, on the supposition that F is not an arc-set, a trans- 
formation completely non-alternating on A but not non-alternating on R, 
contrary to hypothesis. Hence F# is an arc-set. 


THEOREM 3.4. In order that every non-separating transformation 
T(A) = B be non-separating on a given subcontinuum R of A, tt is necessary 
and sufficient that R be an arc-set. 


The sufficiency is proved in the same way as Theorem 3.2. To prove the 
necessity, we shall make slight modifications in the proof of Theorem 3. 3. 
Using the notation of that proof, and supposing as before that R is not an 
are-set, consider the set A — K” = Cp», + 3C’i, where C5,,, is the component 
of A— K” containing p; and p. (these points lie in the same component of 
A — K” because they are joined by the arc a, which does not intersect K”’) 
and the ©’; are the other components of A—K”. Let K’’ = K” + 3C;. 
Now all the limit points in A —C’; of any component C’; must lie in K”, 
whence ®° F'(C’;) C KX” for all C’;, and therefore 3F(C’;) C K”. But K” is 
closed, so that SF (0’;) C K”, and, since the space is Peanian, F(3C’;) 
C3F(C’:) CK” [9, p. 155]. Therefore K’” is closed, and A—K” 
(= Cp.) is connected, whence K’” does not separate A. On the other hand, 
Ci contains neither p, nor p, and K” separates R between p, and po (as we 
have seen in the proof of Theorem 3.3), so that K’” separates R between p, 
and p.. Therefore, assuming A to be cyclic, if T be defined to carry K’” into 
a point z and to be homeomorphic elsewhere on A, 7’ is non-separating on A 
but not non-separating on R, contrary to hypothesis. If A is not cyclic and C 
is the true cyclic element of A containing p; + po, let T carry any component 
of A—C into its limit point in C; the result then follows as before. The 
supposition that R is not an arc-set thus leads to a contradiction and the 


theorem is proved. 
Whether the theorem remains true if the first occurrence of “ non-sepa- 
rating ” be replaced by “ completely non-separating,” is not yet known. 
Theorems 3. 1-3. 4 may be summarized in the 


Corottary. Jf A is a Peano space and R is a subcontinuum of A, the 


° The symbol F(a) denotes the boundary of the set X, i.e., the set X.A—X. 
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following properties are equivalent: (1) R is an arc-set, (2) every transforma- 
tion monotone on A is monotone on R, (3) every transformation non-alter- 
nating on A is non-alternating on R, (4) every transformation completely 
non-alternating on A is non-alternating on R, (5) every transformation non- 
separating on A is non-separating on R. 


In the same way that Theorem 3.2 was established, we can prove 


THEOREM 3.5. If a transformation T(A) =B is completely non- 
alternating (resp. completely non-separating, weakly non-alternating, weakly 


non-separating), it has the same property on every arc-set in A. 


Some of the converses of Theorem 3.4 are also true. Since Theorem 3.3 
holds, it is true a fortiori that if, in that theorem, “ non-alternating” or 
“weakly non-alternating ” be substituted for “completely non-alternating,” 
or if “ completely non-alternating ” be substituted for “ non-alternating,” or 
both, the theorem still holds. However, if “ weakly non-alternating ” be sub- 
stituted for “ non-alternating ” in Theorem 3.3, then even if “ weakly non- 
alternating ” be substituted for “completely non-alternating ” the resulting 
theorem is false. As indicated in the remark following Theorem 3.4, we do 
not know whether that theorem remains true if “ completely non-separating ” 
be substituted for “ non-separating.” In other respects the foregoing remarks 
concerning the various non-alternating transformations apply without change 
to the corresponding types of non-separating transformations. 


4, Extension theorems. In this section we establish an extension theorem 
for monotone, non-alternating, and non-separating transformations; 7. ¢., a 
theorem which asserts that a transformation having one of these properties on 
certain subcontinua of the space has the same property on the whole space. 

W. L. Ayres has defined [10, p. 568] a basic set of a Peano space A to be 
a subset of A such that each point of A lies on an arc joining two points of the 
subset. In this section we show that transformations which are monotone, 
non-alternating, or non-separating on all the cyclic chains joining pairs of 
points of a basic set possess their defining properties on the whole space. 


TueroreM 4.1. If K is a basic set of A, and if T(A) =B ts a trans- 
formation monotone on C(x,y) for every pair of points x, y in K, then T 1s 
monotone on A. 

Suppose that 7 is not monotone on A ; then there exists a point b of B such 
that T-(b) =U + V, where U and V are non-vacuous mutually separated 
sets. Let u and v be points of U and V, respectively; then no connected subset 
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of T-*(b) contains uw-+v. We consider separately the cases in which (1) 
u-+ v lies in some true cyclic element of A, and (2) wu and v lie in distinct 


cyclic elements of A. 
Case 1. If wu and v lie in some true cyclic element C, let s be a non-cut 


point of A contained in C. Since K is a basic set of A, there exist points x 
and y in K such that seC(z,y). But if an arc-set contains a non-cut point 
of a cyclic element, it contains the cyclic element.’ Hence C(z,y) D CD 
u-+v. But then 7*(6) is not connected in C(z,y) and T is not monotone 
on C(x, y), contrary to hypothesis. 


Case 2. If u and v do not lie in the same cyclic element, there exist cyclic 
elements C, and Cy, containing wu and v, respectively, and such that either 
Cu: Cy =0 or Cy: Cy is a single point. We proceed to find points z and y 
of K such that C(z,y) Du+v. If Cy is a node (i. e¢., contains exactly one 
cut point of A), then [11, Th. 8] Cy contains a point of K which is not a cut 
point of A; call this point z. On the other hand, if Cy, is not a node (1. e., 
contains more than one cut point of A), let c be the particular cut point in Cy 
which is the limit point of the component of A — C, containing C,, and take 
as x any point of K lying in a component [10, Th. 11] M of A—C, whose 
limit point in C, is a point d distinct from c. 

Now we may select a point y in exactly the way that x was chosen, merely 
interchanging wu and v in the above paragraph. Thus C(z,y) contains either 
a non-cut point of C; or two cut points of Ci; (i= u,v), and in either case 
C(z,y) Ci. Hence C(2,y) Cu + Cr u + whence T is not monotone 
on C(x, y), contrary to hypothesis. 

We now prove, in much simpler fashion, that the same theorem holds for 
non-alternating and non-separating transformations. 


THEorEM 4.2. If K is a basic set of A, and if T(A) =B 1s a trans- 
formation non-alternating (non-separating) on C(zx,y) for every pair of 
points x, y in K, then T is non-alternating (resp. non-separating) on A. 


If T is not non-alternating on A, there exist points p and q of B such 
that 7'-"(p) separates A between some two points wu and v of 7-"(q), whence 
T-1(p) separates u from v in any connected subset of A containing wu + v. 
But we have seen in the proof of Theorem 4.1 that there exist points z and y 


7 Every cyclic chain is an arc-set, and it follows immediately from the definition of 
the latter that a non-degenerate arc-set contained in a cyclic element C must contain C; 
and an are-set which is not contained in C but contains a non-cut point in C must also 
contain a cut point in C, and hence, containing two points of C, must contain (. 
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of K such that C(z,y) Du+v. Hence T-'(p) separates C(z,y) between 
u and v, contrary to the hypothesis that 7 is non-alternating on C(z,y) for 
all points z,y in K. In the same way, 7 may be shown to be non-separating 


on A if it is non-separating om each C(z2, y). 
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THE PROBLEM OF PLATEAU IN HYPERBOLIC SPACE.* 


By A. T. LoNSETH. 


1. Preliminary considerations. The spaces of constant Riemannian 
curvature * fall into three types according as the curvature is zero, negative, or 
positive. In the first (Euclidean) case, minimal surfaces and the Plateau 
problem have been studied intensively. Here the second (hyperbolic) case is 
considered. The central result obtained is a proof of the fact that if a Jordan 
curve in three dimensions is capable of bounding a surface of finite area in the 
sense of hyperbolic geometry it actually bounds a surface which is minimal 
in the sense of hyperbolic geometry. 

The three-dimensional hyperbolic geometry whose curvature K = — 1 can 
be represented on the half-space of (z,y,z) in which z>0. Its distance 


element is then given by 
(1) ds? = (dx* + dy? + dz?)z? 


(“Poincaré’s metric”). Geodesics are circles orthogonal to the (2, y)-plane. 

A vector function r(u,v): z(u,v), y(u,v), z(u,v) will define a surface 
in z > 0 if the three codrdinate functions are continuous on the closed unit 
circle of a (wu, v)-plane; z(u,v) > 0, so that it possesses a positive lower bound. 
We shall say that r(u,¥v) is an admissible vector if the first partial derivatives 
of its components are continuous in the open unit circle, and are summable 
with their squares thereon. 

If the expressions #, F and G@ are defined as the coefficients of the first 


fundamental form of r(u,v): 


* Received September 9, 1939; in revised form, July 20, 1941; presented to the 
American Mathematical Society, April 15, 1939. 

This paper is a revision, without any essential modifications, of the author’s Uni- 
versity of California thesis (May, 1939). The author is deeply indebted to Professor 
Hans Lewy for his interest and assistance. 

Several valuable improvements were suggested by the referee. The most noteworthy 
of these is incorporated in the bounding procedure of § 4, which replaces a much less 
elegant method. 

1 Bianchi-Lukat: Vorlesungen iiber Differential-Geometrie, Leipzig, 1899; pp. 575 
and 584. 

*For work done up to 1933, see Radé: On the Problem of Plateau, Berlin, 1933. 
For more recent investigations, see Courant, “The existence of minimal surfaces of 
given topological structure under prescribed boundary conditions,” Acta Mathematica, 
vol. 72 (1940), pp. 51-98. 
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ds* = EF du* + 2F du dv + G dv? 
then, from (1), 
B= = (au? + yu? + au?) 2°, 
= = (Lutv + YuYo + 2? 


For an admissible vector r(u,v), the hyperbolic Dirichlet integral 


(2) 


Bir] = ff (E + G)du dv 
1 
ff ay? + yu? + yo? + + 2?) 27? du dv 
<1 
exists. Noting that 


VEG—F?S VEGS}(E+4), 
we conclude that the hyperbolic area integral 
A[r] = {f V EG — F? du dv 
exists and satisfies the inequality 
(3) A[r] S 


In (3), the equality occurs if and only if #=G, F=0. 
In terms of spherical codrdinate functions r(u,v), 6(u,v), (u,v) ob- 
tained from z(u,v), y(u,v), z(u,v) by the transformation 


(4) r=rsin 6 cos ¢, y =r sin 6sin ¢, z=r cos 6, 
we find that 

(5) B(x] = B, [zx] + B.[z], 

where 


B,[r] — ff ote Ty*) r? sec? du dv, 


uz+y2 <1 


B.[r] = { (Ou? + 6,7) sec? (du? + 6) }du dv. 


The fact that B.[x] is independent of r(u, v) will be of use later. 

Certain notations will be employed rather frequently. A function will be 
said to be of class O™ in a domain D if all its derivatives of order n exist and 
are continuous in D. The open circle whose center is at P and whose radius 
is R will be denoted by C(P, R) ; the closed disk by C(P, R) ; and the circum- 


ob- 


jus 
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ference by C*(P,R). Thus in particular the open unit circle in the (u, v)- 
plane is C(O, 1). 


2. Statement of the problem. If a surface is defined by a vector of 
class OC” in C(O,1), whose coérdinate functions satisfy in C(O,1) the Euler 
equations of the problem A[r] = minimum, we shall call it a hyperbolic 
minimal surface. 

A particular class of hyperbolic “minimal varieties” consists of the 
spheres (including planes) which are orthogonal to the fundamental plane 
z=0. These are totally goedesic (i.e., their geodesics are also geodesics of 
the enveloping space), so their minimal character follows from a general 
theorem.* 

Let there be given in (2, y,z) a closed, continuous curve I without double 
points (Jordan curve). We shall say that a continuous vector r(u, v) spans T 
if the equations 7 = r(u,v), y= y(u,v), z= 2(u,v) map C*(O,1) onto 
The boundary mapping, though continuous, need not be (1 —1). 

We can now state the problem of Plateau for hyperbolic space: given a 
Jordan curve T in hyperbolic space, it is required to find a hyperbolic minimal 
surface whose codrdinate vector r(u,v) spans T. This problem will be solved 
for any curve I which can be spanned by an admissible vector, as defined in § 1. 

In view of the minimal character of totally geodesic surfaces, a solution of 
this Plateau problem would be obvious in case T should lie on a sphere or 
plane orthogonal to z=0: namely, that portion of the sphere (or plane) 
“interior ” to T. This remark is the key to a bounding procedure employed 
in § 4, 

We proceed to the analytical details in the general case. Writing z = exp ¢, 


E = exp(— 2€) (tu? + yu?) + bu’, 
F = exp(— 2€) (tury + + bude, 
exp(— (ae? + + 
The Euler equations (€*) for the problem A[r] = minimum, obtained by 
independent variations of 7, y and € are: * 


— 2FF2,)W*] + [3(£G2, —2FF.,)W*] =0, 


+ GE, — 2F Fe) = 0, 


‘L. P. Eisenhart, Riemannian Geometry, Princeton, 1926, p. 184. 
*O. Bolza, Vorlesungen iiber Variationsrechnung, Leipzig and Berlin, 1909, pp. 655, 


667. 


232 A. T. LONSETH. 


where W = (LG — F*)4, If we suppose F—G=F=0 in C(0,1)—the 
case of isothermic parameters—equations (€*) become, since then W = F =@, 
on removing the factor 3, 


By (2’), these finally reduce to 


Ar — 2 (Curu Ctr) = 0. 
(€) Ay 2 (LuYu 0, 
Ag + exp(— (au? + + yu? + wo?) = 9, 
where A is the Laplacian operator 
Gy? 

For future reference these equations (€) will be denoted by €(2;%), 
E€(y;¢) and €(£; 2, y) respectively. 

It is easily seen that if # —G =F =0 and if equations (€) hold, then 
equations (€*) also hold. Accordingly, the condition on a hyperbolic minimal 
surface, that its codrdinate vector satisfy the Euler equations (€*) for the 
problem A[r] = minimum, can be replaced by the following (apparently more 
stringent) pair of conditions: 

1 #H—G=F=£0 in C(O,1) 

2. equations (€) hold in C(O,1). 

The problem of Plateau becomes: * given a Jordan curve I for which z > 0, 
it is required to find a vector r(u,v): x(u,v), y(u,v), z(u,v), where 
z(u,v) > 0, such that 

1. z(u,v) is continuous on C(O,1) and is of class C” in C(O,1); 

2. z(u,v) maps C*(O,1) continuously onto T; 

3. the quantities E, F and G defined by (2) satisfy E—G=F= 0 in 
C(0,1); 

4. the equations (€), in which = log z, are satisfied in C(0,1). 


5 Cf. Rad6, l.c.?, pp. 31, 32. 
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3. The Plateau problem as a minimum problem for B[r]. The system 
of equations (€) is precisely the system of Euler equations arising from the 
problem B[y] minimum. Hence if r(u, v) 


1. spans T and is continuous on C(O,1) ; 

2. is of class C” in C(O,1); 

3. as such that =g.1.b. {B[x]}, where {1} is the class of admis- 
sible vectors spanning T; then r(u,v) must satisfy (E€) in C(O,1). Con- 
cerning T we now make explicit the further assumption that it can be spanned 
by an admissible vector, so that {rx} is not empty and {B[r]} consequently 
possesses a finite greatest lower bound. 


Further, if r(w,v) has the three properties just listed, it follows neces- 
sarily, that # — G == F =0 in C(O,1). Thus if an r(u, v) can be found with 
these properties, it defines a hyperbolic minimal surface; for F —G=F=0 
and equations (€) hold, so that the variational equations (€*) are satisfied 
in C(O,1). The problem of finding a vector function satisfying conditions 
1, 2, and 3 we shall call the minimum problem for B[r]. <A solution of this 
problem is a solution of the problem of Plateau in hyperbolic space. 


The proof of the isothermic relation + =F =0 under hypotheses 
1,2, 3 on r(u,v) does not differ essentially from proofs of the corresponding 
theorem in Euclidean space, as given by Radé* and by Courant.’ Rado’s proof 
requires only the obvious replacement of the ordinary by the hyperbolic 
Dirichlet integral; Courant’s, in addition, use of equations (€) instead of 
Laplace’s equation to establish analyticity of the function of a complex variable 


= d(u+iw) = 


within C(O,1). The vanishing of ¢(w) identically in C(O,1) then follows 
from the hypothesis that r(w,v) minimizes the B-integral among variations 
of the mapping of 0” (0,1) onto T. We omit the details. 

In what follows, the minimum problem for B[r] is solved. The method 
of attack is fundamentally the direct method of the calculus of variations: a 
minimal sequence of admissible vectors spanning T is improved until finally a 
vector with properties 1, 2, 3 is obtained as a limit. Major improvements are 
effected by the indirect method, involving solutions of the variational equations 
for analytic approximating boundary values. The difficulties encountered are 


Radé, p. 97, Lemma. 
7R. Courant, “ Plateau’s problem and Dirichlet’s principle,” Annals of Mathematics, 
vol. 38 (1937), pp. 679-724; p. 693. 
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due to the non-linearity of equations (€), which complicates improvement and 
convergence of minimal sequences, and even makes a modified type of minimal 
sequence seem necessary. 

Use will be made of the Euler equation obtained from B[r] = minimum 
by variation of r(u,v), leaving 6(u,v) and ¢(u,v) fixed. Writing 


(6) A = log r, 
we have from (5) 


Bilt] = ff (Au? + Ar?) sec? 6 du dv; 


as has been remarked, B:[r] does not involve r(u,v). The Euler equation for 
A(u, v) is then 


which we write as €(A; 6). 


4. A bounded, analytic minimal sequence. Consider the totality {r} 
of admissible vectors spanning a given Jordan curve [ in hyperbolic space. 
Since B[ x] = 0, the set of numbers {B[xr]} possesses a non-negative greatest 
lower bound, finite because of our assumption that {r} is not empty. Write 


(7) b= g.1.b. {B[r]}. 


We can pick from {xr} an infinite sequence {r,} such that lim B[r,] = b. 
Instead of proceeding to improve this minimal sequence, we construct a 
minimal sequence in approximation to T. Suppose that « > 0, and that M 
is a continuous mapping of C*(0,1) onto T such that there exists an 
admissible vector with boundary values /. Consider the totality {r: M, e} of 
vectors whose values on C*(O,1) differ from M by less than «. Write 


B(M,«) = g.1.b.{B[x: M, 
Now evidently B(M,«) does not decrease as e decreases. Further, B(M,¢) 
= Bl[tm], where fm is some admissible vector whose values on C*(O,1) are 
precisely those of M. Consequently B(/,¢) has a limit as e— 0: lim B(J,¢) 
= B(M). 


Now consider the totality {1/} of mappings which carry C*(O,1) con- f 
tinuously into Tl. The set of non-negative numbers {8(J/)} has a finite, non- f 
negative greatest lower bound: 


(8) B =g.1.b.{B(M)}. 
From their definitions, 8 = 6. It will follow from the existence proof that F 
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By (8), a sequence {M,,} of mappings can be found such that lim B(M,) 
=f. If {en} is a null sequence of positive numbers, we can pick a sequence 
{tn} of vectors such that 


1. on C*(O,1), tn(u,v) differs from M, by less than en; 
2. lim B[r,] 


Such a sequence {r»} we shall call a minimal sequence for B[x] in approzi- 
mation to I’, or briefly, minimal sequence. The term minimal sequence will 
from now on be used in this sense only. 

Nothing is known about {rn} except “ admissibility ” of its elements and 
the two limit properties above. Our first improvement consists in obtaining 
from this primitive {r,} a minimal sequence of uniformly bounded vectors, 
with {Zn (u, v)}, moreover, bounded uniformly away from zero. Geometrically, 
all surfaces defined by the new minimal sequence lie above a plane parallel to 
the (z, y)-plane, and within a sphere whose center is at the origin. 

The continuous, closed curve [ lies in the half-space z > 0. It is conse- 
quently completely above a plane z= m and within a sphere 2? + y? 4+ 2? 
< R*, where R >m>O0. The boundary values of a minimal sequence in 
approximation are not necessarily so restricted ; but if we construct the sequence 
with €, = m/8n, we shall have on C*(O,1) the inequalities, for all n: 


(9) zn > Im/8, 
(10) Yn* < (R m/8)?*. 


From such an {r,} we shall now construct a new sequence {rn} with the 
properties : 

1. is an admissible vector; 

2. {rn} is a minimal sequence, with e, = m/8n; 
for all n, and for (u,v) in G(0,1), 

3. Zn(u,v) = 3m/4; 

4. [ra(u,v)]?S (R + m/4)?. 


Two lemmas ® on certain deformations of r, will be used. 


Lemma 4.1. Let g(t) bea function of class C’ for0 << t < such that 


® For these, the author has to thank the referee, The method of bounding originally 
used consisted in cutting off the vectors above by a sphere and below by a plane, and 
then smoothing by averaging over small circles; the radii of these circles, fixed for each 
n, tend to zero with 1/n in a suitable way. 
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(i) g(t) =t for0<t<log(R + m/8); 
(ii) g(t) Slog + m/4) ; 

(iii) <1. 

Suppose xy expressed in terms of codrdinates d, 0, o, (cf. (5) and (6)). If xq 
belongs to a minimal sequence with en = m/8n, the new vector En: Xny On, dn, 
where Xx =g(An), coincides with on C*(0,1). On C(0,1), (R 
+ m/8)*. Further, is admissible, and B[in] S Blin). 

Such a g(t) is readily constructed. By (i) and (10), boundary values are 
unchanged. The spherical upper bound follows from (ii). Continuity of 
g(t) assures admissibility of T,. 

The only part of B[xn] affected is B,[r,]. Dropping subscripts n for the 
moment, and integrating over (0,1), we obtain 


B, |r] = (Au? + Av?) sec? 6 dudv 
ff [g’(A) (Au? + Av?) sec? 6 du dv 


= B,[r]. 
by (iii). 
Lemma 4.2. Let h(t) be a function of class C’ for 0 <t < 2% such that 
(i) A(t) =t for 
(ii) A(t) = 3m/4; 
(iii) OSA’ (t) =1. 


If En: Zn, Yn, Zn 18 the spherically bounded vector of LeMMA 4.1, the new 
vector In: Y*n = Yn, 2*n =h(Zn) coincides with (and tn) on 
0*(0,1). On C(0,1), = 3m/4 and (R + m)*. Further, ts 
admissible, and xr*n|] S 

Like g(t) in Lemma 4. 1, h(¢) is easily constructed. 

By (i) and (9), boundary values are preserved. By (ii), 2n = 3m/4. 
The spherical bound is seen from the fact that no point on the surface is moved 
up more than 3m/4. Continuity of h’(¢t) assures admissibility of r*». 


Dropping subscripts as before, 


— ff yet + W (2) * + 28) dude 
= B[r], 


We can evidently get the spherical upper bound (# + m/4)* by taking a 
larger 
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We shall now replace this bounded {r*,,} by an analytic minimal sequence 
which also is bounded above and below. 
The vector r*,, is continuous on C(O,1). We can, consequently, pick a se- 
quence of positive numbers /, < 1 such that, defining tn(u,v) = r*n(knu, knv), 


1 limk, —1; 
2. on C*(O,1), | t*n—In | < en = m/8n in each codrdinate ; 


3. | B[x*n] — Bln] | < en. 


This new {r,} is a minimal sequence, differing from the original by less 
than m/8n on C*(O,1). The vector Yn is of class C’ on the circle C(O, kn), 
which includes C(O, 1). Therefore on C(O, $(1 + we can approximate 
uniformly to Yn, Ynu and Yny by a polynomial vector (again called r,), the error 
being less than e, in each codrdinate, both for the components and for their 
first derivatives. It is easily verified, using the uniform boundedness of 
{B[x*,]}, that {r,} is a minimal sequence. On C*(0O,1) there is approxi- 
mation within m/2n to the original boundary mapping M,. Everywhere on 
C(0,1), and for all n, 

(11) Zn > m/2; 


(12) In? + Yn? + an? << (R + m/2)? < (RH +m)? 


We are now in position to apply a selection theorem of Courant’s,?® which 
will give us a minimal sequence of analytic, bounded vectors whose boundary 
values converge uniformly to a mapping of C*(O,1) onto T. First we note 
that B[x] is invariant under conformal mapping; this evidently goes through 
precisely as does the invariance of the ordinary Dirichlet integral. Accordingly 
we can construct, by conformal mappings of C(O, 1) into itself, a new minimal 
sequence satisfying a “ three-point condition ”: the mapping M,, to which fp 
approximates, carries three distinct fixed points on C*(O,1) into three distinct 
fixed points on T, independently of n. For all vectors Yn, the ordinary Dirichlet 


integra] 


D(z] = (tu? + du dv 


C(0,1) 
is uniformly bounded, since 


D{tn] < (m/2) Bltn] < (m/2)? M, 


® Courant-Hilbert, Methoden der Mathematischen Physik, Bd. I, Berlin, 1931, p. 57. 
Hereafter this book will be referred to as Courant-Hilbert I, and the second volume 
(Berlin, 1937) as Courant-Hilbert II. 
70R. Courant, l. c.7, p. 692. 
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M being the uniform upper bound for B[r,]. Hence Courant’s theorem can be 
applied: the boundary values of {tn} are equicontinuous, so we may pick a 
subsequence (again {t,}) converging uniformly on C*(O,1). The limit 
mapping is continuous, and is monotone in the sense of Radé. We shall even- 
tually show that it is also reciprocally (1—1). 


5. On solutions of the variational equations (€). Further improve. 
ments will be gained by replacing components of tm by solutions of their 
variational equations. This replacement is not accomplished for all com- 
ponents of rx» simultaneously, but in an alternating procedure: with 2» fixed, 
Zn and Ym are replaced by x*n, y*, satisfying E(r*n 3 fn), E(y*n3 En) ; then, with 
and y*, fixed, zn is replaced by z*, (= exp satisfying €(*n;2*n, y*n), 
On C*(0O,1), Y*n = Yn, 2*n =2n- We shall show in this section 
that these “ Dirichlet problem ” solutions x*n, y*n, z*n exist; are unique; are 
bounded above (excepting z*,) and below, independently of n; are analytic 
in C(O,1) and analytically extensible outside C(O,1); and decrease the B- 
integral, so that if y*n, z*n, < Bltn], unless 
Since values on the boundary are unchanged, the new vectors are equicon- 
tinuous there. From the definition of a “ minimal sequence in approximation,” 
B[xr*,] = B, so that {r*,} is also a minimal sequence, whose components satisfy 
the equations E(2*n; fn), E(y*n; En), y*n). 

We shall assume, in accordance with § 4, that all our data are analytic, 
and shall make no attempt to determine minimum restrictions in the following 
statements. Many are obviously true under weaker hypotheses. 

Noting that €(2;¢), €(y;) are the same, we may consider just the 
equation 

Ar — 2 (Luau + = 0. 


Our problem is: given that is analytic in C(O, 1-+ where > 0, a fune- 
tion satisfying €(x*;£) is to be found, of class C” in C(O, 1), continuous 
on C(O,1), and with pre-assigned analytic boundary values. 

Analyticity of £ in C(O,1-+ ¢) assures existence of the Green’s function 
for €(x;) which vanishes on C*(O,1). Hence existence of a solution 2* 
follows by the generalized Poisson formula.* A non-constant solution of 
€(z;) can have no maximum or minimum at an interior point.** Conse- 
quently, a solution z*, of the boundary value problem for E(x; fn) is unique, 


11D. Hilbert, Grundziige einer allgemeinen Theorie der Integralgleichungen, Leipzig, 
1912, p. 243. 
12 Courant-Hilbert II, p. 275. 
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and possesses upper and lower bounds which depend only on the boundary 
values—i. e., on I alone, not on n. Thus 2*,, y*, are bounded uniformly. 
We may write €(£; z,y) in the form 


(13) Ag + p(u, v)exp(— 2¢) = 0, 


where p(u,v) = 0, being a sum of squares of derivatives of z(u,v), y(u,v), 
and is analytic in C(O,1-+ ¢€). Existence of a function ¢* of class C” satis- 
fying (13) and assuming (continuously) prescribed analytic boundary values 
may be proved in various ways. For instance, if one writes ™ for the har- 
monic function coinciding on C*(O, 1) with ¢*, the function £ = 2(¢ — ¢*) 
must be found so as to satisfy 


At — wk = w(exp(£) — 2), 


where the analytic function w(u,v) 20. Bieberbach has proved, in solving 
Az = exp(z), the convergence of a sequence of successive approximations for 
this equation.*® 

The solution is unique; to prove this suppose that £,, 2 are solutions of 
(13) which coincide on C*(O,1). By the theorem of the mean of differential 


calculus, 
Ag, — At, = — p{exp(— 21) — exp(— 2¢2)} = — 2) exp(— 28), 


where £ is analytic and lies between ¢, and ¢. The difference z= ¢, — é. 
satisfies the equation 
Az —- 2p exp(— = 0 


and vanishes on C*(O,1); it consequently vanishes identically.** 

From the totally geodesic minimal surfaces mentioned in § 3, one might 
guess that £* would have its minimum on C*(O,1), but not necessarily its 
maximum. This isso. Writing P for (u,v), Q for (u’, v’), (P) as before 
for the harmonic function which coincides on C*(O,1) with ¢(P), and 
G(P,Q) for the non-negative harmonic Green’s function which vanishes on 
C*(O,1), we have 


(P) + ff G(P,Q)p(Q) exp(—2¢*(Q)) 40, 


showing that ¢*(P) = ¢™(P). Hence the minimum of ¢* is attained on the 
boundary; the maximum may lie in the interior, as is shown by the example 
of the geodesic sphere. Thus the functions {z*,} have a uniform, positive 


18 Courant-Hilbert II, p. 286. 
** Courant-Hilbert II, p. 275 
*8 Courant-Hilbert I, p. 316. 
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lower bound: 2*, > m/2, which depends only on T, and not on n. But we 


know no uniform upper bound. 
Each of the equations €(2*; fn), E(y*; fn), 5 y*n) is of the type 


(14) Aw = f(u, V3, Ou; wy), 


where f is an analytic function of its five arguments. Two theorems of §. 
Bernsiein *° apply to solutions of such equations. We quote them for our 
special region C(O,1). 

THEOREM 5.1. If a solution w(u,v) of (14) is of class C” in C(O,1), 
it 1s analytic in C(O,1). 

THEOREM 5.2. If a solution w(u,v) of (14) is of class C” (and con- 
sequently analytic) in C(O,1), is continuous on C(O,1), and reduces on 
C*(O,1) to an analytic function of the arc, it can be continued analytically to 
the exterior of C(O,1). 

Thus the functions z*, are analytic in C(O, 1); and since their 
boundary values are analytic, they may be extended analytically throughout a 
circle C(O, 1+ mm), where yn > 0. (In fact, the existence of £*» depends on 
these theorems. ) 

It remains to be shown that replacement of tn, Yn. 2n by 7*n, Y*n, 2*n does 
not increase the B-integral. To this end, we consider the integral, taken over 


C(O,1), 
I[o] = ff [p(u, Vv) (wu? + wy?) + u,v) du dv, 


in which ¢, », y are analytic functions of their respective arguments, and 
furthermore ¢ = 0, Wow 2 0. The integral J[w] contains by specialization of ¢ 
and w each of the three problems: to minimize B[r] with respect to one com- 
ponent, leaving the other two unchanged. The variational equations (€) are 
contained in (15), which must be satisfied in C(O,1) by any » minimizing 


I[w] among functions analytic on C(O, 1): 
(15) (dou) + (dor) == (), 


Fixing y and ¢ in B[r], ¢ = exp(— 2¢) and y, = 0, so that we get E(x; £); 
similarly we obtain €(y;¢). Fixing x and y, with ¢= 1and y = p- exp(— 26), 
we get (13) or E€(£;7,y). 


1° Theorem 5.1 may be found, e.g., in S. Bernstein, “ Sur la nature analytique des 
solutions des équations aux dérivées partielles du second ordre,” Mathematische 
Annalen, Bd. 59 (1904), pp. 20-76; p. 32. For Theorem 5.2, see S. Bernstein, “ Sur 
la généralisation du probléme de Dirichlet. Premiére Partie,’ Mathematische Annalen, 


Bd. 62 (1906), pp. 253-271; p. 254. 
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Since ¢ and ww are non-negative, the uniqueness of the solution of (15) 
may be proved exactly as for (13). 
We can now establish 


LemMaA 5.1. If w(u,v) satisfies (15), and if d(u,v) is any other 
function analytic on C(O,1) which coincides with w(u,v) on C*(O,1), 
I[é] > I[o). 

Write 6 so that n(u,v) vanishes on C*(O,1) and is analytic 
on C(O,1). Then 


+ 2 Sf + du dv + ff + nv?) du dv. 
By application of Taylor’s theorem, 


(17) u,v) + u,v) + Yow(o + On; u,v), 


where 0 = 6= 1, and 0(u,v) is a continuous function of (u,v). By partial 
integration (Green’s lemma 1"), which may be extended to the whole of C(O,1), 


(18) ff (gown + dudo—— ff (dou) + dudv 


since y= 0 on C*(O,1). Substituting from (17) and (18) into (16), 


I[6] = f + oy?) + u,v)} dudv 
I{ (dou)u + (Pov) u, v)} du dv 


+ f f Wow(wo + On; u,v) du dv + SS + nr?) du dv. 
Since (15) holds in 0(0,1), I[6] =I[o] + P[y], where P[y] > 0 unless 


n= 0;1.e., unless 6 = o. 
The claims made for {r*,} have now been justified. Re-naming our 
minimal sequence {r,}, we may evidently repeat the process verbatim, and 


any number of times. 


6. Growth of the Dirichlet integral. We have a minimal sequence 
which, by Courant’s selection theorem, converges uniformly on C*(O, 1). 
Our present goal is to show that after a few repetitions of the replacement 
procedure of § 5, we arrive at a minimal sequence which is uniformly bounded 
(with respect to n), together with its partial derivatives of the first three 


17 Hurwitz-Courant, Funktionentheorie, Berlin (1929), p. 450. 
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orders, in any interior circle C(O,1—R). Ascoli’s theorem will then be 
applied to pick a subsequence converging to a limit vector r of class C”’ in 
C(O, 1), and this x will be shown to solve our Plateau problem. 

The keys to determining these uniform bounds are (1) a result which is 
implicit in Morrey’s work on quasi-linear elliptic equations,’ and (2) an 
extension of that result, together with methods which are classic in the theory 
of elliptic equations. Both the theorems mentioned are concerned with the 
“ growth ” of the generalized Dirichlet integral 


(19) I(P,p) — g(u.v) + dudv 
under the hypothesis that é(u, v) satisfies 
(20) (g&u)u + (g&v)v = 0. 


We include a proof of the first as well as of the second of these two theorems, 
making the assumptions peculiar to our problem. 


THEOREM 6.1. (Morrey). Suppose that g is analytic on C(O,1), and 
thatD< m<g<M. Suppose further that PeC(O,1— R), where R < }, 
and thatO<r< FR. Then tf &(u,v) satisfies (20), 


(21) J(P,r) SJ(O,1) 
where a= a(m, Mt) > 0. 
By (20), there exists a function w(u,v) such that 


(22) 9éu = Wy, = — wy. 
Hence J (P, p) === Sf wugy) du dv = A, 
C(P,p) 


the area of the region © in the (,€) plane into which C(P,p) is carried. 
If L is the perimeter of 2 and s = pé the arc on C*(P,p), 


2r 
L = f (ws? 4 pdd; 
0 


using the isoperimetric inequality A S L*/4x and Schwarz’s inequality, 


2r 


I(P,p) (p/2) + pd. 


0 


** C. B. Morrey, “ On the solutions of quasi-linear elliptic partial differential equa- 
tions,” Transactions of the American Mathematical Society, vol. 43 (1938), pp. 126-166, 
Theorem 2, p. 138, and Lemma 3, p. 140. 
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Now 
we” + S (g + 1/9) 9 (Eu? + S (2/4) 9 (eu? + 


where = min(m,1/Mt). Hence 
27 
0 


from which adp/p = dJ/J so that, by integration from p =r to p= Rk, J(P,r) 
<J(P, R)(r/R)*, from which (21) follows. 

The extension of Morrey’s theorem which we shall need requires that 
q(u,v) =g9(P) satisfy a “a Holder condition with constant C and exponent B ” 
in C(O,1— RF), where now R < 1/4: i.e., if Pi, Ps, are any two points in 
C(0,1— R), 

(23) | 9(P1) — g(P2)|< C(PiP2)8, 
C and B being positive constants associated with C(O, 1— EF). 


THEOREM 6.2. Suppose that g(P), in addition to possessing the proper- 
ties assumed in Theorem 6. 1, satisfies in C(O, 1— R) a Holder condition (23) 
with constant C and exponent B. Then, for é(u,v) satisfying (20), and for 
PeC(0,1—2R), 

J(P,r) < K(r/R)’, 

where K is determined by C, B, m, Mt, and J(O,1). 

Writing go = 9(P) and using (22), we see first that J(P,p) = Ao/9o, 
where Ao is the area of the region Q, in the (goé,) plane into which C(P, p) 
is mapped. By the isoperimetric and the Schwarz inequalities, as before, 


2r 
(24) T(P, p) (p/2g0) + 
0 
Now 


(1/90) + ws”) = (go/9) 9 (Eu? + &v?) 
+ [(9? — 90?) — Evus)? 
< (1+ Kip®) 9 (éu? + 


where K, = Cm-?(m-+ 29%). The inequality (24) becomes 
J(P,p) < 4p(1 + Kip®) d/dp. 
Integrating as in Theorem 6.1 from p—r to p= R, 


1+ K,Ré8 


< K(r/R)* 


<I(P.R) ( 


with K = 
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7. Uniform bounds and Holder conditions for ¢,- As in § 5, let r,: 
(Xn; Yn; Zn) be the bounded analytic minimal sequence obtained in § 4, and 
(x*n, y*n, the solutions of E(2*n; fn), E(y*n; En), y*n) having 
the same boundary values as (%n, Yn, fn) respectively. We know of z*, and y*, 
that they are bounded above and below independently of n, but of £*» only that 
they are so bounded below. We shall show, however, that the {{*,} are uni- 
formly bounded in any interior circle C(O, 1— R) ; once for all, O << R< 1/8: 


if PeC(O,1—R), f*,(P) < A(T, R). 

We shall show further that the {¢*,} satisfy a uniform Hélder condition: 

2. if P2eC(O,1—R), 

| £*n(P1) —f*n(P2) | < L(PiP2)", 
where L = L(T, Ff) and »—7(T, > 0. 

It is of the greatest importance in the sequel that H, I and 7» are inde- 
pendent of n. 

With an obvious modification of the notation in (13), we may write 
y*n) as + p*, exp(— 2¢*,) = 0. We have for £*, a Green’s 
function representation : 

(25) (P) + ff G(P,Q)p*n(Q) exp(— 2f*n(Q) ) dQ. 
C(0.1) 

Now 

(26) G(P,Q) =— (1/27) log PQ + y(P,Q). 

where y(P,Q) =y(u,v;w’,v’) is harmonic (in u,v for fixed wu’, 7’ and con- 

versely) and regular in C(O,1). Since PeC(O,1—R), the harmonic 

functions ¢,")(P) and y(P,@Q) are bounded independently of n: 

(27) | | < H,(T, R); 

(28) | y(P,Q) | < H2(R). 


Since {r*,} is a minimal sequence, we have B[r*,] < M(T), so that 


(29) p*n(Q) exp(— 2f*n(Q))dQ < M(P). 


C(0,1) 
Further, for Q outside C(P, R), 
(30) —log PQ < — log R. 


Introduce (26) into (25), and break the integral involving log PQ into 
two parts: one over C(P, Ff), the other over the rest of C(O,1). Taking 
absolute values and using the inequalities (27)-(30), we obtain 


| 
| 
a 
( 
( 
( 
( 
| 


Ic 
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(31) | £*n(P) | < H:— (M/2m) log R + MH, + (1/27)In(R), 
where 
In(R) =— lox p*n(Q) 
C(P,R) 
We shall show that J,(R) is also bounded, using the theorems of § 6. 
In terms of polar codrdinates p,0:p—PQ; sind= (v’—v)/PQ, cosé 
= (u’—u)/PQ, and with R > 8 >0, we may write 


I,(R) =lim 1,(R, 8), 
60 


where 
2m R 
8) = log p*, exp (— 2¢*,) pdp dé 
8 
Integrating by parts, 
(32) I, (R, 8) = 1',(R,8) + (R, 8). 
where 
p 
(33) =— [log p p*n exp (— 2¢*,)rdr d6\ 
0 0 
and 
R 2r 

(34) I”, (R, 8) = f (dp/p) ff p*n exp(—2¢*n)rdr dé. 

6 o oO 


Since by (11) 
exp(— 20*n) = (2*n)? < (m/2)”, 
we have, from the definition of p*n, 


p 


(35) f f p*, exp (— 2¢*,) rdrdé < (m/2)*{D[a*n | C(P, p)] 


+ D[y*n | C(P; p) J}, 


where D[a*, | C(P, p)], for instance, is the ordinary Dirichlet integral of 7*, 
taken over C(P,p). The analytic z, which was replaced by z*»n was less than 
(R +m) by (12). Consequently, 


(36) | C(P,p)] + D[y*n C(P, p) 
2r p 
+m)? Sf p*n exp (— 2fn) rdrdé. 


The integral on the right in (36) is the sum of two integrals of the form 


2 
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J(P,p)—cf. (19) ; z*n and y*» are solutions of the corresponding variational 
equations of type (20), with g —exp(— 2¢,), namely of E(2*n;,) and 
E(y*n; fn), respectively. Since 0 < +m)? < exp(— < (m/2)~, 
we have on application of Theorem 6. 1 the inequality 
2r p 

(37) p*n exp(— < 2M: (p/R)4, 

0 0 
M being as before the uniform bound for B[x,], and « a positive number 
depending on m and #@—the bounds for [—alone. Combining (35), (36) 
and (37), 


2r p 
(38) Sf p*n exp(— 26*,) rdrdd < H;(T, R) - p*. 
0 


Applying (38) to (33) and to (34), 
I’,(R,8) < — Hz: (R* log R + 8 log 8), 


R 
I”, (R, 5) H, p* dp = (H;/a) 
6 


Returning to (32) and letting 6 tend to zero, 
(39) T,(R) = lim [,,(R, 8) < H,R*(— log R + 1/2). 


With (39) we can complete (31), which we write briefly as 
(40) ¢*,(P) | << H= HT, R), 
for any point P in C(0,1—R). 

We now proceed to prove the second assertion of this section: the {¢*n} 
satisfy a uniform Holder condition in C(O,1—R). Let P;, P2 be any two 
points in C(O,1—R). By (25) and (26), 


(41) f*n(P1) —f*n(P2) = (Pi) (P2) 
+ (1/2) ff tog (P.0/P.Q) p*n(Q) 


C(0,1) 


+ ff — exp(— (Q) 0. 
(0,1) 
Since £, (u,v) and y(u,v;w’,v’) are harmonic functions of w and v, they 
satisfy Lipschitz conditions in C(O,1— 


190, D.. Kellogg, Foundations of Potential Theory, Berlin, 1929, p. 227. 
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and, for every Q in C'(0O,1), 
(43) | y(Pi, Q) —y(P2, | < (PiP2), 


where L, = L,(T,#), = L.(R). As in (31), we consider absolute values 
in (41) ; (42) and (43) yield the inequality 


(44) | < (Li + (P,P2) 


C(0,1) 
Writing y = / P.P,Q and using the cosine law, 
(45) log{P.Q/P:Q} = log{1 + (PiP./P,Q)? — 2(PiP2/P,Q) cos y}. 
For Q outside C(P,, VP;P2), the argument of the logarithm on the right in 
(45) is greater than 1+ (P,P./2)?— P,P., and at most equal to 1 + P,P, 
+2VP,P2. Using the elementary inequality, good for || <<a<1, 
log(1+ < | log(1—a)| a* | |, 
we conclude that a constant LZ, exists so that for P,Q > V P,P. with P,P: 
sufficiently small 
(46) | log{P2Q/P:Q} | < LsV P,P». 


Consequently that portion of the integral in (44) which is taken over C(O, 1) 


| 

| fF | 
C(P1,VP;P2) 

NPPD 

ff log P2Q p*n(Q)exp(— 26*n(Q)dQ | 
To bound the two integrals on the right, we note that the proof of (39) 


establishes the fact that 
(48) In(p) < Hs(T, R)p*(— log p + 


for any p< R. Since — p*log p < Ls(%)p%’, we may write 


In(p) < Ho(Ls 1/2) = Ls(P, 


] 
| | 
— is bounded by ML. V P,P». As to the rest of the integral, 
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We now apply (49) to (47), choosing appropriate polar codrdinates, and get 

(50) | f | < 
C(P1,VP;P2) 

Returning to (44) with inequalities (46) and (50), we obtain 

(51) | £*n(P:1) — C*n(P2) | < L(P,P2)", 


where and if Pz are any two points of 
C(0,1— R). 


As usual, we re-name our minimal sequence {fn}. 


8. An {r,} with uniformly bounded first derivatives. We replace the 
{tn} of § 7 by a new {r*,}, as described in §5. The Green’s function repre- 
sentation (25) now holds for the new ¢*,. Differentiation of (26) with respect 
to u leads to the inequality 


(52) | Gu(P,Q) | < (PQ)* + | yu (P,Q) |: 


Since £*,, p*, and y are analytic in a circle which contains C(O, 1), (52) 
assures the equality 


(53) ¥nu(P) = Sau (P) + ff Gu(P, Q) p*n(Q)exp(— 26*n(Q) ) dQ. 


C(0,1) 
Suppose that PeC(O,1—-2R). By (42) and (43), 
(54) | Suu (P) | < La, 
(55) | yu(P,Q) | < Le. 


Taking absolute values in (53) and using (52), (54) and (55): 


(56) | M+ J a0. 


(0,1) 
Integrating over C(O, 1) —C(P, R), we obtain 


We must now deal with 


(58) -In(R) — (PQ)*p*(Q) 0. 


C(P,R) 


t 
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Integrating by parts in terms of polar codrdinates p, 6 at P, from p=6& to 
p= Rk, we have, as in (32), 


(59) In(B,8) = J'n(B, 8) +J%n(R, 8), 
where 
2r p 
(60) J’n(R,8) = f f p*n exp(— 2¢*n) rdrd0] , 
0 0 
and 
R 

(61) J”, (R,8) = ff p*n exp (— 2¢*,,) rdrdé. 

6 


Following the developments of (35)-(37), we must use somewhat different 
bounds for our present £,, which is that obtained in § 7: we have 


p or p 
(62) < (m/2)? f p*, rdrdé, 
0 0 0 0 


and by (40) 


2r p 
(63) ff p*, rdrdé < exp(2H) f f p*n exp(— 2¢n)rdrdé 
0 0 0 


The present ¢, satisfies the Holder condition (51) in C(O,1—2R), so that 
exp(— 2¢,) also satisfies a uniform Hélder condition. Since equations 
fn) and E(y*n; gn) hold, Theorem 6. 2 can be applied: 


2r p 
(64) if f p*n exp(— 2fn)rdrdé < K(p/R)’*, 


0 0 


K(T, R) being independent of n. (62), (63) and (64) yield the inequality 


27 p 
(65) J f exp (— 2¢*,) rdrdé F,(T, R) 


0 0 
Returning with (65) to (60) and (61), and letting 80 in (59), we obtain 
(66) JIn(R) < 2RF;. 
Returning to (56), we find that 


(67) | S*nu(P) | < F(T, 


f 
) 
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where F(T, 2) = L,+ ML.+ 2RF,. The same bound holds for the deriva- 


tive with respect to v. 
We note further that for Pe C(O, 1— 2R) 


(68) | |< 


The proof of (68) differs from that of (40) in only one particular: it cannot be 
said of the present £, that, whatever C(O, 1), exp(2én(P)) < (® + m)*; 
this was used in (36). But by (40)—the ¢*, there being what are now 
written {n,—exp(2én(P)) < exp(2H) for all PeC(O,1—R). Accordingly 
we represent £*,(P) in terms of the Green’s function Ge(P,Q) which vanishes 
on C*(O,1—); thus modified, the reasoning of (25)-(40) leads to (68), 
Again we re-name our minimal sequence {rn}. The next step is to bound 
the first derivatives of t, and yn. We replace the x, just obtained by the 
vector r*,, derived from tr, by §5. If Ger(P,Q) is the harmonic Green’s 
function which vanishes on C*(O,1—2R), we have, for Pe C(O, 1— 2R), 
the representation 


C(0,1-2R) 


in (69), z,™ is the harmonic function coinciding with 2, on C*(O, 1— 2R), 


and 
(70) q*n == | nv. 


In (69), we may differentiate under the integral sign: 


C(0,1-2R) 


Let us suppose that Pe C(O,1—3R). Then the inequalities 


(72) | (P) | < Ls (T, R), 
and 
(73) | [yor(P, Q) | L’,(T, R) 


follow precisely as do (54) and (55). By Schwarz’s inequality, we obtain on 
integrating over C(O, 1— 


(74) ff (PQ) | | a9 


The bound for derivatives of £, (67) now gives 


va- 


on 
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(15) Cm + Ene) dQ < (1 — 

C(0,1-2R) 
By (68), | gn. | < H’ throughout C(O,1— 2R). Thus the second integral on 
the right in the inequality (74) is bounded by 


exp (2//’) nu? + nv?) exp (— 2fn) dQ. 


That part which is taken over C(P, Rk), PeC(O,1—3R), can be bounded by 
the procedure used in (58)-(66) ; while for the rest of the integral, PQ > R. 
Combining these results, we obtain 


(16) (PQ) mt + 2 < exp(2H’) + M/R}, 
c(0,1-2R) 

F’, being a constant analogous to F; in (66). Applying the inequalities (72)- 

(76) to equation (71), we get 

(77) | | << (TR) 

for Pe C(O, 1 — 3R). 

It is now readily seen that the new ¢*, and its first derivatives are bounded 
uniformly in C(O,1—3R). We have only to represent ¢*,(P) in terms of 
the harmonic Green’s function which vanishes on C*(O,1— 3R), 
and to use the boundedness of p*n(P) in C(O,1—3R). 

Re-naming once more, the new {r,} is bounded with its derivatives of 
first order in the circle C(O, 1— 3R). 


9. Bounds for higher derivatives. Each of the functions z(u,v), 
Yn(u, v), En(u, v) satisfies, in C(O, 1), an elliptic equation of the form 


(78) = q(u,v), 


where g(u,v) is a quadratic function of certain first derivatives which are 
bounded, independently of n, in any circle interior to C(O,1). For a solution 
€ of (78) with | q| bounded in, say, C(O,1—R), a theorem of Dimni’s *° 
states that é,, € satisfy a Hélder condition in C(O,1— 2R). In terms of our 
minimal sequence, the first derivatives of a, yn and { satisfy a Holder con- 
dition in any interior circle; the constant and the exponent do not depend on n. 


20 U. Dini, “ Sur la methode des approximations successives pour les équations aux 
dérivées partielles du deuxieme ordre,” Acta Mathematica, vol. 25 (1902), pp. 185-230; 
p. 202. 
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Since q(u,¥v) is merely some quadratic combination of partial derivatives 
which satisfy Holder conditions, it also satisfies a Hélder condition 

Let Pe C(O, 1— 2R), and let Gor(P, Q) = Ger(u,v; u’, v’) be the har- 
monic Green’s function vanishing on C*(O,1— 2R); if €™ is the harmonic 
function coinciding with é on C*(O,1—2R), and if we write 


Gor(P, Q) = — (1/2) log PQ + yor(P,Q), 
we have 


(19) (P) (P) — (1/2) fF tog 


+5 Sf 


the integrals being taken over C(O, 1— 2R). 
The first and third terms on the right in (79) are bounded, by familiar 


reasoning. If the limit below exists *’ 


(30) og 4(Q)aQ flog PQ- 
C(0,1-2R) C*(P,8) 
C(0,1-2R)-C(P,6) 
Now 
(81) lim log PQ: q(Q)dv’ = 


while in terms of polar codrdinates (7,6) at P 


(82) f = eos —4(P) 140 
+ff cos 26q(P)dQ. 


Since for P, Qe C(O,1—2R), | q(Q) —q(P)| < we can bound the 
integrals in (82): 


(88) (1/2) ff log PQ-4(Q)dQ < Ly*(1—2R)" 
C(0,1-2R) 
+ max | q| (log 2 — log R). 


Applying (81) and (83) to (80), and then going back to (79), we obtain 
(84) | €uu(P) | L”, 


*1 Courant-Hilbert I, p. 317. 
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where L” is, for our minimal sequence, independent of n: the second derivatives 
of Zn, Yn, €n are uniformly bounded in C(O, 1— 3R). 
Since E(fn3 2n, yn) holds, 


(85) a (F) du’ 29 ); 


where ® involves derivatives of at most the second order, and is bounded by 


(84) in any interior. Dini’s theorem can be applied: the second derivatives 
of ¢, satisfy a Holder condition in any interior, with the constant and the 
exponent independent of n. But we cannot immediately draw the same con- 
clusion for the second derivatives of x, and yn: they satisfy equations which 
involve, not the derivatives of {,, but those of the preceding fn, of whose second 
derivatives nothing is known. The difficulty is easily overcome: we apply once 
more the replacement procedure of §5. All that has so far been obtained 
carries over to the new {fn}; we are able in addition to show that all second 
derivatives satisfy a Hélder condition. By applying the bounding procedure 
of this section to (85), it is seen that the third derivatives are uniformly 
bounded. 

The construction of a minimal sequence with bounded third derivatives 
practically completes the analytical preparation for convergence. However, in 
order to assure continuity of the limit vector on the closed circle C(O, 1), 
we shall soon want to know * that D[a,] and D[yn], the ordinary Dirichlet 
integrals of x, and y, taken over C(O,1), are uniformly bounded. This will 
be so if zn is bounded above, uniformly in n, on C(O,1). It will be recalled 
that this property of zn, obtained by Lemma 4. 2, was lost when the replace- 
ment procedure of § 5 was used ; we shall get it back, while retaining the gains 
already made. 

To bound z, above, we may make use of either the spherical bounding 
device of Lemma 4. 2, or the fact that a solution of equation €(A*; 6) attains its 
maximum and its minimum on the boundary. In either case, we must first trans- 
form to spherical codrdinates (4), then replace An = $ log (an? + yn? + Zn?) 
by a function known to be bounded, and finally return to Cartesian codrdinates ; 
and we must end up, as we started, with a minimal sequence whose third 
derivatives are uniformly bounded in any closed interior. The Jacobian of (4), 


0(x, y, 
8, 


is zero only on the z-axis (90). Inspection of the hyperbolic Dirichlet 


sin 6, 


(86) 


*2In order to apply Lebesgue’s selection theorem in the concluding section. 


e 
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integral B[x] and the equations (€) shows that our Plateau problem js 
unchanged by translation parallel to the plane z= 0. We may, hence, suppose 
I’, and consequently each of the surfaces defined by {rn}, to be in the half-plane 
x >a> 0, so that for the corresponding component functions (Xn, Yn, Zn) and 


(Tn, On, gn); 
(87) 
everywhere in C(O, 1). 

Consider a partial derivative of order k& of one of the functions r(u, v), 
6(u,v), or d{u,v). It is a fraction whose numerator is a polynomial in 
derivatives of orders =k of x(u,v), y(u,v), z(u,v); 9,6), 9, 4), 
z(1,6,); and whose denominator is the k-th power of the Jacobian. In an 
interior circle C(O, 1— R), the derivatives of @n, yn, 2n With respect to w and v 
are bounded, independently of n. By differentiating (4), it is seen that the 
derivatives of x, y and z with respect to r, 6 and ¢ are bounded if r is bounded: 
but in C(O,1—#), the functions a(u,v), yn(u,v), Zn(u,v) are bounded 
uniformly, so the same is true of r,(w,v). Combining these remarks with 
(87), we can say that the partial derivatives of mn(u,v), On(u,v), dn(u, Vv) are 
bounded, independently of n, in any interior circle. 

We may now replace An = log 7, by A*n, the function which coincides 
with A, on C*(O,1) and satisfies E(A*»; 6.) in C(O,1). From the form of 
€(A; 4) it is evident that A*, assumes its extreme values on C’'*(O, 1), so that 
the new r*, is uniformly bounded. Further, A*, decreases B[r]. Finally, it 
satisfies a linear elliptic equation whose coefficients have bounded second 
derivatives, so that A*, (u,v) has bounded third derivatives: this follows from 
a theorem of E. Hopf.** 

The Jacobian of the inverse transformation, being the reciprocal of (86), 


| Yny 2n) 


bn, gn) 


is now uniformly bounded away from zero on C(O,1). Hence the new 
In (u, v) > 

1. is uniformly bounded on C(O,1); 

2. has uniformly bounded partial derivatives of the first three orders on 
any interior circle. 

Finally, we replace yn by y*n satisfying E(2*n; fn), E(y*n3 Sn), 


and once more re-name. Properties 1 and 2 above persist. 


10. The final minimal sequence, and its convergence. Choose an infinite 


28 E. Hopf, “ tber den funktionalen, insbesondere den analytischen Charakter der 
Lésungen elliptischer Differentialgleichungen zweiter Ordnung,” Mathematische Zeit- 
schrift, Bd. 34 (1932), pp. 194-233; Satz 3, p. 210. 
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sequence {fx} of positive radii increasing to unity. In each of the concentric 
interior circles ((O, Rx) our tp is bounded, together with all its derivatives of 
the first three orders, by a bound which does not depend on n. Consequently 
the codrdinate functions and their derivatives of the first two orders satisfy 
the conditions of Ascoli’s theorem ** in each C(O, Rx). 

We accordingly pick from {r,} a subsequence for which the z,’s converge 
uniformly in C(O, R,) ; from this subsequence we pick one for which the yn’s 
converge uniformly in C(O, R,) ; proceeding in regular succession, we obtain 
a subsequence {r,‘")} of {rn} whose codrdinate functions converge uniformly, 
together with their derivatives of first and second orders, in C(O, R,). From 
{rn‘)} we pick in the same fashion a subsequence {r»‘*)} which converges 
uniformly, with its derivatives of first two orders, in C(O, R.). Repeating for 
successive Ry, we obtain a sequence of successive subsequences {{tn™}} such 
that {rn} converges uniformly with its first and second order derivatives in 
0(0, R,). Hence the diagonal sequence {r,‘"’ }—which we designate by {tn}— 
is a minimal sequence which converges uniformly, together with its derivatives 
of first and second orders, in any closed region interior to C(O,1). 

At any point of C(0,1), the limit vector r(u,v) is continuous and 
possesses continuous derivatives of first and second orders which are limits of 
the corresponding derivatives of tn. By § 4, {rn} converges uniformly on 
C*(0,1) to a continuous mapping of C*(O,1) onto T. But we cannot 
immediately conclude that r(u,v) satisfies the requirements of § 2: r(u,v) 
is not obviously continuous on C(O, 1). 

We shall base our proof of the continuity of r(u,v) in approach to 
C*(0,1) on two lemmas; the first of these enables us to infer that r satisfies 
equations (€) in C(O, 1). 


Lemma 10.1. Jf x is the limit vector just obtained, and if r’ 
(i) is of class C’ on C(O,R), R < Be 
(ii) coincides with x on C*(O, R) ; 


then 


B[x’ | 0(0, R)] = Bix | R)). 
(In the following proof, all B- and D- integrals over C(O, R) will be 
indicated as above; if the region is not specified, it is C(O,1)). 
Suppose that r’ is as described, and that a positive « exists such that 


(88) B[x’ | C(O, R)] < B[x| C(O, R)] 


24 Courant-Hilbert I, p. 49. 
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If (88) is possible, we shall construct a new minimal sequence {rn} such that 


lim < B 


which is absurd. First we define a sequence {r’n}: 


§ t’n outside C(O, R); 


89 
(89) + inside C(O, R); 


where jn is the vector, harmonic in C(O,R), which equals tn—t'n on 
C*(O,R). Since t» and its first derivatives converge uniformly on C* (0, R) 
to x and its first derivatives, 3, and its tangential derivative converge uniformly 
to zero on C*(O,R). Further, 


| an | <en—-0 
everywhere in C(O,R). Thus 
B[x’n | C(O, R)] = Bx’ + an | C(O, R)] 


C(0,R) 
whence, m’ being a (positive) lower bound of 2’(u, v), 


(90) Blx’n| C(O,R)] < {BLY | C(O, R)] 
+ 2(m’)*(D[x’ | C(O, R)] D[an | C(O, R)])* + (m’)*D[ 


R)}) 


by the Schwarz inequality; here y, —» 0 with en. 
The harmonic vector function 3n(u, v) has a (vectorial) Fourier expansion 
of the form 


jn Qn,o + (Gn,x cos ké sin k@) 
k=1 


whence 
co 

(91) | C(O, R)] = + 
k=1 

By Parseval’s identity, 

/ 2 2 2k-2 
0 


Comparison of (91) and (92) yields 


J f + 2 + vanv) + + Bnv7} (3° — en) “duit 


= 


| 

§ 

( 

t 
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since the tangential derivative of jn on C*(O, R) converges uniformly to zero, 


lim D[gn | C(O, R)] =0. 
Returning to (90), 


lim | C(O, R)] Ble’ | R)], 
so that by (88) and (89) 
lim B[t’n] SB—«, a> 0. 


This is not quite the contradiction we seek: x’, is not necessarily an admissible 
vector, since its derivatives may be discontinuous on C*(O,R). Well known 
methods permit the replacement of r’n by a “smooth” vector r”’,: we may, 
e.g., define 


C(P,an) 


where {a} is a suitably chosen sequence with zero limit; {rn} is a minimal 
sequence such that lim B[r’n] = 8— a, whereas, from the definition of 8, 
lim Blr’n] = B. 

The vector r(u, v) is of class C’ and minimizes B[y | C(O, R)]. By the 
classical results of the calculus of variations, r(u,v) satisfies equations (€) 
in C(O, R), and hence in C(O,1). 

Since r is continuous in C(O,1) and on C*(0,1), we need only show 
that it is continuous in radial approach to the boundary, uniformly for all 


radii. We shall need 


Lemma 10.2. Jf f(r, ¢) ts of class C’ on C(0,1): 0SrSl, 
0S ¢ < 2x; and if 


for 0 <8 < ond with bem (20g 
(93) | (1, — —8, | < & 
We first observe that 


1 
—fai—sy) = dr, 
1-3 
whence 
1 


f (7.6) —70- 3,4) arag, 


y-h 1-8 
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or 
An[f(1, ¥)] — Aa[f(1 —8, ¥)] = (1/2h) 
By Schwarz’s inequality, v-h 14 
Wth 1 1 
14 1-6 


which gives (93). 

Now form An[An], where as usual dA» = $ log (an? + yn? + 2n?). Since 
An— >A uniformly in any closed interior and on C*(O,1), An[An] > 
uniformly on such sets. Using (93) and the fact that D[An] < B[tn] <M, 


| An[An(1, ¥)] — An[An(1— 8, y)] | < 488, 
Keeping h and 6 fixed and letting n> o, 
| An[A(1, ¥)] — —8,y)] | < (M/2h) 84, 


so that Az[A] is continuous in approach to C*(O0,1), and consequently is 
continuous on C(O,1). 

From Lemma 10. 1 we know that €(A; 6) holds for r, throughout C(O, 1). 
Integrating both members of €(A; 4) and applying the theorem of the mean 
of integral calculus, we find that A;[A] satisfies an equation of the form 


Az + a(u, v)Zy + b(u, v) = 0; 


the (continuous) solution z= Az[A], in any closed subregion of C(0O,1), 
assumes its maximum and its minimum values on the boundary (§ 5), so that 
it is monotone in the sense of Lebesgue. According to a fundamental theorem 
of Lebesgue,?° a sequence of continuous monotone functions contains a uni- 
formly convergent subsequence, provided only that the functions converge 
uniformly on the boundary, and that their Dirichlet integrals be uniformly 
bounded. Choose a sequence of positive numbers hi > 0; then the sequence of 
averages formed with {hi} converges uniformly on C*(O, 1); each average is, 
as stated above, monotone and continuous on C(O, 1) ; the Dirichlet integrals 
of the averages are uniformly bounded.*® By Lebesgue’s theorem, there is a 


2° H. Lebesgue, “ Sur le principe de Dirichlet,” Rendiconti del Circolo Matematico d 
Palermo, vol. 24 (1907), pp. 371-402; p. 386. 

2° ©, B. Morrey, “A class of representations of manifolds, Part I,” American Journal 
of Mathematics, vol. 55 (1933), pp. 683-707; p. 687. 
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subsequence {hj} such that Ay,[A] >A uniformly on C(O,1). It follows 
that A(u, v) is continuous on C(O, 1). 

By §9, the sequences {xn} and {yn} also satisfy the conditions of 
Lebesgue’s theorem. We conclude that their limits x(u,v) and y(u,v) are 
continuous on C(O, 1) ; so also is z(u,v), from the continuity of A(u, v). 

We conclude that B[r] =. For, by the preceding discussion, r(u, v) 
is one of the vectors in competition in the minimum problem: hence B[r] = B. 
On the other hand (lower semi-continuity of B[r]),?? B[z] Slim B[r,] = B. 
Hence B[r] — 8. Since r(u, v) is an admissible vector spanning I, and since 
for such an r(u,v) = and since further b= B, B[r] so 
that the vector r(w,v) actually solves the minimum problem of § 3; and, con- 
sequently, the Plateau problem in hyperbolic space. 

We may finally show that the limit mapping of C*(0,1) onto T is not 
only continuous and monotone, but also (1— 1); the proof which follows is 
exactly like Courant’s for the Euclidean problem.** 

Suppose that over a whole are c on C*(O,1), x has the constant value fo. 
We map C(O, 1) conformally onto one of its semicircles, C’, so that ¢ goes into 
the bounding diameter of C’.. As was remarked in § 3, the B-integral of the 
new vector 1’, taken over the semi-circle C’, is the same as that of r, taken 
over ((O,1). If in the complementary semicircle C” we define r’ = Yo, 


= =D. 


Now 2’ certainly is not a solution of (€) corresponding to its boundary 
values on C*(O,1). But, as a special case of our existence proof, we are able 
to solve the system (€) with the new boundary values, and the solution must 
have a B-integral smaller than that of r’; which contradicts the definition of b. 
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*7 R. Courant, I. c.7, p. 692 
7° R. Courant, I. c.7, p. 696. 
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SPHERICAL THEOREMS OF HELLY TYPE AND CONGRUENCE 
INDICES OF SPHERICAL CAPS.* ? 


By Cuas. V. RoBinson. 


A metric space M has congruence order k [5], with respect to a class {8} 
of semimetric spaces if congruent imbeddability of any member S, of {9} 
into M is implied by congruent imbeddability of each & points of S, into M. 
The type of congruence order problem dealt with in this paper is: given the 
space M and the class {S} find the smallest integer k for which M has con- 
gruence order k& with respect to {S}. Of particular interest is the case when 
{S} is the class of all subsets of a space containing M congruently. For 
example, one may seek the congruence order of the p-sphere ? of Z, with respect 
to subsets of #,. In spaces which, like the Zn, possess, for each given pair of 
isometric subsets, a self-isometry carrying one into the other, the idea “ B ig 
congruently imbeddable in A ” is equivalent to the simpler idea “A will cover 
B,” Hence, the problem of the p-sphere can be stated: what is the smallest 
integer & such that if each & points of a subset So of FH, can be covered by a 
p-sphere, it follows that S, can be so covered? Now, since in any semimetric 
space a subset S> is contained in a p-sphere if and only if the p-spheres with 
centers in So intersect (any point of the intersection is the center of a p-sphere 
containing S,), the problem may be stated in the alternate intersectional form: 
find the smallest integer & such that intersection of each / members of any 
family of p-spheres of #, implies intersection of all the spheres of the family. 
The answer to this problem is given directly by an application of the following 
elegant theorem due to E. Helly [1]: Jf each n+ 1 members of a family of 
bounded, closed, convex subsets of E,, intersect, there is a point common to all 
the sets. Applying the theorem to the family of p-spheres with center in S,, 
we see that if each n + 1 spheres intersect, then all intersect and hence Sy can 
be covered by a p-sphere. We have proved as corollary to the Helly theorem 
that the p-sphere of E, has congruence order n + 1 with respect to subsets of En. 

The p-sphere thus provides an interesting link between the concept of 


* Received March 3, 1941; Revised August 4, 1941. 

1 Presented to the American Mathematical Society, December, 1940. This paper is 
a part of a dissertation for the Ph.D. degree, University of Missouri, 1940, and was 
written under the direction of L. M. Blumenthal. 

* The solid sphere of H, with radius p. In any semimetric space the p-sphere with 
center p is.the set of points x of the space such that pr Sp. 
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congruence order and the Helly theorem in #,. The problems of the congruence 
order of the hemisphere and of small spherical caps (p-spheres of the spherical 
surface) led L. M. Blumenthal to pose the question: for what integer k does 
the intersection of each k members of a family of convex subsets of the n- 
dimensional sphere imply the existence of a common point? In section 1 of 
the present paper three answers to this question are given corresponding to 
restrictions on: (1) a single member of the family, (2) the size of the family, 
and (3) the diameters of all the sets of the family. These spherical analogues 
of the Helly theorem have as corollaries the congruence orders of small spherical 
caps. A necessary lemma to the proof of Theorem 2, which restricts the size 
of the family, is the proof of the theorem for a family of hemispheres, first 
found by E. Steinitz [2]. The author gives a geometric proof of this result 
obtained independently of the Steinitz paper, in which the problem is treated 
algebraically. 

In section 2 a study is made of the congruence orders of small caps with 
respect to semimetric spaces and one cap is found to display a new congruence 


order property. 


Section 1. Spherical Theorems of Helly Type. 


. . . . | . 
In the following the n-dimensional spherical surface, | x | =r of En. will 


n+1 
be denoted by If a = —c = 0, intersects the 
i=1 


S,,r, the product is called a spherical cap and P(x) = 0 the base plane of the 
cap. If P(o) < 0 the cap is small, and if P(o) = 0 it is a hemisphere of the 
Sy. A set of hemispheres of S»,, is called dependent or independent according 
as the rank of the matrix of base plane coefficients is less than or equal to the 
number of hemispheres. Clearly if any lower dimensional plane through the 
origin lies in the half-space of a hemisphere of the Sn,,, it must lie in the base 
plane. Hence if the rank of the base plane matrix of a set of hemispheres of 
8, is k, the set of half-spaces contains a plane of dimension n + 1—k and 
no higher, and the hemispheres hence contain an Sp-z,r but not an Snii-zr. 
Any product of hemispheres of Sn,, will be termed a convex * subset of the Sy,r 


including the diametral point-pair So,r. 


*The terms “sphere” and “S, ,” are interchangeable. 

*A more usual definition of convex subset of the sphere is: A closed set A is convex 
if when p,qeA and pq < mr, the minor are pq is contained in A, and if pq =r one 
semi-great-circle pq is contained in A. All sets convex by this definition are convex by 
the first definition except the whole sphere, while all sets convex by the first are convex 
in this sense except the diametral point pair 8, The theorems which follow can be 
stated with only slight modification using this latter definition. 
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LEMMA la. A convex subset of the Sn, which contains no diametral point- 
pair is contained in a small cap. 


Proof. Since the product of the family of all hemispheres containing the 
given convex set contains no diametral point-pair, there are n + 1 independent 
hemispheres of this family defined by half-spaces Di: Pi(x) = 0 whose base 

n+1 
planes have x = 0 as their sole common point. The function P(x) = > P;(z) 
i=1 
is thus everywhere positive over the product 7 of these hemispheres and hence 
takes on a positive minimum m in T. The function Q(x) = P(x) — m is 
non-negative in while Q(o) is negative. Hence Q(x) is a 
half-space defining a small cap containing 7’ and thus the given set. 


LemMA 1b.° If each n+ 1 members of a family of hemispheres of 
the Sn have a point in common with the product of n+ 1 fixed independent 
hemispheres of the Sn,r, then all the hemispheres have a common point. 


Proof. Let D be the product of the half-spaces of the fixed independent 
hemispheres, let T = D-S, let z be the base plane and Q(x) = 0 the half- 
space of a small cap containing 7’ (Lemma la), and let H; be the hemi- 
spheres of the family with half-spaces D;. Consider now the family of 
subsets Cj =2-D- Dj; of x. These are closed, convex and bounded (| z | =r, 
xe C;), and any n+ 1 of them C;i,, Ci,,: Ci,,, intersect. For there is, by 
hypothesis, a point p of Hi,: - - Hi,..°T = Di, Di: Say, 
and since the origin 0 and the set 7’ are on opposite sides of 7, the ray op cuts 
in a point p’ between o and p. Since the sets D; and D are convex, p’ belongs 
to each of them and hence to Ci,, Ci,,- - -, and Ci,,,. We have shown that each 
n-+ 1 of the sets Ci, intersect. By the Helly theorem it follows that there 
is a point q’ of x common to them all. The point q of the S,,, on the ray of 
is common to all the hemispheres H;. 


LemMA le. If each n+1-+k members of a family of hemispheres of 
Snr have a point in common with the intersection of a fixed set of n-4+-1—k 
independent hemispheres (k =0,1,---,n-+ 1), then all the hemispheres 
have a point in common. 


Proof. Let H,,H2,: be the fixed independent set of hemi- 
spheres. The previous lemma proves the case k 0, the anchor for the 
following induction. We suppose the lemma true for k —1, k—2,: - -,0, 


° As well as simplifying the former proofs, this lemma, suggested by A. N. Milgram, 
brings out the algebraic nature of the spherical Helly theorems. 
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(k > 0) and prove it true for k. Enlarge the set H1, H2,- - - , Hnss+ to make 
as large an independent set of hemispheres as possible, say Hi, H2,:- +, Hns1-r, 
r<k. If r=k then every hemisphere is dependent on the given fixed set, 
and their intersection (an S,;,r) is common to all the hemispheres. If, how- 
ever, 7 < k, any n+ 1+ -r other hemispheres have a point in common with 
Hy: He: Hn». For, by hypothesis, any 2n + 2 hemispheres containing 
the fixed set intersect. By our inductive assumption it follows that all the 
hemispheres intersect. 

The above lemma is interesting when translated into a theorem on 
inequalities. 


THEOREM 1. /f each n+ k-+ 2 members of a family of convex subsets 
of the Sn, intersect, and if one member contains no S;,, OSkSn, then 
there is a point common to all the sets of the family. 


Proof. Let {A} be the given family of sets and {H} the family of all 
hemispheres containing sets of {A}. If Ao is the set containing no S;,r, then 
there is a set of independent hemispheres H,, -, Hnsi-x whose 
products contains A». For if each n + 1—k hemispheres containing Ao are 
dependent, then their base planes contain a common hyperplane of dimension 
at least / + 1 and all the hemispheres containing Ay have an 8; in common. 
Consider a set of 2n-+ 2 hemispheres H,, H2,- - -, Hense where those beyond 
n-+ 1—k are arbitrary hemispheres of {H} which contain respectively sets 
Anso-k,* Aonse Of {A}. By hypothesis 40 hence 


2n+2 


I] Hi +0. The family {77} thus satisfies the conditions of the lemma and 


possesses a common point p which is a common point of {A}. 


LEMMA 2a. Jf qg is interior to a convex polyhedron P of the Ey with 
vertices Py, Pm (m= 2%n—1) then either (1) q is mterior to an 
n-dimensional sub-polyhedron of P with 2n —1 or fewer vertices, or (2) P has 
evactly 2n vertices collinear in pairs with q. 


Proof. The lemma being clearly true for n = 1, we make the inductive 
hypothesis that the lemma holds in the fors <n. For m= 2n—1 the 
lemma is trivial, so we suppose m = 2n. Let p’i be the point in which the 
tray pq meets the boundary of P. Two cases arise: 


Case 1. One of the points p’; is interior to an s-dimensional face P, of 
P,n>s=1. By our inductive hypothesis, p’; is interior to an s-dimensional 
sub-polyhedron P’, of P, which has 2s or fewer vertices. The point q is then 
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interior to the (s-+1)-dimensional polyhedron C(pi,P’s)*® of 2s+1 


= 2(s-+ 1) —1 or fewer vertices. If s+ 1—n, the lemma is proved. If, 


on the contrary, s + 1 < n, then C'(p:, P’s) cannot be a subset of the boundary 
B(P) since geC(pi,P’s), g\B(P). Two (s+ 1)-dimensional faces of P 
meet in Ps. Taking a vertex not in P, from each of these faces, say pj, px, ¢ is 
interior to the (s+ 2)-dimensional polyhedron C(pi, pj, px, P’s) of 2s+3 
= 2(s-+ 2) —1 or fewer vertices. If s+ 2—n, the lemma is proved. If 
s+ 2 <n, the process is repeated. It is clear that n —s steps suffice, and 
that the last step gives an n-dimensional sub-polyhedron of P with 2n —1 or 
fewer vertices to which q is interior. Thus for Case 1 the alternative (1) holds, 


Case 2. All the points p’; are vertices of P. Then m is clearly even, and 
if m = 2n we have the alternative (2) of the lemma. If m = 2n + 2, we can 
choose 2n vertices, Po, Pn; collinear in pairs with gq, not 
lying in an (n —1)-dimensional hyperplane. A 2n + 1-st vertex pns. cannot 
lie in all the nm hyperplanes determined by each n —1 of the rays qpi, i=1, 
2,* + *,m, since only the point ¢ is common to all these planes, so that pny; 
does not lie in one of the hyperplanes, say the plane of q, pi, po,* + * 5 Pn-v 
Choose a point Pnio =~ p’nsi1 On the opposite side of this hyperplane from pn, 
(one of the points pn, p’n can be used for pnyz). Then q is interior to the 
n-dimensional polyhedron C(p;, p’1,° * 5 Pn-15 P’n-15 Pnsis Pnsz), and the ray 
Pniiq cannot meet the boundary in a vertex, so that for m = 2n + 2 this case 
reduces to Case 1. 


LemMA 2b. A family of more than 2n-+ 2 hemispheres of Sn,r each 
2n + 1 of which intersect, have a common point. 


Proof. For k=n-+ 1 Lemma 1e states that if each 2n + 2 members of 
a family of hemispheres intersect then all intersect, so that it suffices here to 
show that each 2n + 2 intersect. Given any set of 2m + 2 hemispheres Hy, 
+, another one of the family can be added. If the set of 
spherical centers P2,* * *, Of these hemispheres lie on a hemisphere 
with center p, then p is common to the hemispheres Hi, for ppi S mr/2. 
Consider the convex polygon P of with vertices p;, po,* * *, Ponss- Tf the 
pi’s do not lie on a hemisphere then 0 is interior to P and Lemma 2a applies. 
Alternative (2) cannot be satisfied, hence (1) holds, i.e. 0 is interior to a sub- 
polygon of P with 2n-+ 1 vertices. This means however that the 2n+1 
hemispheres with these vertices as centers do not intersect, a contradiction to 
the hypothesis that each 2n + 1 do. Hence each 2n + 2 hemispheres intersect 
and by Lemma 1c all have a common point. 


® The convex cover of the set p; + P”,. 
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THEOREM 2. A family of more than 2n 4+- 2 convex subsets of Snr each 
Qn + 1 of which intersect, has a common point. 


Proof. If one member is not a hemisphere, it contains no Sn4,r and 
Theorem 1 is satisfied with k =n—1. If all the sets are hemispheres the 
above lemma applies. 


Remark. The only type of family of convex subsets of Sn,r such that each 
2n+1 intersect while there is no point common to all is a set of n+1 
independent pairs of opposite hemispheres. 


Proof. If one member were not a hemisphere, then by Theorem 1 the 
sets would have a common point. Hence all the sets are hemispheres and 
there must not be more than 2n + 2 by Lemma 2b. Since the hemispheres 
do not intersect, the convex cover of their centers has o as interior point. 
Since each 2x -+ 1 hemispheres intersect, 0 cannot be interior to the convex 
cover of 2n + 1 centers. Hence the alternative (2) of Lemma 2a holds, which 
shows that the hemispheres are opposite in pairs. 

We state without proof the following separation lemma which is needed 
in the proof of Theorem 3. 


LemMA 3a. If A and B are two mutually exclusive conver subsets of 
the Snr neither of which contains an So, then there is an Sn-+,r separating 


Aand B. 


THEOREM 3. Jf each n-+1 members of a family {A} of convex subsets 
of Sn,r of arc diameters" less than 2ar/3 intersect, then all have a common 


point, 


Proof. The proof is an induction which we anchor with the case n = 1. 
Let Ay be a particular arc of {A}, c its middle point, c* the point of the circle 
opposite c, and 7 the tangent to the circle at c. Then c* is not contained in 
any arc of the family {A} and the projection of the family on T from c* 
yields a family {A’} of segments of 7. Each two of these segments have a 
point in common, and hence, by the Helly theorem, there is a point m’ common 
toall the segments of {A’}. The corresponding point m of the circle is common 
to all the arcs of {A}. 

We now suppose the theorem true for the Sn-1,, and prove it true for the 
S,r. If we show that each n + 2 sets of the family have a common point, the 
validity of the theorem follows from Theorem 1. Let then Ao, Ai,° + +, Ans 


7The arc diameter of a set is the maximum are distance between two points of the 
set, 
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n+1 


be members of {A}, and suppose that 4p: D0, where D—J[[ Ai. Then 


i=1 
there is, by the lemma, an S»-;,,, K, separating Ay and D (K:A,=K:-D=0), 
Each of the n+ 1 sets Dj = Anu, * 
Dany == A,* Az: + * An contains D and, by hypothesis, a point of A», and hence 
must cross K and have a non-null product D’; = KD; with it. These sets D’; 
are the products of n-tuples of the n +- 1 convex subsets A’; = K - Aj, of Sn, 
t= 1,2,---,n-+ 1, of arc diameters less than 2rr/3. By inductive hypo- 
thesis there is a point m common to A’;, A’2,- - +, A’nu. But then m belongs 
to K - D, which is consequently not null, a contradiction. Thus each n + 2 sets 
of {A} have a common point, and the theorem is proved. 

Among Theorems 1, 2, 3, Theorem 3 is the truest correspondent to the 
Helly theorem for the Z, in the sense that its proof follows closely that of the 
latter, and it shows that locally the H, and the Sn, have the same Helly 
property (intersection of each n + 1 sets of a family of convex sets implies the 
intersection of all). The diameter bound 2zrr/3 of Theorem 3 is not the best 
bound except for the circle S;,.. Theorem 4, as a refinement of Theorem 3 for 
for the case n = 2, finds the largest diameter bound for the sphere.* 

Preliminary to proving Theorem 4 we state without proof an elementary 
property of the equilateral spherical triangle and prove two lemmas. 


Remark. If a spherical triangle T is of are diameter less than d, it has 
a smaller area than the equilateral spherical triangle of arc diameter d. 


Lemma 4a. If Ci, C2, C3, Cs are convex subsets of the sphere and p,, pr», 
Ps, ps are points of a small cap with poe C1: C3°Cs, ps e Cr: 
and pye C1: C2: Cs, then there is a point common to the sets C1, C2, 


Proof. If we let x be the base plane of the small cap K which contains 
the points p;, then the projections of the convex sets Ci: K on w from o are 
convex domains of 7 having each three a projection of one p; in common. 
By the Helly theorem, there is a point m’ common to them all, and the 
corresponding point m of the sphere is common to the sets C1, Co, C3, C4. 


Lemma 4b. If each three points of the subset p,, po, ps, ps of the sphere 
are on a small cap and the sum of the areas of the four triangles with vertices 
in the set is less than 4xr, then the four points are on a small cap. 


Proof. Let T be the tetrahedron (degenerate or not) of H; with vertices pi. 
Now o is exterior to 7, for if it were interior the sum of the areas of the four 
triangles would be 4zr?, Neither can o be in a face of 7, since the vertices of 
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any face are in a small cap. Hence, the projection of T on the sphere lies 
in a small cap. 


THEOREM 4. Jf each member of a family of convex subsets of the sphere 
is of diameter less than r- cos*(— 3-%) and if each three sets have a point in 
common, then there is a point common to all the sets. 


Proof. Let {A} be the given family of sets. If we can show that each 
four sets of the family have a common point, the validity of the theorem will 
follow from Theorem 1 with n=2, k—0. Let A;, Ao, As, Aa be four sets 
of {A} with p, «Az: As: Ag, poe As, Ay* Ao: As. 
Each of the four triangles with vertices in {;} is contained in one of the sets 
A; so that the diameter of the triangle is less than 1- cos*(— 3-%) the dia- 
meter of the equilateral triangle of area wr?.8 Hence, the areas of each of 
these triangles is, by the second remark, less than wr’, the points p; are on a 
small cap by the Lemma 4b, and the four sets A; have a point in common by 
Lemma 4a. 


CorotLary. If no member of a family of convex subsets of the sphere 
contains a triangle of area mr or a diametral point-pair, and if each three 
members have a common point, there is a point common to all the sets. 


The bound 7- cos*(— 3-“) of Theorem 4 cannot be increased. For if 
Ps, Ps be points of the sphere and pip; = cos*(— 1/3), 147, then 
each of the triangles determined is of area wr? and diameter r - cos-!(— 3-*) 
and the triangles intersect triplewise but have no common point. 

It would be desirable to extend Theorem 4 to the S»,,, i.e. to enlarge the 
bound 21/3 of Theorem 3 for n > 2. The new bound would probably be the 
arc diameter of a spherical face of an equilateral n + 2-gon inscribed in the 


Snr as it is for mn = 1 and 2. 


Section 2. Congruence Indices for Spherical Caps. 


Just as the covering properties of the dise follow from the Helly theorem 
in the plane, so the covering behavior of spherical caps stems directly from the 
theorems on the sphere proved in the preceding section. 


THEOREM 5. If each three points of a given subset S of the sphere can 
be covered by a cap of radius p, p <r: cos"1(1/3), then S can be so covered. 


Proof. The triangle of maximum area in a cap is the inscribed equi- 


§ The are diameter of a spherical triangle may not be equal to a side, e. g. here it is 
equal to the altitude. 


= 
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lateral triangle (Remark, p. 266), and the circumradius of the equilateral 
triangle of area mr? is 1: cos*(1/3), so that a cap of smaller radius contains 
no triangle of area r°. Since each three points of S are by hypothesis on a cap 
of radius p, each three caps of the set of caps of radius p and center in § 
intersect. By the corollary to Theorem 4 there is then a point common to 
them all and hence S§ can be covered by a cap of radius p. 


THEOREM 6. If each four points of a given subset S of the sphere can 
be covered by a cap of radius p, p < mr/2, then S can be so covered. 


The proof follows from Theorem 1 (n = 2, k = 1) by an argument similar 
to the preceding one. Using a similar argument with Lemma 2b we obtain: 


‘od 


THEOREM 7%. If each five points of a subset S of more than six points of 
the sphere can be covered by a hemisphere, then S can be so covered. 


From Theorem 1 with n = k = 2 we obtain: 


THEOREM 8. If each six points of a given set S of the sphere can be 
covered by a hemisphere, then S can be covered by a hemisphere. 


More general than the covering problems discussed above is the problem 
of determining the congruence orders of spherical caps with respect to the class 
of semimetric spaces. 

The following concept recently introduced by L. M. Blumenthal [4] will 
materially facilitate the handling of congruent imbedding properties. A semi- 
metric space S has congruence indices [n,k] with respect to a class C of semi- 
metric spaces if the congruent imbedding of any space N of C which contains 
more than n + & distinct points is implied by the imbedding of each n points 
(not necessarily distinct) of N in S. The symbols [n,0] and [n,1] of 8 
with respect to the class = of all semimetric spaces are equivalent respectively 
to the properties of congruence order n and quasi congruence order n intro- 
duced by K. Menger [3]. It can be seen that if 8 has the symbol [n, /] it has 
also any symbol [n’,k’] for which n’=n, and n’+k’=n-+k. In the set 
of symbols which a space has, we introduce a preferential ordering. The symbol 
[n, k] is preferred to (precedes) [n’, k’] ifn <n’, or, in casen =n’, if k < 
The first element of the set of preferentially ordered symbols is called the best 
symbol of S with respect to the class C. A complete set of symbols for a space 
is a set which implies all the other symbols which the space has. In terms of 
congruence indices, Theorems 5, 6, 7 and 8 state that (with respect to the class 
of subsets of the sphere) a cap of arc radius p has congruence symbol [3,0] 
for p< r-cos*(1/3), [4,0] for p < wr/2, and the symbols [5,1] and [6, 0] 
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for p= 7r/2. It is well known that the sphere has the symbol [5,0] with 
respect to >. 

A pseudo-spherical set is one not congruently imbeddable in the sphere 
while each four of its points are. L. M. Blumenthal has proved the following 
interesting theorem about such sets ([5], p. 80). 

THEOREM. /f P is a pseudo-spherical set containing more than five points, 
no two of which are diametral, then pg=r-cos*(+ 1/3) for each pair of 
distinct points p, q of P. At least one distance is r- cos*(— 1/3). 


An immediate consequence of this theorem is: 


THEOREM 9. The sphere has the congruence symbol [4,1] with respect 
to the class of semimetric spaces of diameter less than r- cos*(— 1/3). 


Proof. If the contrary be supposed, then there exists a semimetric space P 
of diameter less than r+ cos*(—1/3) containing more than five points, such 
that P is not imbeddable in the sphere while each four of its points are. But 
P is then a pseudo-spherical set satisfying the conditions of Blumenthal’s 
theorem and having no distance equal to 7: cos*(— 1/3), which is impossible. 

There are exactly three types of quadruples of the sphere having only 
distances r- cos*(-+ 1/3). They are (1) the equilateral quadruple with each 
distance r- cos"?(— 1/3), (2) the center and inscribed equilateral triple of a 
cap of radius r-cos*(1/3), and (3) the square with side r-cos*(1/3) and 
diagonal r - cos*(— 1/3). Quadruples (2) and (3) are both imbeddable in a 


cap of radius r-cos*(1/3) while quadruple (1) is imbeddable in no cap. 


There is a single type of pseudo-spherical quintuple and a single type of sex- 
tuple with quadruples of types (2) and (3) only, while every pseudo-spherical 


septuple without diametral point-pairs contains a quadruple of type (1). The 
figure illustrates the unique type of sextuple, the dark lines indicating a dis- 
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tance r-cos*(—1/3) and the light r-cos*(+ 1/3). Omitting any one of 
these points gives the quintuple of unique type mentioned above. The above 
remarks may all be verified by elementary considerations. 


THEOREM 10. The best congruence symbol for a cap K of radius p, 
p<r-cos*(1/3), with respect to is [4,1]. 


Proof. 1. K has the symbol [4,1] with respect to %. Suppose that N isa 
semimetric space containing more than five points and that each four points of 
N are congruent to a subset of K. By Theorem 9, N is then congruent to a 
subset N’ of the sphere each four points of which can be covered by K. Hence 
N’ can be covered by K (Theorem 6), so that N is congruent to a subset of &. 


2. K has not the symbol [4,0] with respect to %. A pseudo-spherical 
quintuple can be constructed so small that each quadruple is imbeddable in X. 


The reader will find the construction on pp. 77-78 of [5]. 


3. K has no symbol with first index 3 with respect to %. Any set of more 
than three points metrised equilaterally with a sufficiently small distance has 
each three points imbeddable in K but not the whole set. 

Thus [4,1] is the best symbol for K with respect to . 


THEOREM 11. The best congruence symbol for a cap K of radius p, 
r-cos?(1/3) Sp < mr/2, is [4,2] with respect to %. 


Proof. 1. K has the symbol [4,2] with respect to X. Let N be a semi- 
metric space containing more than six points, each four points of NV imbeddable 
in K. We show that N is congruent to a subset of the sphere which can be 
covered by K. If N were not imbeddable in the sphere, then it would constitute 
a pseudo-spherical set of more than six points no two diametral, so that by 
Blumenthal’s theorem all distances in N would be r- cos"*(+ 1/3). Since the 
sphere has the symbol [7, 0], some septuple of N must also be pseudo-spherical, 
and hence by the remarks on p. 269 N must contain an equilateral quadruple 
contrary to the hypothesis that each quadruple of N was imbeddable in &. 
Thus WV is congruent to a subset N’ of the sphere each four points of which 
are coverable by K. Hence K covers N’ (Theorem 6), and WN is congruently 
imbeddable in K. 
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2. Khas not the symbol [4,1] with respect to %. Each four points of 
the sextuple of the figure are imbeddable in K while the six are not. 


3. K has no symbol with first index 3 for the reason given in part 3 of 
the proof of the preceding theorem. 
Therefore [4,2] is the best symbol for K with respect to 3. 


THEOREM 12. The cap of radius p < mr/2 has the congruence symbol 
[5,0] with respect to %. 


Proof. Since the sphere has the symbol [5,0] with respect to % and the 
cap has the symbol [4,0] with respect to the sphere, it follows that the cap 
has the symbol [5,0] with respect to 3%. 


Remark. The symbols [4,2] and [5,0] are a complete set for the cap of 
radius p, r°cos*(1/3) Sp <-r/2. For the best symbol [4,2] of the cap 
implies all its other symbols except [5, 0]. 

This cap is, to our knowledge, the first example given of a space with a 
complete set containing more than one symbol. This is clearly possible only 
if the second index of its best symbol is greater than 1. A space whose best 
symbol has a second index equal to 1 is not unusual as both the Euclidean and 
hyperbolic n-dimensional spaces have the best symbol [n + 2,1], with respect 
to 


THEOREM 13. The best symbol for the hemisphere with respect to & 
is [5,1]. 


Proof. 1. The hemisphere has the symbol [5,1] with respect to 3%. 
Since the sphere has the symbol [5,0] with respect to 3 and the hemisphere 
has the symbol [5,1] with respect to subsets of the sphere, it follows that the 
hemisphere has the symbol [5,1] with respect to %. 

2. The hemisphere has not the symbol [5,0] with respect to & for each 
five points of three independent diametral point-pairs are on a hemisphere 


while the set is not. 


3. The hemisphere has no symbol with first index 4. Consider the set 
of points of the sphere on the coordinate axes plus the great circle arc joining 
two not on the same axis. Each four points of the set are on a hemisphere 


while the set is not. 
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The results of this section are summarized in the following table: 


Complete set of symbols 


Space with respect to 
(1) Sphere [5,0] 
(2) Hemisphere [5,1] 
(3) Cap of radius p, [4, 2 [5,0] 
cos? (1/3) =. p< 
(4) Cap of radius p, [4,1] 
p <1r-cos*(1/3) 
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ON THE INFINITESIMAL GENERATORS OF INTEGRAL 
CONVOLUTIONS.* 


By Puitie HARTMAN and AUREL WINTNER. 


The purpose of this paper is to transfer the principal results of the general 
theory of discrete convergent infinite convolutions of distribution functions to 
the corresponding continuous convolutions, which relate to the former in the 
same way as a one-parameter group relates to an infinite series. Such integral 
convolutions have been considered in certain degenerate cases by de Finetti; * 
in the general case, but under the restriction of a finite standard deviation, by 
Kolmogoroff ; * and finally, without this restriction, by Lévy.® 

While these investigations give an enumeration of the sheaf of distribution 
functions which are integral convolutions, an analysis of these distribution 
functions, from the point of view of the theory of real functions, has, appar- 
ently, not been attempted in the literature. Actually, it turns out that a 
considerable portion of the theory of discrete infinite convolutions, as developed 
by Jessen and Wintner,* is paralleled by corresponding theorems concerning 
integral convolutions. 

Since a direct approach to the problems in question appears to lead to 
serious difficulties, the Lebesgue analysis of the most general integral convolu- 
tion will be carried out by first developing the corresponding analysis of certain 
canonical components of these convolutions. To this end it is convenient to 
base the presentations on two exponential operators, which, at first glance, 
might seem to be artificial. Actually, these exponentials are nothing but the 
infinitesimal generators of the families considered by de Finetti and Kolmo- 
goroff, respectively; while the general families considered by Lévy result by 
the adjunction of the infinitesimal translation as a third generator. 


* Received November 11, 1940. 

1B. de Finetti, “ Le funzioni caratteristiche di legge istantanea,” Rendiconti della 
R. Accademia Nazionale dei Lincei, Ser. 6, vol. 12 (1930), pp. 278-282. 

* A, Kolmogoroff, “ Sulla forma generale di un processo stocastico omogeneo,” ibid., 
vol. 15 (1932), pp. 805-808 and 866-869. 

*P. Lévy, “ Sur les intégrales dont les éléments sont des variables aléatoires indépen- 
dantes,” Annali della R. Scuola Normale Superiore di Pisa, Ser. 2, vol. 3 (1934), pp. 337- 
366; ef. vol. 4 (1935), pp. 217-218. Cf. also the presentation in Lévy’s book, Théorie de 
Vaddition des variables aléatoires, Paris (1937), Chap. VII. 

‘B. Jessen and A. Wintner, “ Distribution functions and the Riemann zeta function ” 
Transactions of the American Mathematical Society, vol. 38 (1935), pp. 48-88. 
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PART I. 


1, By the vectorial sum of two sets, A and B, of real numbers is meant 
the set, A(-++)B, of those numbers x which have at least one representation of 
the form a + b, where a, b are numbers contained in the sets A, B, respectively, 
This addition is commutative, associative, and such that A(+-)B is the empty 
set if and only if at least one of the two sets A, B is empty. It is clear that 
A(+-)B contains the logical sum of A and B whenever the logical product of 
A and B contains r=0. Hence, if Ao denotes the logical sum of A and of 
the set consisting of «= 0 alone, and if A» is defined by An = An-1 (+) Aj, 
then A» contains An-;. By Ac will be meant the least set containing every A,, 

It is clear that A is enumerable (at most) if and only if the same is true 
of Ac. Of course, it is possible that the closure of Aco is the entire 2-axis 
(this is, for instance, the case if A consists of the numbers + a, + a?, + a',:+:, 
where a is any fixed transcendental number greater than 1). Furthermore, Aw 
cannot be a bounded set unless Ay consists of = 0 alone. It is also clear that 
if A contains an interval and if the closure of the latter contains 2 = 0, then 
Aco is either the entire z-axis or one of the half-lines ending at 7 = 0. 


1 bis. If a, a2,- - - are positive numbers which tend to zero and need 
not be distinct, let A{a,} denote the set of those real numbers which may be 
represented, in at least one way, by a convergent series of the form + a, +a, 
+++ +, where the signs are chosen independently (for instance, A{3*} is 
Cantor’s ternary set). 

Suppose that a, -+ a.-+-- < o, and let b; denote the j-th remainder, 
bj = Aj + aj2+---. It is easy to see® that if aj > b; for every j, then 
A{ax} is nowhere dense, perfect, and such that 

meas A {ax} = lim ; 
while if a; Sb; for every sufficiently large j, then A{a,} must contain an 
interval. 

Hence, if 0 <c < 4, then A{c*} is a perfect set of measure 0; while it is 
seen from § 1 that there exists for every c, 0 << ¢ < 1, an n= n(c) such that 
A,{c*}is an interval placed symmetrically about «= 0, which implies that 
Aco{c*} is the entire z-axis. However, on replacing {ct} by a sequence which 
tends sufficiently rapidly to 0, one can assure the existence of sequences {4} 
for which not only A{ax} but also Aco{ax} is perfect and of measure 0. 


® Cf. R. Kershner and A. Wintner, “ On symmetric Bernoulli convolutions,” American 
Journal of Mathematics, vol. 57 (1935), pp. 541-548. 
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2. Let u(x), — 0 bea non-decreasing bounded function for 
which 


p(— 0) =0; so that p(+ 0) =[p] < where [p] -f dp(a). 


By the point spectrum and the spectrum of y» will be meant the sets, 
P=P(p) and S=S(,), of those real numbers, p and s, for which 


u(p—0) Ap(p+0) and w(s—r) Ap(s +7), 


respectively, where r(40) is arbitrarily small. Thus S() contains P(p) 
and is closed (possibly empty). The set P(»), which is at most enumerable, is 
empty if and only if » is continuous, that is, D(») =0, where D(p) denotes 


the non-negative number 
(1) D(p») = maximum of p(x + 0) for ow. 


If vy satisfies the same conditions as p, the same is true of the convolution 


u*y, which is defined by 
co 


(2) n(x) * (2) n(2—y)dv(y). 


It is also clear that, with the above definition of the bracket symbol, 


(3) [u*v] = [z][v]. 
Furthermore, it is known that, in the notations of § 1, 

(4) P(p*v) = (+) P(r) 

and 

(5) =closure of (+) S(r). 


Finally, it is clear from (2) that if {(a’;,2;)} is any sequence of mutually 
disjoint z-intervals for which 


(6) | 2"; | 


and if » is such that (6) alone implies 


then (6) also implies 

(8) (as) * v (25) — * | Sev). 
j 


3. For every real number ¢, let x denote the particular » which is defined 
by [xc] = 1 and 
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(9) S(xe) so that x-(7) = $+ and = xa 
by (2). It is also clear from (2) that, for every p, 
(10) * xe(x) = 
Starting with any p, define a sequence of p’s by the recursion formula 


(11) = * wu, where = xo; (wi =p), 


and then introduce still another », which we denote by exp p and define by 


n 
(12) exp pom dp(x) = 0). 
Since it is clear from (3) and (11) that si 
(13) = p"(— ©) Sp"(x) Sp"(o) = = [2 ]", 
the series (12) is uniformly convergent for — <a < ow; furthermore, 
(14) [exp »] = 1. 


The exponential notation is justified by the identity 


(15) exp (u-+v) = (exp p) * (exp v), 


which is easily verified from the fact that the multiplication defined by (2) is 
commutative, associative, distributive with respect to ordinary addition, and 
also with respect to ordinary multiplication by (non-negative) constants. 

A » is called a distribution function if [uv] =1. While it is not assumed 
that this condition is satisfied, (14) shows that exp » must be a distribution 
function. 


4. Let Mi(p) denote the /-th momentum, 


(16) Mi(p) if f | a < 
-0O 
It is clear from (2) and (11) that if M,() exists, then 1f,(y") exists and 
(17) Ms = 2M, 
where M,(p°) =0. Similarly, if M.(n) < then 
(18) M,(u") = nMz(u) + n(n —1)M, 


where = 0 if either n = 0 or = 0. 
Using the Stieltjes analogue to Lebesgue’s theorem on term-by-term 
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integration of monotone sequences, one easily verifies from (17), (18) and 
(12), that if M,(,) exists, then M,(exp ») exists and 


(19) M,(exp p) = M, (pz); 
and that if M.(n) < o, then 
(20) M.(exp ») = M2(n) + Mi (p)?. 


However, it will not be assumed that the momentum M,(p) or Mo(p) 


of p exists. 


5. Let Pn(mu) and Sp(p) denote the sets which, respectively, result by 
applying to the sets A = P(p) and A = S(p) of § 2 the definition of An in § 1, 
where On o. It is clear from (4), (5) and (11) that, if n < o, then 
P,(p) and the closure of Sn(m), respectively, represent the point spectrum and 
the spectrum of 


n 
= prp*, 
k=0 
whenever fo,* °°, Pn are positive constants. It follows, therefore, from the 


uniform convergence of the series (12) of non-decreasing functions, that 


(21) P(exp — 
and 
(22) S(exp p) = closure of S(p). 


It is seen from § 1 how restricted is the class of those sets which may be 
represented, by a suitable A, in the form Ax. Hence, (22) implies that only 
sets of rather particular structure can be spectra of distribution functions of 
the form exp p (notice that A = S(,) itself must be a closed set). 


6. In order to go beyond the contents of (21) and (22), it will be 


necessary to consider the Lebesgue analysis of p, 


(23) pa + pa + ps = pa + pe, 


where pa attains its total variation on an enumerable set, pa is absolutely 
continuous, while the singular component, ps, is continuous and attains its 
total variation on a set of measure 0. It will be assumed that all three 
components are normalized so as to tend to 0 as r—>— o. If a component 
does not vanish identically, » will be said to have this component. If pw does 
not have more than one of its components pa, pa, ps, it is called a pure p. 

It is easily seen from (4) and (6)-(8) that, if v is arbitrary and 6 


denotes a subscript occurring in (23), then 
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(24) Pd implies *v)p for b—c, al, 
while 
(25) implies x0 for a, if vs¥0. 


Since Aco always contains the point z = 0 (cf. $1), it is indicated by (21) 
that sharp results can be obtained only by replacing p» by the function pi which 
results by removing the possible saltus of » at c= 0; so that 


(26) pt = p— myo, [ef. (9)], 
where 

(27) m = —p(—0) 

Obviously, 

Furthermore, from (15) and (26), 

(29) exp (uf), 

since (12) and (9) imply that 

(30) exp (Cxo) = xo. 


6. The first two of the following three statements are clear from (21): 


(i) exp pts always discontinuous at x = 0. 

(ii) (exp p)t ts continuous if and only if the same is true of pt. 

(iii) (exp p»)t is pure only if the same is true of wt; while if pi is pure, 
the same is true of (exp »)t unless pi is singular. 

As to (iii), it is easily seen from (25) and (15) that it is sufficient to 
prove the following three statements : 

(I) exp p is purely discontinuous if and only if the same is true of 4 
(unless p= 0, in which case exp p= xo). 

(II) (exp p)? is absolutely continuous if and only if the same is true 
of pi. 

(III) exp p has a singular component if and only if the same is true 
of 

It will be shown in § 6 bis by two examples that more than (III) cannot 
be true, since 


(III bis) exp p may or may not have an absolutely continuous com- : 


ponent when p ($£0) ts purely singular. 
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Proof of (1). It is clear from (24) and (25), that (u*v)-=0 if and 
only if we==0 and v-==0. Accordingly, (11) implies that (u”)-=0 holds 


n= 


for every = 0 or for no n= 1 according as it does or does not hold for 
n=1. Hence, (1) follows from the fact that the series (12) of non-de- 
creasing functions has positive coefficients (and is uniformly convergent for 


<2 < co). 

Proof of (11). Suppose first that » is absolutely continuous. Then there 
exists, for every « > 0, a 6 > 0 for which (6) implies (7). Hence, (6) implies 
(8) for every vy. If v= yp", then [v] = by (11) and (3). Thus 


j | n! n=l n! 


This means that, on omitting that term of the series (12) which belongs to 
n= 0, one obtains an absolutely continuous function. It follows, therefore, 
from (9) that (exp »)? is absolutely continuous. Hence, the first statement 
of (II) follows from (30). The second statement of (II) is clear from the 
positiveness of the coefficients of the uniformly convergent series (12), since 
every »” is non-decreasing and p! = p. 


Proof of (111). According to (1), (II), the functions exp pa, (exp pa)t 
are purely discontinuous and absolutely continuous, respectively. Hence, it is 
clear from (24) and (25) that (exp pz) * (exp ya) cannot have a singular 
component. It follows, therefore, from (15) and (23) that, if » has no 
singular component, the same is true of expp. The converse is clear from 
the properties of the series mentioned at the end of the proof of (I) or (II). 


6 bis. The assertion of (III bis) is two-fold, since it states that, for a 
suitable purely singular »(+40), the function (exp »)?, which is continuous 
by (ii) and is £0 by (IIT), may be 

(III,) purely singular ; 

(III.) not purely singular. 

Proof of (1II,). It is known ° that if » denotes the distribution function 
of the Rademacher series 


OO 
a, sgn sin (2*rt), 0S ¢t = 1, where ax? < 0, a > 0, 
k=1 k=1 


then » is continuous and S() is the set A{ax}, defined in §1 bis. It follows, 


*Cf. B. Jessen and A. Wintner, loc. cit.*4, Theorem 11. The continuity is implied by 
a general theorem of P. Lévy (loc. cit.1®). 
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therefore, from (22) and from the last remark of § 1 bis, that {a,} may so be 
chosen that not only S(u) but also S(exp ») becomes perfect and of measure 0, 
But then it is clear from (ii), § 6, that not only » but also (exp p)7 is purely 
singular (+0). 


Proof of (III,). It is clear from the proof of (II), § 6, that 


n! 


n 


is absolutely continuous whenever the same is true of p*, where & is arbitrarily 
fixed. It follows, therefore, from (12), that if »?==p* p is absolutely con- 
tinuous, then 

exp = const.(xo + a+r), (const. = 


where v is absolutely continuous. Hence, (III,) is certainly true if there exists 
a purely singular »($£0) for which p» * » is absolutely continuous. And the 
existence of such a » can be assured as follows: 

Let L(u;p), —0o <u< om, denote the Fourier-Stieltjes transform of 
»; so that, by Fubini’s theorem, 


L(u;p*v) = L(u;p)L(u;v). 


It is known * that there exists for every a << $a purely singular p($<0) for 
which 
L(u;p) = 0(| u |-*) asu—>+ o. 


Hence, if « = 4, then 


L(u;p*p) = O(| u|-*), and so f | L(u;p*p)|*du< o. 
It follows, therefore from Plancherel’s theorem that »*p is absolutely con- 


tinuous.® 


7N. Wiener and A. Wintner, “ Fourier-Stieltjes transforms and singular infinite 
convolutions,” American Journal of Mathematics, vol. 60 (1938), pp. 513-522. While only 
Fourier-Stieltjes momenta, instead of Fourier-Stieltjes transforms, are considered there, 
the construction applies automatically to the latter case also. 

8 With a derivative of class L,(— ~©,-+ ©). Similarly, if a> 4—0, it follows from 
Titchmarsh’s extension of Plancherel’s theorem in the Hélder-Hausdorff direction that, 
for every fixed p= 2, the derivative of * can be of class L,(— ©, + ©) for every? 
between r = 2 and r= p. Incidentally, it may be shown that there exists a fixed y for 
a = 43; so that the derivative of a fixed u * u can be of class ie oo, + 00) for every 


p=2. 


for 
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PART II. 


7. Starting with an arbitrary », remove its saltus at e—0 (if any). 
Decompose the resulting function, (26), by placing ® 


(31) 


where every p’; is a » and does not contain « = 0 in its spectrum. It is clear 

that such a decomposition of pt is always possible, and that the series (31) 

of non-negative, non-decreasing, uniformly bounded functions p’; is uniformly 

convergent for — «0 <a< #, no matter how the decomposition is chosen. 
Since z = 0 is not in the spectrum of p’;, 


defines ?° a function »”; which is again a p, does not contain z= 0 in its 
spectrum, and possesses the finite second momentum 


where M,, [| | are the operators defined in § 4, § 2, respectively. 
Let c; denote the first momentum of p”;; so that 


by (32). According to (33) and (20), 


Me(exp = + 63%, 
since, by (34) and (19), 
(36) M,(exp = cj. 


Finally, introduce, for every term yp’; of (31), a distribution function, pj, 
which is defined by means of (32) and (34), as follows: 


” 
(37) = X-c, pe j. 
*The primes do not, of course, refer to differentiations. 
Ci, the preceding footnote. 
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It is clear from (10) that g; differs from the distribution function exp a” 
only in that the origin is transferred to the center of mass (36). Thus 


(38) (uj) = 0. 
Consequently, (35) goes over into 
(39) M2(5) = [v's], 


since a second momentum attains its minimum when the center of mass is the 
origin. 


8. Since it is clear from (31) that 


Me 


(40) = [pt], where 0S [pt] < 
1 


it follows from (38) and (39) that the convolution 


is absolutely convergent." 

The notation (41) is justified by the fact that the distribution function j 
depends only on the given » (actually, only on pt), and not on the particular 
choice of the terms yp’; in the decomposition (31) of the function which is 
defined by (26) and (27). In fact, if 


(42) 


is another decomposition, one can obviously unite (31) and (42) into one 

decomposition of pi. Since the infinite convolution belonging to this united 

decomposition is absolutely convergent, it may be rearranged ?” into the abso- 

lutely convergent infinite convolution which belongs to either of the decom- 

positions (31), (42). This clearly implies that @ is uniquely determined by pi. 
It is also seen from this proof that if v is another p, then 

(43) *v, where p=p-+y. 

This suggests the introduction of the notation 7 = Exp p71; so that 

(44) Exp pt = fi, pj cf. (41). 

In fact, (43) then appears in the form 


(45) Exp (pt + vi) = (Exp pt) * (Exp) ; cf. (28). 


11 Cf, B. Jessen and A. Wintner, loc. cit.t, Theorems 4 and 6. 
12 Cf, B. Jessen and A. Wintner, loc. cit.‘, p. 58. 
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Since (44) is a convergent (and even an absolutely convergent) con- 
yolution of distribution functions, it is a distribution function; so that 


(46) [Exp pt] =1. 

Needless to say, Exp means Exp where = pi, and not (Exp 
where p = pi (these two functionals of pi are not identical, since Exp (+) can 
have a saltus at x0). Accordingly, it would be possible to denote Exp pit 
= Exp (v1) simply by Exp p; ef. (28). This simplified notation will not be 
used for the reason that, while the function Exp p» is now defined only if 
p=pt, it will later ($10) be defined for »+ pi also; and this extension of 
the domain of Exp p» will be such that 


(47) Exp » Exp (ut) (Exp p)t = Exp gp, if 


9. In order to determine the spectrum of Exp yp‘, use will be made of the 
known fact that if *o,*- is a convergent convolution of distribution 


functions, then 
(48) S(o, +) =S8(o1) (+) S(o2) (+) 


where the infinite vectorial sum is defined as the set of those values s for which 
there exists at least one representation of the form 


(48 bis) s=—lims;, where s; is in S(o,) (+): (+) S(o;). 


Since it is clear from (32) that S(v”;) = S(y’;), it follows from (22) 
and (37) that 
(49) = S(x-c,) (+) closure of Soo(p’;). 


Thus, from (44) and (48), 


(50) S(Exp pt) = (+) closure of Sa (u's) ](+) 
[S(x2) (+) closure of 


10. For every constant s= 0, let xs denote the symmetric normal dis- 
tribution of standard deviation Vs; so that, by a known (and characteristic) 


property of these distribution functions, 
(51) Kr * Kg == Kris- 
It is understood that xo is defined to be xo; cf. (9). Thus 


(52) S (xm) (-— if m > 0, while S (ko) = (0). 


18 B, Jessen and A. Wintner, loc. cit.4, Theorem 3. 
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In § 8, Exp » was defined only for the case p= pt; cf. (26), (27). For 
the general case, define Exp » by 


(53) Exp p = km * Exp pi, where m = p(+ 0) —p(—0) 20. 
This definition is consistent, since xo = yo. Furthermore, 

(54) Exp (myo) = km. 

Finally, the functional equation is preserved ; in fact, 

(55) Exp («+ v) = (Exp p») * (Exp rv) 

follows from (28), (45), (51) and (53). 
The spectrum of (53) is supplied by (50) and (52), since 

(56) S(Exp p) —S(xm)(+)S(Exp pt), 

by (5). Similarly, from (4) and (53), 


(57) P(Exp ») = empty set unless p = pf. 
Finally, from (3), (46) and (53), 
(58) [Exp p] —1. 
11. Let Z(u;v) denote the Fourier-Stieltjes transform 
oo 
(59) L(u;v) = f (L(0;v) = [v]). 
-00 


It is known that, in view of Fubini’s theorem, (3) may be generalized as 


follows: 

(60) L(u;p*v) = L(u;p)L(u; rv); ef. (2). 
In particular 

(61) L(u;xa *v) = e*™L(u; rv), 

since, by (9), 

(62) xa) = e™, 


It will now be verified that if vy exp p, then the continuous function 
(59) cannot vanish, and that the branch of its logarithm which is real (= 0) 


at u= 0 is 


(63) log L(u; exp n) 
-0O 
Similarly, the logarithm of the Fourier-Stieltjes transform of Exp wm turns 
out to be ** 


14 Cf. A. Kolmogoroff, loc. cit.? 
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co 
(64) log L(u; Exp p) 
-0O 


a transform of the type on which Wiener’s generalized harmonic analysis is 
based.*° It is understood that the value of the kernel at z = 0 is meant to be 
ete ] quar 


(64 bis) lim > =— (also when 0). 


First, it is clear from (60), (62) and (11) that L(w; yp") = (L(u; p))*. 
Hence, (63) follows from (59) and (12) by a trivial term-by-term integration. 
Next, from (63) and (32), 


ettr_ | 


oo 
log L(ws exp = J dy’,(2) f dy’s(2), 


-0O -00 


by (34). Hence, from (37) and (61), 


co 
(66) log L(us jis) f awa), 


Consequently, from (60), 


log L(u; pi pn) = f 


|z|21/n 


if the p’; of the decomposition (31) are so chosen that dy’;(x) = dpy(x) or 
dp’;(x) = 0 according as 7+ S| x| < (j —1)7 does or does not hold, where 
j=1,2,--- and Accordingly, from (44), 
— ] —jur 
d 
f u(x), 


log L(u; Exp pt) =lim 


by Lévy’s continuity theorem of the Fourier-Stieltjes transforms of distri- 
bution functions. 

The last relation shows that (64) is true for » = jt. Since the Fourier- 
Stieltjes transform of the normal distribution function (54) is known to be 
eimuw? it is clear from (64 bis) that (64) is true for ~= mxp also. It 
follows, therefore, from (53) and (60) that (64) is true for every up. 

It should be noted for later application that the real parts of (63) and 
(64) can be represented, respectively, by 


8 Of., e.g., N. Wiener, The Fourier integral and certain of its applications, Cam- 
bridge, 1933, Chap. IV. 
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(67) — | L(2u; exp »)|—= (sin ue)*du(z) 
and 
(68) log | L(2us Exp f 


12. The relations (50), (54), (55), (58) correspond to (22), (30), 
(15), (14), respectively. On the other hand, the italicized statements of § 6 
do not remain valid in any sense, if exp is replaced by Exp. In fact, it will 
now be shown by a straightforward adaptation of a method previously used *° 
in case of convergent convolutions vy = o; * o2 *- - - of distribution functions, 
that the distribution function v= Exp pi can possess an arbitrarily high 
degree of smoothness, whether yt be pure of any of the three types or mixed. 


(1). If there exists a positwe constant X < 2 for which 
(69) = @, 


then Exp p has, for —w <x4< ow, derivatives of arbitrarily high order, 
which all tend to0 asa—->+ 0. If A <1, then Exp p is a transcendental 
entire function. 


It is understood that » > yp? is sufficient but not necessary for (69) ; and 
that (69) is equivalent to 


€ 

f | |~du(r) = «> 0, (0<A<2), 

since » is a bounded monotone function. Accordingly, what is stated to impose 
on Exp » a high degree of smoothness is nothing but a sufficient amount of 
steepness of the curve »—= p(x) near x0. It will be shown in the proof of 
the Corollary to (II), § 13 below, that if the question of the analyticity of 
Exp » is replaced by the question of its mere continuity, then one is led to a 
similar, though of course less pronounced, assumption concerning the steepness 


16 A, Wintner, “On symmetric Bernoulli convolutions,”’ Bulletin of the American 
Mathematical Society, vol. 41 (1935), 137-138; “On the smoothness of infinite con- 
volutions of the type occurring in the theory of the Riemann zeta function,” American 
Journal of Mathematics, vol. 61 (1939), pp. 231-236; ef. P. Erdés, “On the smoothness 
of the asymptotic distribution of additive arithmetical functions,” ibid., pp. 722-726. 


co 
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of »=p(z) near «0; in fact, it will then be sufficient to require the 
divergence of the integral (69) exactly in the limiting caseX = 2. Cf. (III), 
§ 14 below. 

Since the integrand of (68) is non-negative, 


1/|u! 
(70) lim inf log | L(2u; Exp »)| = wees ( ) dp(zx), 
-1/\u! 


where ¢ is arbitrary. But it is clear that there exists a positive constant such 


that 
(71) | sin y| =const.|y| for —1Sy1. 


Hence, on placing y = uz, one sees that the expression on the right of (70) 
is not less than a constant multiple of 


lim inf =a lim inf | w |*€{u(1/| w |) —p(—1/| |)}. 


-1/|u| 


Since the assumption (69) obviously implies that 


Me{u(1/| u|) —w(—1/|u|)} = 


lim | wu 
u>+00 


for every fixed « > 0, it follows that the expression on the left of (70) is o. 
This means that 


(72) L(u; Exp p) = O(e o, 


for every fixed « > 0. Hence the statements of the italicized theorem follow 
from known connections between the smoothness of v and an exponential 


estimate of (59) asu—->+ o. 


18. The absolute continuity of Exp p is not likely to be characterizable 
in terms of explicit properties of ». The following pair of conditions involve 
only an averaged order of ». The difficulties of the gap between these two 
conditions appear to be of diophantine irregularity and are rather obscure. 


(II). In order that Exp p be absolutely continuous, it is necessary that 


co 
(73) lim S (34) aa) -« 
ev 


and it is sufficient that 


1 sin 2\? 
(74) lim f ( du(ex) >4 
g 
-00 
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(the integrations refer to x). In fact, if 1 is anu number less than the 
expression (74), then Exp p has at least [21] continwous derivatives which 
tend toQ0ast—>+ ow. 


Corotiary. If 


foe) 
(< 
(75) f 
but 17 
fo. 
(76) lim int f < 0, 
€>0 


then Exp p is continuous but not absolutely continuous. 
First, it is clear from (68) that (73) is necessary and sufficient for 
(77) L(u;v) > 0, w, 


where y= Exp p. But (59) shows that (77) is, in view of the integral 
analogue to the Riemann-Lebesgue lemma, a necessary condition for the 
absolute continuity of v; while (77) is a sufficient (though not a necessary) 
condition for the continuity of v. 

Next, suppose that the expression on the left of (74) exceeds a positive 
number, /. Then (68) shows that there exists a sufficiently small 6 > 0 such 
that 
(78) L(u;v) =O(| u |"), o, 


is satisfied by y= Exp p. But it is known that (78) implies for v the degree 
of smoothness stated after (74). 

Finally, the Corollary follows from the fact that, according to (III), 
§ 14 below, Exp » must be continuous if (75) is satisfied. 

In order to illustrate the Corollary, let »==p(a) be the step function 
which has at r= the saltus a*/, where 0<a<1 and 
Then (75) is obviously satisfied; while (76) requires that 


co 
lim inf & sin?(a%e*) < 
€0 j=1 
This is certainly true if a is the reciprocal value of an integer, since then 


j=l 


17.N. Wiener “ The spectrum of an array,” Journal of Mathematics and Physics, vol. 
6 (1927), pp. 145-157 (in particular, p. 151). 
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14. It will now be shown that, in contrast with the problem of absolute 
continuity, the question concerning the mere continuity of Exp pw can be 
answered completely. The result to be obtained corresponds to (ii), § 6 but 
lies very much deeper. In fact, the proof will depend on a fundamental 
theorem of Lévy,** which states that, for any convergent convolution o; * o2° °° 
of distribution functions o;, 


(79) D(o, * o2 *: +) =0 if and only if II D(o,) = 0, 
j=1 

where D(u) denotes the maximum saltus of »; cf. (1). 


(III). The function Exp p is continuous if and only tf f a*du(x) = oo. 


-00 
Cf. the comments made after (I), § 12. 
The statement is that 
co 
(80) D(Exp ») = 0 if and only if f *dp(z) = 


Suppose that (80) has already been proved for every continuous p, say p = pl, 
and for every purely discontinuous p, say »= pl’, Then 
D(Exp p!)D(Exp = 0 if and only if f an*d{p! (x) + p(x) } = 
It follows, therefore, from (55) that (80) is true for »=p! + pl! also, 
provided that it is true that 


* = 0 if and only if D(v’) D(v’) = 0. 


Since (1) and (4) imply that this is true, it follows that it is sufficient to 
prove (80) for every continuous » and for every purely discontinuous p. 
Furthermore, (57) shows that (80) is certainly true if »4¢pt. Hence, 
it is sufficient to prove (80) for the case where » = pi and pf is either con- 
tinuous or purely discontinuous. It will turn out that the decomposition (31) 


can in either case be so chosen that 


(80 bis) D (nj) =e, where gj = = f dp’; (ax). 
-00 


It is clear from the definitions (31), (32), (44) and from Lévy’s theorem 
18 P. Lévy, “Sur les séries dont les termes sont des variables éventuelles indépen- 
dentes,” Studia Mathematica, vol. 3 (1931), pp. 119-155, Théoréme XIII. 
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(79), that (80 bis) implies (80) for »—ypi. Thus it will be sufficient to 
ascertain (80 bis) for the two cases mentioned. 

In the first case, where yt is continuous, each of the functions p’; occurring 
in a decomposition (31) of wi is continuous, and so the same is true of the 
functions (32). It follows, therefore, from (11) and (4) that ”;" is con- 
tinuous for every n+£0. Consequently, it is clear from (1) and from the 
om, that, if 


uniformity of the convergence of the series (12) for 
qj denotes the number [p”;], 


D(exp = = eUD (xo) 


by (9). Hence, (80 bis) follows from (37) and (10). 
In the second case, where pi is purely discontinuous, the decomposition 
(31) can be so chosen that, for every j, 


81 bj = Pjxa,;, Where pj = 0 and a; 2 0. 
PiXa; I 


The possibility of this choice is clear from (9), since the bounded non- § 
decreasing function pt now consists of a sequence of jumps and is, by its 
definition (26)-(27), continuous at « = 0. 

In addition to (81), it can be assumed that 


(81 bis) pi < (pj) = 9), 


for every j. In fact, if @ (40) is any number in the point spectrum of p', 
one can choose an integer NV = N(p,a) so large that p= p(a+ 0) —p(a—0) 
is less than Na*; in which case the jump p at =a can be represented as the 
sum of WN terms of the form (81), where a; =a for each of the N values of j, 
while the sum of the WN coefficients p; is p. 

It is clear from (81), (32) and (9) that pw”; = qjxa,, where qj = pj;/a;’; 
hence, 0 = q; < 1, by (81 bis). On the other hand, »”; = qjxa, implies that 
[w”;] =, by (9); so that, from (12), 


ex — = 


This means that exp »”; is the step function which has at = na; the saltus 
n!-tqj;"e-V, where n=0,1,2,---. It follows, therefore, from 0S q; <1 
that the greatest saltus of exp »”; amounts to 0!-19;°e =e (also when 
qj = 0). Since gj = and since (37) and (10) imply that has the 
same greatest saltus as »”;, the proof of (80 bis) is complete. 


15. In view of the vagueness of the parallelism between exp and Exp, 
it is somewhat unexpected that the theorem just proved can be refined a f 


follows: 
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(III bis). The function Exp p is not continuous if and only if 


z 

(82) = f y (y) 

-0O 
defines a (non-decreasing) bounded function for in which 
case 
(83) Exp p= x-c *exp p”, 
where 

(84) c= f 

-0o 


then exists absolutely. 


CoroLtuaRY. Jf Exp p is discontinuous, it must have a saltus at the 
particular point 


In fact, it is clear from (IIT), § 14 that (82) does not define a bounded 
function if and only if Exp p» is continuous. Suppose that Exp p is not 
continuous. Then » = pt, by (57). Let the decomposition (31) be chosen 
as in § 11; so that 


~ | 0 otherwise; 
Then, by (34), 


< 


fe 
Since the assumption, f x*du(x) < implies that | a < 0, 
“co 
it follows that the series c; + cz. +--+ converges absolutely and represents the 
value c which is defined by (84). Hence, it is clear from (37), (44) and (10) 
that, since pt = p, 


Xe * Exp p= (exp x1) * (exp 


in fact, this convolution of the distribution functions exp p”; is absolutely 
convergent, since the same is always true of (44); cf. the statement made 
after (41). Now, by (60), 


co 
L (uw; xe * Exp =I L(u;exp p’;), 
jel 


in virtue of Lévy’s continuity theorem of the Fourier-Stieltjes transform. 
Thus it is clear from the formula which precedes (66), that 
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co 
log L (wu; xe * Exp p) = f apy (4) == 
j=1 j=l 


by the above choice of the p’;. It follows, therefore, from (82), where » = qi, 
that 


log L(u; Xe * Exp p) = f (eiue 1)dp’’(x). 
-00 


This, when compared with (63), completes the proof of (83). 
Finally, the Corollary stated after (84) is clear from (83), (10) and 
(1), § 6. 


16. According to § 4, the distribution function exp p» has a finite second 
momentum if and only if Ms(u) < o. On the other hand, it will now be 
shown that the distribution function Exp yp has a finite second momentum for 
every in fact, 


(85) M.(Exp = [ul, 
while 
(86) M,(Exp p) = 0, 
no matter what p be. 
It is known ?® that if 0, * 0, *- - - is a convergent convolution of distri- 


bution functions oj; each of which has a vanishing first momentum and a second 
momentum then the convergence of the series M2(o,) + M2(o2) 


implies that M2(o, * o2*- - -) is finite and has the value represented by this 
series, while M,(0, *o2*---) =O. On applying this to the convergent 


convolution (44), one see from (38), (39) and (40), that (85) and (86) are 
true for » pi. On the other hand, it is clear from (54) that (85) and (86) 
are true for the symmetric normal distribution Exp p= km also. Since both 
the squares of the standard deviations and the first momenta are additive on 
convolution, it follows from (53) that (85) and (86) are true for every p. 


PART III. 


17. For later application, there will now be collected the distribution 
functions exp p, Exp p» belonging to a » which consists of a single saltus. 
It is clear from (9)-(12) that 


(87) exp (qxe) => where q = 0; = 0) 
n= . 


19 B’ Jessen and A. Wintner, loc. cit.‘, Theorem 4. 
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are constants. On the other hand, if the constants p, a are given and q, c are 
defined by 

(88) q= C = where p=0,a20, 

then the function (82) and the constant (84) belonging to p = pya are qyxa and 
¢, respectively. It follows, therefore, from (83) that 

(89) Exp (pxa) = x-c * exp(Gxa), if a } 0; while Exp(pyo) = kp, 

by (54). 

The content of (88) and (89) is that, except for the limiting case a = 0 
of asymmetric normal distribution function, Exp(pxa) may be obtained from 
a Poisson distribution function of standard deviation V p/a?(= 0) by those 
choices of the origin, orientation and unit of length (on the z-axis) which are 
assigned by (86) and (85). In fact, it is seen from (87) that, while 
exp(xo) = xo for every g, the functions exp(qgyi) and exp(qx-1) represent 
that Poisson distribution and its conjugate, respectively, which have the stan- 
dard deviation Vq(= 0). It is understood that by the distribution function 


conjugate to a given distribution function o(z) is meant the function 


1—o(— 7). 

It is seen from (63) and (64), respectively, that 
(87 bis) log L(u; exp(qxe)) = —1) 
and 


. —icu + q(e —1), if a 2 0; cf. (88), 
(89 bis) log L(u; Exp(pya)) ); 
\ —dpu?, if a= 0; cf. (64 bis). 

18. If exp is replaced by Exp in the italicized statements of § 6, all that 
remains true may be summarized as follows: 

As in (23), let pa, pa, bs, Po = Pa + ps, denote, respectively, the purely 
discontinuous, the absolutely continuous, the singular, and the continuous 
components of an arbitrary »; so that, by (55), 

Exp » = (Exp pa) * (Exp pe), since pa + pe, 


(90) 
Exp pe = (Exp pa) * (Exp ps), since po = pa + ps. 
Then 
(I) if Exp p is purely discontinuous, then p= pi and pe =0; 


(II) if Exp p has no absolutely continuous component, then p= pt and 


4=0, while neither Exp pa nor Exp ps has an absolutely continuous 
component ; 

(III) if Exp p» is purely singular, then either Exp pa or Exp pes ts purely 
singular. 
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Proof of (1). Suppose that Exp » is purely discontinuous. Then p = wi Bol 
by (53) and the case bc of (24). Furthermore, (III bis), § 15 assura f B 
us that there exists a number c for which the function (82) satisfies (83). Since B ft 
Exp yp is purely discontinuous, it is clear from (10) and (83) that the sam — tl 
is true of exp »”. It follows, therefore, from (I), § 6 that »” is purely discon. 
tinuous. Hence, it is clear from (82) that » is purely discontinuous. E 
Proof of (II). Suppose that Exp p» has no absolutely continuous com. — ™ 
ponent. Then »—pt, by (53) and the case b=a of (25). Suppose, if B 
possible, that »—ypt has an absolutely continuous component. Then thf, 
decomposition (31) can be so chosen that p’, is absolutely continuous but not ( 
a constant; in which case it is clear from (II), §6 that exp p’, has af 0 
absolutely continuous component. Hence, (37) and (10) show that the sam — 
is true of #,;. Since (44), where » = pi, shows that there exists a distribution 
function p(= * fis for which Exp »= ji, *p, it follows from thf (' 
case b =a of (25) that Exp yw has an absolutely continuous component. This 
contradicts the assumption. Hence, pa=0. Consequently, (90) reduces to ; 


(90 bis) Exp »p = (Exp pa) * (Exp ps). 


Hence, it is clear from the case b = a of (25) that neither Exp pa nor Exp 4 
has an absolutely continuous component. 


Proof of (III). Suppose that Exp yp is purely singular. Then, as jut F 
proved, Exp pa, Exp ps have no absolutely continuous components and satisfy q 
(90 bis). On the other hand, since Exp p is continuous, it is clear from fj. 
(90 bis) and (4), that either Exp pa or Exp ps is continuous. This proves 
(IIT). 

19. The remarks made at the beginning of § 12 do not preclude for 
Exp an analogue to a united formulation of the results (1)-(1III), § 6 on exp. f | 
It turns out that such an analogue actually exists. It lies much deeper than 


the corresponding fact on exp. ( 
(IV). If wis purely discontinuous, Exp p is pure, but can be any of the F 
three types, and it can be absolutely continuous also if p= pi. 
It is clear from (53) and the case b =a of (24) that, if »A pi, then 
Exp » is absolutely continuous. For this reason, (IV) will from now on be . 
restricted to the case p= pt. 
Suppose that pt is purely discontinuous. Then there exist constants pj, Fy 
a; such that (81) holds for every »’; in the decomposition (31). Hence, it 
seen from (87) that each of the distribution functions (37) is purely disco fF ¢ 
tinuous. But it is known * that if o, * 0. *- - - is any convergent convolution 


20 B. Jessen and A. Wintner, loc. cit.4, Theorem 35. 
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of purely discontinuous distribution functions oj, then, as a manifestation of 
Borel’s general principle concerning “ either 0 or 1 ” measures, the distribution 
function o; * 0, *- - - is necessarily pure. It follows, therefore, from (44) 
that Exp pi is pure. 

In order to complete the proof of (IV), it remains to be shown that 
Exp wt can be of any of the three types. It is clear from (I), § 12, that Exp pi 


| can be absolutely continuous; for instance, the condition (69) for a smooth 


Exp pt is satisfied whenever the constants pj (= 0), aj(4 0) are so chosen that 


OO 
(91;) > - = for some positive A < 2. 
Jj 


On the other hand, (III), § 14, shows that the pure function Exp pi is dis- 
continuous if and only if the numbers p;(= 0), aj(=4 0) are so chosen that 
(912) < 
j= 

Finally, the example considered at the end of §13 was there shown to be 
continuous but not absolutely continuous and is, therefore, purely singular in 
view of the theorem just proved. 

Incidentally, it will turn out in § 20 bis that 
(913) S(Exp pt) = (— «) 
for the singular Exp p» considered at the end of § 13. Hence, there arises the 
question whether or not p; and a; can so be chosen that the resulting Exp pit 
is continuous and 
(91; bis) meas S(Exp pt) = 0. 
It will be shown at the end of § 20 bis that the answer is affirmative. 

Needless to say, the two sequences {a;}, {pj} of numbers determine, by 
(81) and (31), a distribution function Exp pt if and only if 


(92) a; 2 0, pj =O and pi < 
j= 
the last series representing the total variation of (31). 
20. It is easy to see that, if the p; are distinct from 0, the spectrum 
always is 
(93) S(Exp pt) = 8(x-c,) (+) See (xa,) (+) (++) Seo (xa2) > 


where the c = c; are defined by (88). 
In fact, it is clear from (9) and from the definition of the set Aco in $1, 
that, if A = S(xa), the set Sco(xa) is the sequence 


(93 bis) S« (xa) 0, a, 2a, 3a, 
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It is also clear from (9) that S(pxa) is independent of the number p > 9; 
hence, Sco(pya) is identical with the set (93 bis). Since this set is closed, it 
follows from (81) that (50) reduces to (98). 

There is an essential simplification in the symmetric case, 


= and poj = Poj-13 


In this case, (92) goes over into 
fo 
aj>0,pj>0 and < ow, 
if the notation is changed in such a way that d2;, p2j become aj, pj, respectively, 
Correspondingly, (88) shows that (93) reduces to 


S(Exp = Sce(xa,) (+) Sco (x-a,) (++) Sco (+) Sco (x-a2) (+) 
It follows, therefore, from (93 bis) and (48 bis) that 
(94) 8(Exp pt) —closure of all values 3 ists, 
k=1 
where 1; denotes an arbitrary real integer and 7 an arbitrary positive integer, 
Notice that (94) depends only on the first of the two sequences {a;}, {p,}. 


20 bis. For sake of simplicity, suppose that 


oo 
Sa< 
k=1 k=1 


represents a value for every choice of the signs. It is, therefore, clear from the 
definitions of the symbols Aw and A{a;} in §1 and § 1 bis, respectively, that 


oO 
Aw{a} = set of all ude, Where | Sn; 
=1 
it being understood that the integers n(> 0) and ix( 0) are arbitrary. This 
it being understood that the integers n(> 0) anc u(= ) are arbitrary. This 
obviously implies that 


J 
closure of Acc{a} = closure of all values 3 ixax, where | % | Sn; 
k=1 


it being understood that 7 and n are arbitrary positive integers, while every 


% =0,+1,+2,---. But the additional restriction, |%| <n, is now 
redundant, since it can always be satisfied by choosing, for instance, 
n=max(|i:|,°--,|% |). It follows, therefore, from (94) that 

(94 bis) S(Exp pit) = closure of Aw{ax}. 


It was observed in §1 bis that if 0<a< 1, then Aow{a*} is the entire 
real axis. It follows, therefore, from (94 bis) that (913) is satisfied by the 
continuous function Exp pi which was constructed at the end of § 13. 
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On the other hand, it is clear from (94 bis) and from the last remark in 
§1 bis, that (91; bis) can also be satisfied by a suitable choice of {a,}. Then 
Exp pt has no absolutely continuous component. Hence, Exp pi is purely 
singular if (91.) is violated. And (91.2) can be violated by a suitable choice of 
the pj(> 0), since the p; can be chosen arbitrarily within the restriction (92). 


APPENDIX. 


For the sake of completeness, it will now be explained how the theory of 
the two exponential operators, as developed in the first three parts of this 
paper, can be applied to the theory of homogeneous chaoses. 

Let there be assigned for every non-negative number ¢ a distribution 


function of in such a way that 


(1) of * of2 — glitte 
and 
(1 bis) atx as t>+0. 


The condition (1) for the “indefinite divisibility” of o==o' characterizes 
the distribution laws by means of which one can introduce into the function 
spaces of the type considered by Wiener ** a Jordan content in such a way that 
the probabilities depend only on the Jordan content, t, of the linear map.”* 

Correspondingly, the continuity axiom (1 bis) concerns the probability 
carried by sets of small Jordan content and is essential for extension purposes. 
In fact, while (1) implies only that 


(1,) ott ke o & goin == giit-:- 
for every n < o, it follows from (1 bis) that 
(loc) oft * gt2*+ glittet-- whenever 


where the infinite convolution on the left is convergent. One can also say that 
the réle of (1 bis) is that of excluding the solutions 


(2) 

of (1), where f(¢) is an arbitrary non-linear (hence, neither measurable nor 
unilaterally bounded) real-valued solution of the functional equation 


(3) f(t: + te) =f(h) +f(%). 
The general solution ot of (1) was given by Kolmogoroff ** under the 
1 Of., e.g., E. Hopf, “ Ergodentheorie,’ Ergebnisse der Mathematik und threr 
Grenzgebiete, vol. 5, no. 2 (1937), § 16. 
Cf. P. Lévy, loc. cit.® 
*8 A. Kolmogoroff, loc. cit.? 


ery 
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. restriction that the distribution functions o* possess finite standard deviations, 
This restriction was subsequently eliminated by Lévy,** who found that the 
Fourier-Stieltjes transform of the most general o! is characterized by 


(4) log L(u; ot) = iatu— $mtu* + t f ( cs — 1— a.) dN (2), 
-00 


where @ is an arbitrary real constant, m an arbitrary real non-negative constant, 
while N(x) is any function which is non-decreasing on both of the intervals 
and 0<2< ow, remains bounded as and is such 
that 
1 
f < 0. 

Actually, (1 bis) is a tacit assumption of Lévy’s theorem.”> In fact, if 
Zermelo’s axiom is admitted in connection with (3), the term iatu in (4) 
must be replaced by the term if(¢)u, which corresponds to (2). Incidentally, 
it can be shown that in this way one obtains the most general solution of (1) 
alone. 

It is easily verified that Lévy’s theorem is equivalent to the statement 
that the general solution ot of (1) and (1 bis) is characterized by the existence 
of an arbitrary real constant c and of an arbitrary non-decreasing bounded 
function p» for which 

of = * Exp(tu’) * exp(tu!’), 
where the non-decreasing bounded functions p/, p!! are defined in terms of p 
by placing 
if |r| =1, 0 
= if | 1, = { du(x) if 


and it is understood that 


pl (— oo) = 0, 0) = pl(1); (— ©) = 0, (+150) = 


U. S. Army, 
THE JOHNS HOPKINS UNIVERSITY. 


24P, Lévy, loc. cit.® 

2°Qn the other hand, the analogue of (1 bis) in case of infinite convolution 
o,*o,*.-.- is a consequence of the corresponding analogue of (1), that is, of the 
assumption that the convolution is convergent; ef. B. Jessen and A. Wintner, loc. cit 
In other words, while the analogue of (1 bis) can be proved, the negation of (1 bis) 
cannot be disproved. It may be mentioned that this negative formulation of the réle of 
Lévy’s tacit assumption (1 bis) is not in disagreement with the opinion expressed at the 
end of his paper “Sur quelques questions de caleul des probabilités,” Prace Mate 
matyczno-Fizycene, vol. 39 (1932), pp. 19-28. 
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ON A PROBLEM OF PARTITIONS.* 


By ALFRED BRAUER. 


Introduction. Let a,d2,- be relatively prime positive integers. 
The question of determining the number of representations of any integer n 
in the form 
(1) N= + det, ++ + + ante (te > 0; «== 1,2,- > -,k) 
is one of the problems most treated in the additive theory of numbers. In 
this paper I shall determine bounds -,ax) such that the equa- 
tio (1) always has solutions in positive integers %,%2,°*°,% for 
n> The existence of such a bound is used for instance 
in the latest researches on the density of the sum of two sets of integers. 

If +, a) is such a bound, it is easy to see that 


G (a1, 42,° *, = F(a), d2,° ax) — 
K=1 
isa bound for the solubility of (1) in non-negative integers. 
For / = 2 the solution of the problem has been known for a long time: 
(2) F dz) = 442 
is such a bound and it is the smallest possible bound; hence it follows that 
(3) G (a1, d2) = (a —1) (a2 —1) —1. 


Sylvester? noted that there exist exactly (a, —1)(a.—1)/2 integers 
not representable in the form 
NM = 0,7, -+- (a, 0, Ve = 0). 
For k > 2 the problem seems not to be solved; Frobenius mentioned it 
occasionally in his lectures. In § 1 it will be proved that for a, S a2 S++: Say 


(4) G (a1, * dx) = (41 —1) —1) —1 


corresponding to (3), and that hence 


* Received November 25, 1940. 

1Cf. for instance H. Rohrbach, “ Einige neuere Untersuchungen iiber die Dichte in 
der additiven Zahlentheorie,” Jahresbericht der Deutschen Mathematiker-Vereinigung, 
vol. 48 (1938), p. 211. 

® Mathematical Questions, with their solutions, from the Educational Times, vol. 41 
(1884), p. 21. 
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(5) do,* Qe) = +a. taps 
== +, dx) = 


are such bounds. In § 2, the following results will be found instead of (4) 
and (5): Let 


d, =, dz = (41, Q2),° dy. = Ao, ° = 1 
be the greatest common divisors, then 
be k 
G (a1, , Ax) =a, +o,2 —> «x, 
(6) as Ck k=1 
a, d» 1 


ds dy, 


are such bounds. 

In § 3 the bounds (4) and (6) will be compared with each other. It will 
be proved that S=T. We have § = T, if and only if S is the least possible 
bound. This is true if and only if an index r can be found such that 
* *,@, are all divisible by a, and such that 

In § 4 we inquire as to when 7’ is the best possible bound. It will be 
proved that this is the case if for x =3,4,:--,k the integer ax/d« can be 
represented in the form 


Ak k-1 ay 
( ‘ ) with = 0. 
dx p=1 


This hypothesis is satisfied, in particular, if 


Ok > (a,/dx-1, Ae/dx-1, 


holds for x = 3,4,: - -,k. Therefore for every pair of given integers a, and 
da, it is possible to choose ds, successively such that is the best 
bound. 


It is interesting that for k — 3 the condition (7) is not only sufficient, 
but also necessary. Set (dx, a\) = and 


and assume <b;. Then we have (b,, b2) = (bo, = (01, bs) =1, 
and (7) becomes 
(8) 3 = + Doye (yi = 0, Y2 = 0), 


and T (a,, dz, 43) is the smallest possible bound if and only if (8) is satisfied. 
For every pair of relatively prime integers }, and 6, there exist exactly 
(b, —1) (b,—1)/2 integers for which a2, a3) is not the best bound. 
For instance, 7'(m,m + 2,m-+ 1) is the smallest possible bound if m is an 
even integer, and not the best bound if m > 1 is odd. 


ON A PROBLEM OF PARTITIONS. 301 


For k > 3 the condition (7) is not necessary; it can happen that 7 is 
the best bound, although (7) is not satisfied. For instance, 7'(9, 12, 21, 19) 
is the smallest possible bound. 

In §5 we determine the best bound U for & consecutive integers. It will 
be proved that 


m+ k? —3 k? —k—2 

The results in § 1 are due to I. Schur; he proved them in his last lecture 
in Berlin in 1935. The improvement of these results in $2 is due to the 
author. The theorems in § 3-5 result partly from discussions of Schur and 
the author. It was formerly intended to publish these results in a joint paper. 
I conform with Schur’s wishes that the publishing be not longer postponed 
and that I publish the paper alone. 


1. THeorem 1. Let a; be relatively prime positive 


integers. We put 


(9) S = +, Qe) =A2 + + aie. 
For n > S the Diophantine equation 
(10) + ++ + + + — 
always has solutions in positive integers 21, * * 
Proof. For k 2 the theorem is known since (9) becomes (2). The 


bound (2) can be obtained easily since when n —4a,ad2-+r with r > 0 the 
integer 2, can always be determined such that 


=r (mod az) 
where 1S a, Say; hence 2, (n—42,)/d2 is a positive integer. This 


result can also be obtained geometrically by using the fact that (a1? + a2”)3 
is the distance between two neighboring lattice points on the straight line 


0,2, + dea =n, Where are integers and (a1,a2) = 1. 
Now suppose that k = 3. We assume the theorem proved for all the 
integers less than &. If we put 


then (a.,d) 1, and the congruence 

(12) N = Ao%_ (mod d) 
has solutions z.. We may determine 22 such that 
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According to the inductive hypothesis and (12) the equation 


can be solved in positive integers 71, %3,° if 
ate 
and hence, because of (13), if 
(15) m > aad + + 


Therefore the equations (14) and (10) can be solved in positive integers if 
(15) is satisfied. 

Denote by S the right-hand side of (15). We have only to show that 
= This is true since we have 


S—S® =a,(1—d) + 


(a—1) (“#—a,) = (d —1) (ax —az) =0 
tf 


by (9), (15), and (11). | 
Corottary. For n= (a,—1)(a,—1) the equation (10) always has 
solutions in non-negative integers. 
2. Without using Theorem 1 we shall now obtain another bound. 
THEOREM 2. Let a),d2,°°*,a be relatwely prime positive integers, 
If we put 
(1, = dx (x == 1,2,- -,k) 


the Diophantine equation (10) always has solutions in positive integers 


d; 
+ + dh = T'(a;, de, = 


holds. 
By changing the numbering of the ax the value of T is possibly changed. 


Proof. Since a,/dz and a2/d, are relatively prime, every integer m 
greater than a,d2/d2* can be represented in the form 


ay 


Ay, (y: > 0, y2 > 0). 
d. 


Therefore every integer n divisible by d, and greater than 


= 


| 


s if 


hat 


has 


e(l, 
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is representable in the form 


N = + >0, >0). 
Now we shall prove for x = 2,3,- - -,k that every integer NW satisfying 
both the conditions 
(16) N =0 (mod dx) 
and 
(17) N> ae 
ds dr 


can be represented in the form 
(18) N = + Got, + Ore (2, > 0,22 > > 0). 


For x 2 this result has been already proved. We assume it to be true 
for x = 2,3,---,/—1, and we shall prove that it is true for «=—l. 
Because of (17) and (16) we can set 


ly 


The congruence 


(20) = bd; (mod di-_,) 
has a solution 2; since 
(21) (ai, di-_1) == di. 


It follows from (20) and (21) that 


Hence we can assume that 


(22) 0< 


Therefore we obtain from (22) and (19) 


=, 
di ds di-1 
and from (19) and (20) 
d ds 


ai 


a bd; — 212; = 0 (mod 


According to the inductive hypothesis it follows from (23) and (24) that 
N —aja; can be represented in the form 


303 
bd ( di_y ) 
21 == —[ mod —]. 
ay di 
_| 
m 
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(% >0 for \—1,2,- -,1—1) 
whence 
N = 4,4, + dot. + + 
(% > 0 for A\=1,2,---,1). 


Thus, if (16) and (17) are satisfied, (18) is true for every x, hence also for 
«=k. This proves Theorem 2. 


3. We now study the question as to when the bounds § and T are the 
smallest possible. 


THEOREM 3. The bound S is the smallest possible if an index r can be 
found such that 


(25) =, ==: =a, =0 (mod a) 
and 
(26) Ors, = =" 


Proof. Writing k —r—™m we get 


(27) (m—1)y+ am 
k 

because of (26). If S is representable in the form S\avay with a =1, 

we have 

(28) S = + aor, +° + Arty + 

where 

(29) 


By (27) and (25) we get 
S = (m —1)a% (mod a,) 


and by (28) 
S =a,z (mod a,) 


hence 
= (m — 1) (mod a,), 
z== m — 1 (mod a,) 


since a, and a; are relatively prime. Therefore we have 
because of (29). It follows from (28) and (27) that 


+ (m—1)ax + ayy, = S + MH. 


b 


henc 


(30) 


be 


an 


0 
€ 
th 
ga 
Le 
th 
(3 
Si 
Hi 
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= 
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k 
This is not possible; hence § is not representable in the form aay with 
p=1 


ay = 1, and the theorem is proved. 
If the conditions (25) and (26) are not satisfied, however, § is not the 


best bound: 


THEOREM 4. WehaveS=T. Here the sign of equality is true if and 
only tf the conditions (25) and (26) are satisfied. 


Proof. We have 
++ + ax 


ay de di: 
hence 


= dy, (a, — — a 1) = 0. 
It is now a question as to when S=T7' holds. We have to distinguish 
between two cases. 
1) In the first place we assume that 
Then a, = d, = dx; all the parentheses in (30) are zero, and it follows 
that S== 7. Since a,—d, and = (a1, +, @x-1) condition (31) is 
satisfied if 
Therefore (25) and (26) are satisfied for r= ik —1. 
2) Next we assume that 
d, dk-1. 
Let x be the smallest index such that dx; > dx. From dx-;— dx > 0 it follows 
that the sign of equality in (30) is possible only if 
(32) = Ax. 


Since ax ax, we get de =1 from (32) and we have = * = dk. 
Hence (26) is satisfied for r—=x—1. Since « was the smallest index of this 


kind, it follows that 


and therefore that dx_, is divisible by a;, and that 
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Thus (25) is also satisfied for r = « —1. 


CoroLttaRy. The bound S is the best possible if and only if S=T. 


4. Now we shall inquire as to when the bound T is the best possible, 


THEOREM 5. Suppose thatk=3. If for x=3,4,---+,k the integer 
ax/dx is representable in the form 


kK-1 

dx p=1 
then T' (dy, ax) ts the smallest possible bound. 

The hypotheses of this theorem are satisfied in particular if 
ax/dx T (a;/dx-1, e/dx-1,° Ax-1/dx-1) for == 3, 4,° 

for then ax/dx is certainly representable in the form (33), and even with 
positive Since dx S dx_1, it is easy to determine integers , 
when and dz are given such that for these integers T' (a1, ax) is the 
smallest possible bound. 


Proof. We shall prove that is the best 
bound for @;/dx,d2/dx,-- -,ax/dx if (33) holds. For x2 the bound T 
is always the best possible. Suppose that the statement is already proved 
for 2,3,---,«-—-1. Then the integer T(a:/dx-1, * * Qx-1/dx-1) 


is not representable in the form > (av/dx-.)a%v with ay > 0 and we have to 
p=1 
prove that 7'(a;/dx, @2/dx,° -,a«/dx) is‘also not representable in the form 
k 
with > 0. If this were not true, we would have 
p=1 


(34) (+ dx Ande + dds + + dx? 


where z, > 0,22 >0,: +, > 0, and thus 


a 
3 K 


Therefore, since dx is the greatest common divisor of ax and dx1, we would 


have 
= 0 (mod dx-1), 
= 0 (mod dx-1/dx). 


Putting vx = 2 «dx+/dx we get from (35) and (33) 


su 


( 
( 
T 
hy 
al 
bo 
po 
or 
(3 
ho 


ble, 


ger 


th 


d 
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(36) ds d., + 
dx dx 


where 


p=1 


, 2x, are positive integers. On the other hand we have 


to 
2 


a 


From (36) and (37) we get 


This is incompatible with the inductive hypothesis, and therefore the 


hypothesis (34) is not possible. Thus the assumption is proved for every x, 


and 


boun 
For 


for kx =k we get Theorem 5. 
Theorem 5 gives a sufficient condition that T be the smallest possible 
d. In the case k =3 we shall show that this condition is also necessary. 


this purpose we shall prove two lemmas. 


LemMA 1. Let aand b be relatively prime positive integers. Then every 


positive integer m not divisible by a or by b is representable either in the form 
(38) m = ax + by ¥> 0) 

or in the form 

(39) m = ab — ax — by (cx>0,y>0). 


such 


Proof. et wv be a solution of the congruence 
au =m (mod 6b) 
thatO << u<b. If we put 
m=au-+ bv 


the integer m is represented in the form (38) if v is positive. If v is negative, 


howe 


wher 


(39) 


ver, v= — y with y > 0, we obtain 
m = ab — (ab —au) — by = ab — ax — by 


e «=b—wu> 0; thus m is represented in the form (39). 
Finally m is not representable simultaneously in the forms (38) and 
, because if it were, we would have m < ab and 
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(40) ax + by = ab — az’ — by’ 4 
It would then follow from (40) that 
ab +2’) +b(y+y). 


This is impossible. 
Corottary 1. Let aand b be relatwely prime positive integers. There § he 

are (a—1)(b—1)/2 integers of the set 1,2,---+,ab representable in the 

form (38) and just as many in the form (89). By 


Proof. The multiples of a and the multiples of b less than or equal to 
ab are not representable by (38) or by (39). Let m be one of the remaining 
(a—1)(6—1) positive integers less than ab. If m is representable in the 
form (38), then ab — m is representable in the form (39). 

2 (Sytvester). Jf we have (a,b)=1, then (a—1)(b—1)/2 (4 
integers are not representable in the form 
(41) m=ar+by wih tz20,4¥20. ove 

Proof. The multiples of a and those of b are representable in the 
form (41). (4 

Lemma 2. Let a,b, m be positive integers, (a,b) =1, and m divisible 


neither by a nor by b. If m is representable in the form 


(4 

(42) m = ab — ax — by (x >0,y > 0), 
then every divisor of m is representable in the same form. th 
re] 


Proof. Let t be a divisor of m and put m=tm,. If ¢ is not repre- 


sentable in the form (42) then ¢ is representable in the form the 
t—au-+ bv 


by Lemma 1 since ¢ is neither divisible by a nor by 6. Hence 


an 
m = tm, + bmw. 
This is impossible because of (42), and therefore ¢ is representable in the 
form (42). 
Now let a, d2, a; be three relatively prime positive integers. We put the 
(43) ) (dx, 4.) = dey (x,A=1,2,3; -A), 
) dy = Az = = 

where 

(44) (b1; D2) = (b1; bs) (be, bs) = 1. 
thi 


Let us assume for instance that b; = b. = b;. Then we have 


bs = min (b1b; bo, bobs -}- b;) 


(45) 


Ea 

B 

(4 


le 
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and 
(46) T = T a2, a3) = / do + 
= djod13d23 (bib. + S min {T (a1, ds, a2), T (a2, a3, 01) } 
because of (45). Here the condition (33) has the form 
a; = (a, dy2) Yai + (a2/di2) (Ys1 =U, Y32 0), 
hence 
d13d23b3 = di3b1Ys1 + 
By (43) and (44) we have 


(d,s, dsb») (dos, = 1, 


and therefore ys. is divisible by d,; and ys; by dz. Dividing by disde3 we 
observe that (33) has the form 


(47) b; by, boy. = 0, Ye = 0). 

We shall now prove that (47) is also necessary in the case k = 3. More- 
over, we shall give a second proof for Theorem 5 in the case k = 3. 

THEOREM 6. For k =3 the bound T is the best possible if and only if 
(47) holds. 

Proof. If T is representable in the form 
(48) T = aya, + dor, + (z, > 0, > 0, 23 > 0), 
then 7 is not the smallest bound. Therefore we have to prove that 7 is 
representable in the form (48) if and only if (47) is not satisfied. 

Suppose that (47) is not satisfied. This is only possible if 6; >1. It 
then follows from Lemma 1 that 

b, = — — with >0, ¥2>0, 


and hence by (46) and (43) 


= + 202 + 21203 ; 
therefore 7° is representable in the form (48). 
Conversely, suppose that (48) is satisfied. Then we obtain from (46) 


As previously, it follows that 2, is divisible by d.3 and, in the same way, 


that x, is divisible by d,3, and as; by d,.. Therefore we have 


(49) bb. + bs = + boa’. + 


309 
ere 
he 
t 
ng 
| 
he 
le 
T = dod + bs) dy ody 3d 23 (bs + y' id, + + bs) 
+ diedi3d23b3 = T = dy + dy2d23b2%2 + dy3d23b;23. 
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where 2’;, 22,2’, are positive integers. This cannot happen if 6; = 1. For 
b, > 1 we have zw’; > 1 since 

bib. + bots 
is impossible because of (b;,b2) =1. Hence we obtain from (49) 


where 22, -1=—1. It now follows from Lemma 2 that 0; is representable 
in the form 

6,5, — 3,2", — (2", > 0, 2". 
and from Lemma 1 that (47) is not satisfied. 

CoroLtuary 1. Let b, and bz be given integers. Then there exist exactly 
(b, —1)(b,—1)/2 positive integers bs for which T(a,,@2,a3) ts not the 
best bound. 

This follows from the Corollary 2 of Lemma 1. 

2. Let a, =m, d2 = m+1, a3 = m-+ 2 be three consecu- 
tive integers with m > 1. The bound T(m,m + 2,m +1) is the best possible 
bound if and only if m is even. 

Proof. If m is even, we have 

dig =2, = ym, b=m-+1, b= tm +- 1, 


and hence b, = 0b, + b;. Thus the condition (47) is satisfied and 7’ is the 
best bound. If m is odd, m,m + 1, m-+ 2 are relatively prime in pairs, and 
(47) is not satisfied. In the latter case, we shall obtain the smallest possible 


bound in 5. 


5. THEOREM 7%. Denote by U(m,m-+1,---,m-+ k—1) the smallest 


possible bound for k consecutive integers m, m+ 1,:-:,m-+k—1. Then 
we have 
k? —3 ke? — —2 


Proof. Let N be any positive integer representable in the form 


(50) N =mz,+ (m+ 
> 0; =1,2,- j :,k). 


We set 
(51) 


and accordingly 
(52) N = my +z. 


+ 2¢,+:--+ 
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Here we have y= k because of 2« > 0; moreover it follows from (51) that 
k 
S z= (k—1)y— — — —(k —1)2, 


< + 


It is easy to see that for every fixed y the integer z can actually take each 


of the values 
k k k 
(3). 


For, if z is one of these integers, we divide the non-negative integer 
—1) by k—1: 


k 
=(k—1l1)q+r with 0Sr<k—1. 

Then it is sufficient to choose 

for 
and 

Q+t1, %=y—k—q for r>0, 

gq +1, for r=0. 
This is possible since 

k 

(k—1)q+- = (k—1)(y— Ak), 


and hence 
y—k—q=1 tor r>0, and y—k—q+1=21 for r=0. 


In both cases the conditions (51) are satisfied. 
If we set g=km-+ $k(k—1), then it follows from (52) that the 


integers 


igtm, gtm+i1, ...,g+m+k—1 


(53) g+t+ 2m, g+2m+1, GA 2m + 2(k —1) 


| g+(y—k)m,  Gt(y—k)m + (y—k)(k—1) 
( 


form the totality of positive integers representable in the form (50). The 
first elements of two successive lines in (53) have the difference m. The line 
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beginning with g+ (y—k)m contains exactly (y—k)(k—1) +1 con. 
secutive integers. Therefore the first line from which on all the following 
integers are representable must contain not less than m integers. It is neces. 
sary for this that y is the smallest integer for which 

m— 1 


(54) m = (y—k)(k—1) +1; 


Since y is the smallest integer of this kind, we have 


m— —2 m k? — 3 
(5) ye [FE]. 


The preceding line contains only (y—1—sk)(k—1) +1 integers, hence 


it contains less than m integers because of (54). Therefore it follows from 
(55) that the greatest integer not representable is 


This proves Theorem 7. 
In particular, we get for k = 3 


6 246 4 
U(m,m + 1,m + 2) = [~ m+ 2 = = + 


= T(m,m + 2,m +1) 


if m is even, and 


6 5)m 
U(m,m + 1,m + 2) = m+ 2 +. 2 


m? + 5m + 4 


< m* + 2m + 2 =T(m,m + 1, m +2) 


if m > 1 is odd. 
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ON TWO CONJECTURES IN THE THEORY OF NUMBERS.* 
By A. E. INGHAM. 


1. Let 
M (2) L(z) A(n), 


n =r 


where p(n) and A(n) are the arithmetical functions of Moébius and Liouville 
defined by 


(1) 1/6(s) = (1— (1/p")) = a(n) 
(2) = [1 — (1/p") + (1/p%) = a(n) 


It was suggested by Stieltjes [6] and by Mertens [1] that | M(x)| < 2 
(xe >1). The calculations of von Sterneck [8,4,5] confirm this up to 
¢ = 500,000, and at intervals up to 5,000,000, and indeed with a factor 14 
on the right hand side except near x = 200. 

It was conjectured by Polya [2] that L(x) S0 (a = 2). This is sup- 
ported by a smaller body of numerical evidence (Polya verified it up to 
r= 1,500),' but the conjecture is attractive on account of its connection with 
the theory of binary quadratic forms az? + bry + cy? (a,b, c integers). Polya 
showed that a positive integer m is a solution of the equation L(m) =—0 
whenever 4m + 3 is a prime p>7 for which h(— p) —1, where h(D) is 
the number of classes of (positive definite) forms of (negative) discriminant 
D(= b? —4ac). If these were the only solutions of L(m) = 0, it would be 
easy to deduce, in view of the fact that, since A(n) = +1, L(x) cannot 
change sign without vanishing, and of Heilbronn’s theorem that h(D) =1 
for only a finite number of negative D, that L(r) < 0 at any rate for all 
sufficiently large x. But other solutions of L(m) 0 occur within the limits 
of Pélya’s calculations, and the argument decides nothing. 

It is well known (and the proof is reproduced for completeness at the 
beginning of §3) that the truth of either of the above conjectures, or more 


generally the truth of any one of the four inequalities 


M(x) < Kx*, M(x) >—Kx*, < L(x) > — Kr*, 


* Received February 12, 1941. 
1 The verification has recently been extended to 2 = 20,000. See H. Gupta, “On a 
table of values of L(n),.” Proc. Indian Acad. Sci., Sect. A. vol 12 (1940), pp. 407-409. 
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for all sufficiently large x, where K is a constant, would imply that £(s) has 
all its complex zeros on the line o = 1% (i.e., that the Riemann hypothesis jg 
true), and that all the zeros are simple. The purpose of this note is to point 
out a further consequence, namely that the imaginary parts of the zeros above 
the real axis must be linearly dependent (with rational integral multipliers), 
More precisely, we shall prove 


THeoreM A. If the imaginary parts y1,y2,°-: of the (distinct) zeros 
of £(s) above the real axis are connected by no relation of the type 


(3) Cnyn = 0 (Cn integers not all 0), 
n=1 


or by only a finite number of such relations, then, when r— «, 


lim (xz) = + lim 2-*M =— 


lim (x) = 0, lim 2*L(r) =— o. 


The method of proof is similar to that by which Littlewood disproved 
the conjecture r(x) < liz in the theory of primes, except that the use of 
Phragmén-Lindeléf theorems and of ‘explicit formulae’ is avoided by an 
application of the technique introduced by Wiener in his fundamental 
researches on Tauberian theorems, and that Dirichlet’s theorem on Diophan- 
tine approximation is replaced by Kronecker’s theorem. It is this that calls 
for the hypothesis of linear independence of the yn. It would be easy to relax 
this hypothesis a little, but there seems no obvious way of replacing it by 
anything essentially easier to verify. 


2. The proof of Theorem A is based on a theorem concerning Laplace 
integrals (Theorem 1) and on a special property of the generating functions 
(1) and (2) (Theorem 2). 


THEOREM 1. Let 


(4) F(s) = “A (u)e-*du, 


where A(u) is absolutely integrable over every finite interval 0S uSJU, 
and the integral is convergent in some half-plane o > o, = 0. 
Let A*(u) bea real trigonometrical polynomial 


N 
A*(u) > (yn real, y-n = — Yn, = An), 
-N 
and let 
“At 0) 
* = = 
F*(s) (w)e*“du (o> 
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Suppose that F(s) —F*(s) (suitably defined outside the half-plane 
ts regular in the regono =0, —TStST, for some T >0 (or, 
more generally, continuous in this region and regular in the interior). 

Then, when u—> (T fired) 


(5) lim A (w) <lim A*p(w) <lim A(u), 

where 

[1— (lyn |/T) — ay 2D [1— 
lvl <7 


It is enough to prove the inequality for the lower limits, since the other 
may he deduced by changing signs. We may suppose that lim A(u) > — o 
(since otherwise there is nothing to prove), and indeed that lim A(u) > 0 
[by adding a constant to A(w) and to A*(u)]. Then A(u) > 0 for u > u 
(say), and it follows from a well known theorem of Landau that the integral 
in (4) is convergent, and the relation (4) true, for o >0, since F(s) is 
regular along the positive real axis s > 0, this being true of F*(s) (obviously) 
and of D(s) =F (s) —F*(s) (by hypothesis). Thus we have (on our 


suppositions ) 
2 oO 
(6) D(s) = A (u)e-s“du — f A*(u)es"du (o>0). 


let k(t) =kr(t) =1—(lt|/T) (Jt |<T); =0 (|t|=T), 
K(v) = Kr(v) =T[(sin Tv/2)/(Tv/2) 
so that 
f k(t)e-*'*dt == K(v), K = 2rk(t). 
-T 
Multiplying (6) by > 0) and integrating over —T StST, we 
obtain [since the integrals in (6) are uniformly convergent over this range 


for fixed « > 0] 
T oO 
f D(o + it) k(t) ettedt = f A(u) K (u—w)e*du 
-T 
A*(u) K —w)edu (o>0). 


The first and third integrals here are continuous functions of o for o = 0, 
the first because D(s) is continuous for o = 0, —T <tT, and the third 
because the integral is (absolutely) convergent when o 0 [the integrand 
then being O(u-*) as u—> o (T and o fixed) ]. The second integral, having 
a non-negative integrand for u > Uo, is continuous for 0 or tends to + 
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when o—>-+ 0 (according as it is convergent or divergent to + oo when 
o=0). The latter alternative is, however, excluded by the behaviour of the 
other two integrals, and we obtain, on making o> + 0, 


f = A(u)K(u—o)du— fA*(u)K du 


Now let »—> oo. The first integral tends to 0 by the Riemann-Lebesgue 
theorem, and we obtain 


(7) J, AK (uw) K(u—o)du 0(1) 


as w—> (T7' fixed). 
Since K(v) = 0 the first integral here is 


g oo 

>— max K(v)- A(u)|du+ ba A(u)- K(v)dv (0<é<e), 
-wSvSt-w 0 

whence we deduce, making and then 


(8) lim  A(u)K(u—o)du 


oO 
= lim A(w) - K(v)dv = lim A(u) 2xk(0). 


= u->oo 


Also, the second integral in (7) is 


co N 
A*(o + v)K(v)dv = > J 
-N 


(9) N 
= (yn) + 0(1) 
-N 
a8 
The desired inequality 


lim A(u) S lim A* 


now follows from (7), (8) and (9), in virtue of the definitions of /(i) 
= kp(t) and of A*7(w). 


THEOREM 2. Suppose that the complex zeros of {(s) are all simple 
and lie on the line o = 1/2, and let them be (1/2) + tyn (n= +1, + 2,°°°3 
yn =—yn3 OS 1 <2 << Let an be the residue of F(s) at 
where F(s) denotes either of the functions 

£(1 + 2s) 
((1/2) + 8)€((1/2) +8) 


1 


Then >| a, | is divergent. 
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Consider the integral 

taken in the positive sense round the rectangle with vertices — a, B, B + iT, 
—a-+ 7’, indented upwards at the origin in case (ii), where « and B are 
fixed (0 << a< 1/4,1/2 << B <1), hk isa fixed positive integer,” and T 
through a sequence 7’, (m= 1,2,---) such that 

| 1/¢[(1 2) +s)] | < TK 
where K is some positive constant. The existence of such a sequence 7'» is 
well known (see, e. g., Titchmarsh [7], Theorem 18, p. 26). 


By Cauchy’s theorem of residues, 


[=%mri 


say. 
Let 1,, 12, 13, 1, be the contributions to J of the four sides of the rectangle, 
numbered in the positive sense from the lower horizontal side. We have 


I, = O(T*), 
a, (T + is)*ds 


O(T*) + O( log n) 

5, (72) ( n=2 
= log T + O(T*), 


[an = p(n) or A(n) ] 


by using the inequality |(7 + is)*— 7T* | <= K,|s | in the term n= 1, 
and deforming the path of integration into the broken line ~, T, T +17, 
8+ iT [or, alternatively, writing n-*ds = — d(n-*)/logn and integrating 
by parts] in the terms n = 2. 

Now the Riemann hypothesis (which we are assuming here) implies that, 
when o, + 2s) =O(t£) uniformly for — and 


(1 + (1/2) 8) 


6((1/2) +s) ((1/2) —s) 
== ()({-***) (o = — 2), 


where ¢ is an arbitrarily small positive number. (See, e. g., Titchmarsh [7], 
§ 5.13, (1), (2).) Hence 


2“ Integer ’ may be replaced by ‘ number’ if we specify that the branch of (7 + is)* 
which is real and positive for s = it, t < 7, has to be taken. 
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I, = O(1- T+ TK- Te) = O(TK*), 
T 


0 
Collecting these resuts, we obtain 
I =T* log T + O(T*) + O(TK-*), 


so that, if k > K —1, 
(10) 2ai8i.(T) ~ T* log T 


when 7’— through the sequence 7.,. This proves the theorem (and indeed 
more) since 


| S.(T)|=T | 


8. Proof of Theorem A. We have 


F(s) = f (o >1/2), 


where F'(s) has either of the meanings assigned to it in Theorem 2, and A(u) 
denotes the corresponding one of the functions 


(1) M (e* ) (ii) L(e*) e-u/2, 
The conclusion of Theorem A is equivalent to 


(11) lim A(u) =+ 0, limA(u) =—o. 
Suppose that the first result (for example) is false. Then there is a 
constant A such that A — A(u) = 0 for u= 0, and the relation 


— A(u) }e-™du = (A/s) —F(s) = G(s) 


(say), true in the first instance for o > 1/2, holds for o >0 by Landav’s 
theorem, since G(s) is regular along the whole of the positive real axis s > 0. 
Hence G(s), and therefore /'(s), is regular in the half-plane o > 0; and also 


| G(s)| = O(c") as o>+0, 


so that G(s), and therefore F(s), can have no multiple pole on o=0. A 
similar argument with A + A(u) applies if the second result (11) is false. 
This means (and all this is classical) that the results (11) are certainly true 
if £(s) has a complex zero off the line o = 1/2, or if all the complex zeros 
lie on this line but include a multiple zero (and in these cases the hypothesis 
of linear independence of the yn is, of course, irrelevant). 

We may, therefore, make the assumptions of Theorem 2. Define yn and 
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a, as in Theorem 2 for n = + 1, + 2,---, and as follows (in the two cases) 
for n= 0: 

(i) Yo = 0, = 0; 

(ii) Yo = 0, == 1/£(1/2). 


Then the conditions of Theorem 1 are satisfied for any given 7’ > 0 if we 
choose NV so that yy = 7’; and the conclusions (5) therefere hold. 
But, if the yn (0 <yn< T') are linearly independent, 
(12) lim A*p(u) =% +2 DS [1— (yn/T)] | an |, 
T 


since by Kronecker’s theorem we can find arbitrarily large values of u for 
which the products ynw (0 <yn< 7’) are simultaneously as near as we please 
to —arg (+ a) (mod 27). But the sum & on the right of (12) is 


| An |/2 
T/2 


and is therefore arbitrarily large with 7’ by Theorem 2. Hence 


lim A(w) = lim lim A*7(w) = + o, 
u>x 


with a similar result for the lower limit. 
The argument is not essentially affected if there are a finite number of 
relations of the type (3), since these will involve a last yn, say yw, and we 


can apply Kronecker’s theorem to the yn in the range yu < ya < T. 
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ON THE PRIME NUMBER THEOREM.* 


By AvuREL WINTNER. 


A few years ago, Watson succeeded in proving an asymptotic congruence 
property formulated by Ramanujan, namely, the following theorem: If m and 
are fixed positive integers, there are between n= 1 and n= WN only 0(N) 
integers n for which the sum of the (2m — 1)-th powers of all divisors of n js 
not a multiple of &. This implies, in the particular case 2m — 1 = 11, that 
Ramanujan’s r(n) is divisible by 691 except for o(N) values of n. 

Actually, Watson has improved on 0(N) by logarithmical factors (for 
arbitrary m,k), and has even proved asymptotic formulae for certain summa- 
tory functions on which the o-estimates depend’; asymptotic formulae estab- 
lished by the classical methods of the theory of primes (that is, by contour 
integrations, based on estimates of {(s) in a certain domain containing the 
line o = 1 in its interior). The singularities of the generating Dirichlet series 
and, correspondingly, the proof of the asymptotic formulae are similar to those 
occurring in Landau’s result,’ according to which the number of the positive 
integers which are less than x and are representable as a sum of two squares is 
asymptotically proportional to z/(logz)4, The following considerations, 
which deal with the general analytical background of asymptotic laws of this 
type, seem to be warranted in view of Hardy’s recent presentation * of the 
results just mentioned. 

The asymptotic formula, given by Hardy in his discussion of Landau’s 
problem, is false, the passage from the order of the singularity (at s = 1) to 
the order of the summatory function being erroneous. This can be seen, with- 
out any Tauberian argument, from Abelian reasons alone. (Among all the 
possible orders, Landau’s exponent, $, represents the only case in which Hardy’ 
calculation becomes correct.) However, my quarrel is not with this lapsu 
culami (which does not occur in Watson’s paper), but with the method of 
approach. In fact, Hardy refers (as Watson did) to the parallel problem oi 


* Received November 10, 1941. 

1G. N. Watson, “ Ueber Ramanujansche Kongruenzeigenschaften der Zerfillungs 
zahlen. (I), Mathematische Zeitschrift, vol. 39 (1935), pp. 712-731. 

* E. Landau, “ Ueber die Einteilung der positiven ganzen Zahlen in vier Klasset 
nach der Mindestzahl der zu ihrer additiven Zusammenstezung erforderlichen Quadrate, 
Archiv der Mathematik und Physik, ser. 3, vol. 13 (1908), pp. 305-312. 

3G. H. Hardy, Ramanujan, Cambridge University Press, 1940, pp. 61-63 and 167-169. 
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two squares ; a problem presented along the lines of Landau’s approach of 1908, 
requiring, as the prime number theorem did at that time, a definite amount of 
information on a domain contained in the half-plane o <1. And Hardy com- 
mences the presentation of this approach by a remark concerning its analytical 
interest, which is observed to be due to the fact that the pole of the prime 
number theorem becomes replaced by an algebraic singularity; the order of 
infinity, say », at s = 1 now being 3 instead of 1. But all of this must be felt 
as rather disturbing, the more so as, after Wiener’s work,* the prime number 
theorem itself has nothing to do with what happens beyond the line o = 1. 

In the sequel, this methodical anomaly will be disposed of by showing 
that, on the one hand, there is no point in passing through the line o = 1 in 
order to prove the theorem of either Landau or Watson, since a unified, and 
much shorter, approach to all these problems (including the prime number 
theorem itself) can be obtained by a straight-forward extension of Ikehara’s 
theorem concerning the case » =1 of a simple pole; and that, on the other 
hand, all these problems do not involve the algebraic character of the under- 
lying singularities, since » could be irrational, and therefore the singularity at 
s=1 logarithmic, as far as the unified Tauberian approach is concerned. 
Even the fact that, in the problems of Landau and Watson, » not only is 
rational but less than 1 as well, turns out to be without any significance, since 
nothing happens when » passes through Ikehara’s case, p = 1. 

The necessary modifications of the proof of Ikehara’s theorem*® are so 
much on the surface that certain details will be given only because the possi- 
bility of these modifications appears to be overlooked in the literature. The 
only complication arising from the passage to the necessary generalization of 
Ikehara’s case is the appearance of an additional factor. In fact, the Fourier 
transformation belonging to an arbitrary » > 0 corresponds to the T-integral 


co 


f 
e 


0 


so that Ikehara’s case, » — 1 = 0, of a simple pole might have disguised the 

*N. Wiener, The Fourier Integral and Certain of its Applications, Cambridge 
University Press, 1933, pp. 112-137. Actually, the first proof of the prime number 
theorem avoiding a crossing of the line ¢ = 1 (and based on the characteristic applica- 
tion of the Riemann-Lebesgue lemma for Fourier integrals) is due to Hardy and Little- 
wood, Quarterly Journal of Mathematics, vol. 46 (1915), pp. 215-219. However, their 
proof presupposes at any rate a rough (exponential) estimate of ¢(1 + it) for large t. 
But any such estimate depends on the same machinery as the crossing of the line o = 1. 
Cf. loc. cit.*, pp. 127-130. 
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availability of the method in the general situation. The latter can be formu. 
lated as follows: 


If a Dirichlet series 


(1) f(s) = Fane, (O—=A <A 
n=1 

where 

(2) Qn = 0, 


is convergent for o >1 and such that there exist two constants, C ~0 and 
p > 0, for which the regular function 


(3) f(s) —C/(s—1)4, where o > 1, (arg(o —1)#=0), 


possesses a continuous boundary function as o > 1 + 0, then 


Y 
as 


4 ay, 
(4) T'(p) 


It is understood that by the existence of a continuous boundary function 
is meant this: For every fixed JT > 0, the function (3) of s =o + 1 tends, as 
o—1-+0, to a function of ¢ uniformly for —TStST. Actually, it is 
more than sufficient to assume the existence of two functions, say 


(5) go(t) and g*(t) = 0, (—_a<t<o), 


such that the function (3) of s =o + it tends, as c—>1-+ 0, to go(t) if tis 
arbitrarily fixed on the complement of a ¢-set of measure 0, and g*(t) is 
L-integrable on every interval — T =? ST and exceeds the absolute value of 
the difference (3) whenever 1 < o < 2 (say). 

Even without this generalization of the italicized Tauberian theorem, the 
prime number theorem and Landau’s result follow by choosing 


¢’(s) ( log by’ 
= 1, s) = — or, equivalently, f(s) = 
f(s) £(s) eq y, f(s) 


* The summatory functions (4) belonging to these two ordinary Dirichlet series 
(the second of which defines a function meromorphic in the half-plane o > 0, with poles 
clustering at every point of the line o =0) are y(exp#) and @(exp~@), if the least 
common multiple of all integers between 1 and «& and of all primes between 1 and « are 
respectively denoted by exp ¥() and exp 6(#). It is interesting that the prime number 
theorem, ~ is equivalent not only to but also to an asymptotic 
formula, —6(x) ~ for the excess represented by multiple prime factors 
(counted in y but not in @) ; in fact, 


00 
y(v) = 3 where = = 
n=1 n=3 
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and 


1— 2-8 p=3(mod 4) ps 


respectively, where the L-series is that belonging to the non-principal character 
(mod 4). Correspondingly, Watson’s theorem results by placing 


fly 
p=-i(mod k) 
where ¢ is Euler’s function and k > 2. Needless to say, the various extensions 
of these results (for instance, the asymptotic formula for the number of inte- 
gers represented by a binary quadratic form,’ where, as in Landau’s particular 
case, p = 4) follow in the same way. 

In order to facilitate a direct comparison with the standard treatment * 
of Ikehara’s case, the weight function of Tauberian averaging will be chosen 
in the usual way, that is, such that the kernel of the Fourier transformation 
becomes 


(6) S(u) = (sin u/u)*. 
Since | u |“ S(w) +0 as | u| — oo then holds only if 
(7) p< 2, (u > 0), 


the choice (6) will necessitate the restriction (7). In order to include arbi- 
trarily large values of », all that is necessary is a replacement of the weight 


function 
w(x) = 0 0), 


which leads to (6), by another weight function, leading to a Fourier transform 
which tends to 0 stronger than | wu |“ (and is, as (6), non-negative). Such 
weight functions can be obtained by the well-known process of successive con- 


9 


volutions, for instance.® Incidentally, not only (7) but even » S 1 is satisfied 


in all the applications referred to above. 


7Cf. P. Bernays, Ueber die Darstellung von positiven, ganzen Zahlen durch die 
primitiven, bindren quadratischen Formen einer nicht-quadratischen Diskriminante, 
Dissertation, Géttingen, 1912. 

*Cf. E. Landau, “ Ueber Dirichletsche Reihen,” @éttinger Nachrichten, 1932, pp. 
525-527. 

°Cf., e.g., J. Karamata, “ Weiterfiihrung der N. Wienerschen Methode,” Mathe- 
matische Zeitschrift, vol. 38 (1934), pp. 701-708 where, for other reasons, the square of 
(6) is applied (and, therefore, the first auto-convolution of the above weight function is 
considered ) . 

The weight function exp(— 4a?) would have the advantage that the device of 
successive convolutions becomes unnecessary. But this self-reciprocal function has its 
own disadvantages, its order at infinity being too low. 
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If, for—o<r< ow, 


(8) a(x) == dn, (a =0;0=—A, <A < ), 
An=z 

then, by (2), 

(9) S eva(y) whenever x < y, 

and 

(10) a(x) =0 for—_ ao 0. 


According to (8), the assertion (4) can be written in the form 
(11) a(x) o), 


if, without loss of generality, C—=T() in (8). 
Instead of (11), it will be sufficient to prove that 
Tz 
(12) f a(2—v/T)S(v)dv~ rr" as 


-00 
if T > 0 is arbitrarily fixed. In fact, since 
oo 

f S(v)dv =z, by (6), 

on 
the passage from (12) to (11) requires the elimination of the weight factor. 
But it is clear from (8), (9), (10) that this elimination is supplied precisely 
by the standard Tauberian argument,’® if (12) holds for an arbitrary value of 
T>0. 

According to (8), (9) and (1), 


co fe @) 
f(s) {era (ax) } =e f eva(x)e**dz, (o>1); 
0 0 
so that, since 
= f (Rw > 0,p > 0), 
0 


the difference (3), where C = T(y), can be written in the form 
oO 
(x) dx — { lo > 


0 0 


10 Cf., e. g., loc. cit.®, 1)-2) on pp. 526-527 
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Thus the assumptions specified after (5) mean that, if 


(13) s=o-+ tt, omil+e>1, 

and 

(14) = {a(xv) — (e>0), 
0 


then there exist for — 0 <¢t< o two functions, say /y(¢t) and F*(t), such 
that 


(15) F(t) — Fo(t) as e— 0 holds for almost all t¢ 
and 
(16) | F(t) | < F*(t) for arbitrary ¢ and ¢, 


where F*(¢) is L-integrable on every finite interval —TSt=T. 

Since the integral (14) is absolutely convergent for all values of s men- 
timed under (13), it follows by a legitimate interchange of the order of 
integrations, that 

2T 

—2T {a(w) (Ta — Tu) du 

“op 0 
is, by virtue of the definition (14) and (6), an identity in the three parameters 
47, xz. But (15) and (16) assure that, if e— 0, the integral on the left 
tends to the (finite) limit 
2T 
eizt(1 —4|t| /T)Fy(t)dt. 

And the integral analogue of the Riemann-Lebesgue lemma shows that the 
last integral tends to 0 as a—> oo, if T is fixed. Consequently, there exists a 
(finite) limit 


(17) lim 7 {a(w) (Ta — Tu) du, 
0 


where 7’ and x are arbitrary. And (17) tends to 0 as x—> o, if T is arbitrarily 
fixed. 
Accordingly, if w in (17) is replaced by the integration variable 
v= Tr — Tu, 


Tx 
(18) lim {a(a—v/T) — (x— v/T) > 0 asz— 
-00 


‘ 
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where 7’ (> 0) is arbitrary. Furthermore, from (6) and (7), 


Tz Tx 
lim (2—0/T) f (2 — v/T)#"8(v) dv, 
-0O 


and it is also clear from (6) and (7) that the ratio of the last integral to 2+ jg 


co 
v sin? v v 
= 1— ——dv— —— dv =n, r—> 0, 
Tx 


-00 


where 7 is arbitrarily fixed. It follows therefore from (18) that 


Tx 
(19) lim a(x v/T § (y) dv -> x, 
« 
-00 


holds for every T. 

In order to complete the proof of (12), it remains to ascertain that, if 
both 2 and T are fixed, the limit process e—> 0 can be carried out beneath the 
integral sign in (19): 

Tx Tx 
(20) lim 8(v)dv— f a(a—v/T)S(v)dv. 


€—0 
-0o -0O 


But the existence of the (finite) limit on the left of (20) was proved above 
Furthermore, both functions (6), (8) are real and non-negative. Hence, (20) 
can be reduced to the trivial fact that, for every positive R (< 0), 


Tx Tx 
lim = f a(x —v/T)S(v)dv. 
-R -R 
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MATRIX REPRESENTATIONS OF COMPLETELY SIMPLE 
SEMIGROUPS.* 


By A. H. CLirrorp. 


By a semigroup is meant a system S of elements a, b,: - - closed under a 
single binary associative operation: 


(ab)c =a(be). 


To each element a of S let there correspond a uniquely determined matrix T (a) 
with n rows and columns and with elements in a (commutative) field Q. If, 
for all a, b in S, 

T (ab) =T(a)T(b), 


then the correspondence 2:a—> T'(a) is called a (matrix) representation of S 
in of degree n. The notions of equivalence, reduction, and decomposition 
are defined exactly as in the theory of representations of groups or algebras. 

The only work dealing with representations of semigroups, of which the 
author is aware, is that of Suschkewitsch. In [2] he makes considerable 
progress in the determination of all representations of a type of finite semi- 
group which he calls a Kerngruppe. [3] gives an abstraction of the process 
used in [2], at the same time removing the finiteness restriction. In a previous 
paper [1], he determined the structure of all possible Kerngruppen. 

The latter determination has recently been extended and simplified by 
Rees [4]. In Rees’s terminology, a Kerngruppe is a completely simple (finite) 
semigroup without a zero element. He characterizes every completely simple 
semigroup as a regular matrix semigroup over a group with zero (definitions 
in§2). In the present paper we show how to construct all representations of 
a (not necessarily regular) matrix semigroup over a group with zero; the 
process is summarized at the close of §6. In a final section ($8) we show 
how a Brandt groupoid [5] can be made into a matrix semigroup of especially 
simple type by the adjunction of a zero element; the theory of the present 
paper is then applied to find all its representations. 


1. Factorizations of a matrix of finite rank. This first section is con- 
cerned with a problem in pure matrix theory, namely that of finding all 
solutions X, Y of the matric equation 


XY =H, 


* Received March 18, 1941. 
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where // is a given matrix, possibly infinite but of finite rank, Y to have g 
finite number of columns, and Y a finite number of rows. 

Let J and K be arbitrary sets, and Q a field. By a J & K matrix ing 
we mean any function A ~a(i,x) = (dix) on the product-set J & K tog 
(1 ranging over J, x over K). If J is a finite set of m elements we shall algo 
call A an m X K matrix, with a similar interpretation for a J & n matrix and 
an m Xn matrix. By a submatrix of a J X K matrix (dix) we mean a 
J’ X K’ matrix (dix), where 7” and x’ range over subsets J’ and K”’ of J and 
K. By the rank of A we mean that of the largest finite non-singular square 
submatrix of A, if such exist, and oo otherwise. 

Let 3 and & denote the linear spaces over © consisting respectively of all 
J-vectors (a;) and all K-vectors (ax). The subspace ft, of ® spanned by the 
rows (fixed 7) of A is the row-space of A; the subspace Qo of § spanned by the 
columns (fixed x) of A is the column-space of A. The row-rank of A is the 
dimension of 8, the column-rank that of Qo. By an easy extension of the 
method of proof for the finite case, one readily sees that the rank, row-rank, 
and column-rank of any matrix are all equal. That is, either they are all finite 
and equal, or all three are infinite. 


THEOREM 1.1. AJ K matrix H can be expressed as a product 
H=QR 


of aJ Xt matrix Q and at X K matria R if and only if it has finite rank 


Proof. If H = QR then the rows of H are linear combinations of those 
of R, which are ¢ in number, and hence the dimension h of the row-space of H 
cannot exceed t. Conversely, if h = ¢, we may take for R any ¢ rows of H of 
which all other rows are linear combinations. The i-th row of Q may then be 
taken to be the coefficients in any expression of the i-th row of H as a linear 
combination of those of R. 


Two factorizations 
H=QR=QP’ 


of the matrix H, as in Theorem 1. 1, will be called equivalent if there exists a 


non-singular ¢ X ¢ matrix C such that 
= QC, R’ = CR. 
A factorization with t =h will be called basic. 


THEOREM 1.2. Any two basic factorizations of a matrix of finite rank 


are equivalent. 
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Proof. The h rows of R are a basis of the row-space Jt) of H. Each row 
of H is uniquely expressible as a linear combination of those of #, and hence 
Q is uniquely determined by R. Since the h rows of FR’ are also a basis of Ry 
they are a non-singular linear combination of those of R. Hence Rk’ = CR, 
with C a non-singular h & h matrix. From H = QR = Q’CR and the unicity 
of Q, follows Q’C = Q. 

Let H bea J & K matrix of finite rank h with row-space %t) and column- 
space Qo, and let H — @ Rp be any basic factorization of H. Let H = QE be 
any factorization of H intoaJ X t matrix Q of rank g andat X K matrix R 
of rank r. Let © be the column-space of Q, and ®t the row-space of R; then 
HQ, and ROR. Let Qi be a J K (q—h) matrix such that the q 


\ 


columns of the J & qg matrix (Qo @Q,) form a basis of Q, and let R, be an 
(r—h) X K matrix such that the r rows of the r X K matrix ( = form a 
basis of 

THEOREM 1.3. The factorization H=QR of H is equivalent to the 


factorization 


Ro 
(1.1) H =— (Qo 0) 0) 
0 


Proof. By elementary row transformations on Ff we can find a non- 


singular ¢ X ¢ matrix C’; such that 


where R* is an r X A matrix whose rows form any basis we like of the row- 


Ry 


QC,» = (Q* A). 


space RH of RK, in particular 


Let 


Then 
H = QC," - CR = Q*R*. 
Since # D Ro, the rows of H are vectors in #, and so are unique linear com- 


binations of the rows of R*. From 


R 
(Qo 0) QoRo H, 
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Q* = (Qo 0). 
Let 


where J is the r X r identity matrix, and V is a non-singular (¢—r) X (¢—r) 
matrix. Then 
R* 


C.0,R ( 0 


) C:R, 
while 

(Q* B). 
where 


B=Q*U + AV. 


Hence A may be replaced by any matrix B, obtained from A by elementary 
column transformations on A(U = 0) or by adding to any column of A any 
linear combination of columns of Q*. But these are sufficient to reduce A to 
the form (Q; 0), where the columns of Q; form a supplement to those of Q, 
to make a basis of OQ. Taking C —C."C, with this determination of (,, 
we have 


= = (Q* 0) = 0), 


R Ro 
R* R, 
OR = OR =( )- R, = 
0 0 0 
0 


1.31: Two factorizations H = QR = are equivalent i 
and only if Q and Q’ have the same column-space, K and R’ the same row-space. 


Proof. Since (1.1) depends only on the spaces © and §, both factoriza- 
tions are equivalent to (1.1) and hence to each other. 


1.32. Beside the evident inequalities t= t =r2h, 
wehavet=q+r—h. 


Proof. By counting columns in the J X ¢ matrix (Q.0Q:0) we have 
t=h+(r—h) + (q—h). 


The inequalities of Corollary 1. 32 can also be expressed in the form 


t—h=t—q=0, t—h2=t—r=0, 
t—h= (¢—gq) + (¢—r), 
which is Sylvester’s Law of Nullity in case H, P, Q are all finite t  ¢ matrices 


2.. Completely simple semigroups. Rees [4] defines an ideal a in a semi- 
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group S to be a subset of S such that aS and Sa are contained in a. A zero 
dement of S is an element 0 such that a-0 = 0-a—0forallain S. S is simple 
if it contains no other ideal than S itself and the zero ideal consisting of 0 alone 
(if 8 contains a zero element). An element e of S is idempotent if e? =e, 
and primitive if there is no idempotent f>40,e such that ef —fe=—f. A 
simple S is completely simple if (1) every element of S belongs to at least 
me set eSf, e and f idempotents, and (2) every idempotent is primitive. Rees’s 
main result is that every completely simple semigroup is isomorphic with what 
he calls a regular matrix semigroup over a group with zero. This is defined in 
the following way. 

Let G be a group with a zero element 0 adjoined. Let J and K be any 
two sets of indices; denote the elements of J by 1,j,- - -, and those of K by 
Let P= (pei) be a fixed K XJ matrix in G, the pxi being 
arbitrary but fixed elements of G. For a= 0 in G, let (a) ix denote the J X K 
matrix having a in the i-th row and «-th column, and zeros elsewhere. (0) «x 
shall mean, for any 7 and x, the null J & K matrix. S shall consist of all the 
“one-element ” matrices (a) ix together with the null matrix. Multiplication 
in § is defined by 
(2.1) (a) ix (b) jn = (apejd) in. 


(Thus the product of A and B in S is the matrix product APB; no confusion 
arises from denoting it simply by AB.) The associative law is readily verified, 
and so S is a semigroup—a matrix semigroup over G with defining matrix P. 
§ is called regular if there is an element + 0 in each row and each column 
of P, and S is then completely simple. If no element of P is zero, and S is 
finite (G,J,K all finite) then the non-zero elements of S form a Suschke- 
witsch Kerngruppe. 

According to Rees’s Theorem 2. 91 ([4] p. 397) it is possible to change P 
somewhat without changing S. One such change is to multiply the rows of P 
on the left by arbitrary elements 7x 4 0 of G, and to multiply its columns on 
the right by elements q; 0: 


P — P* = RPQ = (repeigi) = (p*ei). 
This can be seen directly by writing 


[@]ix = (Giare) ix, 
whence by (2. 1), 
[a]ix[O] ji, = 


It is thus possible to normalize P so that the elements in a fixed row and a 
fixed column are either 0 or the identity element e of G. If P is not identically 
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zero we can choose our notation so that, after normalization, p:; =e and the 
elements pxi, pis are either 0 or e. 

We shall make explicit use only of p:;; =e. From this and (2.1) we 
have the following, which we shall need later: 


(2. 2) (a) = (ab) 11 
(2. 3) (€)11(@) is (Pri) a1 
(2. 4) = 


(2.5) = (@) 

(2. 6) (€) = (Per) a1 

(2. 7) (€)ix(€) is = (Pei)ar 

(2. 8) = (4) ir (€) 1x = (4) ice 


We shall assume throughout the paper that S is a matrix semigroup over 
a group G with zero, multiplication being defined by (2.1), and with the 
defining matrix P normalized so that py,;—=e. We do not need to assume 
that S is regular, but merely that P is not identically zero. 


3. Construction of all representations of S as extensions of those of 6. 


If :a—T (a) is any representation of S, then 7'(0) is an idempotent matrix 
and in the usual fashion Z can be transformed so that 


I0 
T(0) = 


From 0a’ = a0 = 0 we readily find, for any a in S, 


rw 


Hence decomposes into an identity representation 2,:7,(a) =J, anda 
representation Z_ in which 7.(0) =0. Consequently there is no appreciable 
loss in generality if we incorporate into the definition of a representation & the 


requirement that 
T(0) =0. 


By (2.2), the elements (a),, of S form a group with zero G, isomorphic 
with G. Any representation {* of S induces a representation of G,, and i 
the usual fashion *, can be transformed so that 


(3.1) (7 9), 


1 
| 
I 
| 
( 
( 
( 
( 
I 
a 
( 
d 
( 
C 
se 


the 


we 


la 
ble 


MATRIX REPRESENTATIONS OF COMPLETELY SIMPLE SEMIGROUPS. 333 


where £:a—>T'(a) is a proper representation of G: 
(3. 2) T (ab) =T(a)T(b), T(e) =I, T(0) = 0, 


We call 2* an extegion of X from G to 8. The possibility that [* may induce 
a null representation in G, need not trouble us, since then by (2.8) Z* is a 
null representation of S. 

Corresponding to (3.1), let us write 


Then from (2.3) and (2.4) we have 
I 0 Rie T (pri) 0 
Rie Ri R, Rie 
Hence fy, = T'(pii), Riz = 0, Roz =0. Denoting R., by Ry we have 


T (pri) 0 

* ; 

(3. 3) T [(e) a] ( 
Similarly, from (2.5) and (2.6) we find 


Finally, by (2.8), 7*[(a@)ix] is the product of the three matrices (3. 3), 
(3.1), and (3.4). Using (3.2), 


T (priaper) T (prid) Qe ) 
*[(a) ic] = 
RiT (a) Qe 


If the degree of T is n and that of T* is n + ¢#, then the Qx are n X ¢ matrices, 


and the R; are t * n matrices. We have also 
(3. 6) = 0, R,=0. 


TnHEorEM 3.1. Let Z be a proper representation of G. Then (3.5) 
defines a representation X* of S if and only if the matrices Qe and R; satisfy 


(3. 7) OR, = T (pri) — T (pespri)- 
Conversely, every representation of S is equivalent to one of this form. 


Proof. Taking the converse first, we have already seen that any repre- 
sentation &* of S can be transformed into the form (3. 5), and all that remains 
is to prove (3.7%). From (2.7), (3.4), (3.3), and (3.1) we have 
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(75 


which gives (3.7) immediately. 
Following Suschkewitsch [2], we write (3.5) in the form 
T*[ (a) ix] = RiT (a) Qc 
where 
T (pri 
— Gem (Pipes) Qe): 
(3. 7) becomes 
=T (pri). 
Then 
T*[ (a) ix] (6) jx] = BiT (a) (0) = RiT (a) T (pes) T (6) 
(apesb) Qn = T*| (apesb) in] = T*[ (a) sx (6) sa]. 
We remark that if S has no divisors of zero, and we normalize its defining 
matrix P so that pi: = pe. =e for all and «x, then (3.5) and (3.7) 


simplify to 
[ (a) ix] ‘ 


QcRi = T (pei) —I. 
For a given representation & of G we let 
(3. 8) = T (pei) —T (peipis) 
and define H = H(Z) to be the matrix of matrices 


(3. 9) (tie) (x 31,4541), 


Then the equations (3.7) can be expressed as a single matrix equation 


(3. 10) H=QR 
where 


(x 


We exclude x = 1 and i=—1 since H,; and Hx; are zero and we have (3.6). 
(While it would not be necessary to adhere to (3.6) at this point, it is essential 
that we do so when we discuss equivalence in the next section.) In case J 
(or K) has only one element there is no need to define H at all; in this case 
the matrices Q« (or R;) are entirely arbitrary. 

From Theorem 1.1 we have immediately: 


334 


335 


MATRIX REPRESENTATIONS OF COMPLETELY SIMPLE SEMIGROUPS. 


THEOREM 3.2. A given representation & of G of degree n has an exten- 
sion &* to S of finite degree if and only if the rank h of the matrix H defined 
by (3.8) and (3.9) is finite. The defining matrices Qc, Ri of any extension 
{* of T of degree n + t are obtained from a factorization (3.10) of H. This 
is possible if and only if t=h, and so every extension of & has degree at 
least n + h. 


4. Equivalence of two extensions. Two equivalent representations =* 
and &’* of S evidently induce equivalent representations T and Z of G, and 
hence &’* can be transformed so that T’ =F. (3.5) for X’* is then of the 


form 


T (priaper) T (prid) Q’ 


with 


Q’, = 0, R’, = 0. 


t 


THEOREM 4.1. The two extensions Z* and X’* to S of degree n+ t of 
the same representation & of G of degree n are equivalent if and only tf 


RP’ i.e. (all i£1), 


where C, is a non-singular n K n matrix commuting with &, 


(all ain 


C,T (a) =T(a)C, 


and C, is a non-singular t XK t matriz. 


Proof. Suppose that T* and Z* are equivalent. Then there exists a 
constant non-singular (n +t) X (n+?) matrix 


Co Coe 


CT*[ (a) ix] = (a) ix JC. 


such that 


For i= 1, x = 1 this gives 


and since 7’(a) is non-singular we find 


Ci. = 0, C2 = 0, (a) T (a) Cy. 


C, 0 
o=(4 


Hence we may write 
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where C, is a non-singular n X n matrix commuting with T, and C, is a non- 
singular ¢ X ¢ matrix. Then 
[(a) 
For 11, equating these gives = For x =1, we 
find C.R; = R’;C,. In terms of the composite matrices introduced in (3. 10) 
these may be written 


= C.R = R’C;. 


But conversely, if these equations hold, and C; commutes with all T'(a), 
then the two matrices above are equal. To verify the southeast corner: 


C2RiT (a) Qe = (a) Qe = RT (a) Ci Qu = R'iT (a) 
If C is non-singular, then T* and Z’* are equivalent. 


THEOREM 4.2. If, in the preceding theorem, & is absolutely irreducible, 
then &* and X’* are equivalent if and only if 


=CR, 


where C is a non-singular t * t matrix. This in turn is equivalent to the 
condition that Q and Q’ have the same column-space, R and R’ the same 


row-space. 


Proof. Since C,; must now be a scalar matrix +0, by Schur’s Lemma, 
we can take C—C.C,". But this asserts that the factorizations H = QR 
=()’R’ of H are equivalent, as defined in § 1. The second part follows imme- 
diately from Corollary 1. 31. 

This result makes it clear that, unlike the situation in group theory, even 
a finite S will in general have an infinite number of inequivalent representa- 


tions of the same degree. 


5. Proper extensions. A representation T* of S will be called proper 
if it does not decompose into two representations one of which is a null 
representation. 


THEOREM 5.1. Let & be a representation of degree n of G, and let the 
rank h of the matrix H defined by (3.8) and (3.9) be finite. Let &* be an 
extension to S of degree n+ t of &, and let the ranks of its defining matrices 
Q and R be qandr. Thent=>q+r—h. &* is proper if and only if 


non- 
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t=—q+r—h. If t>q+r—h, then X* decomposes into a proper ex- 
tension X’* of degree n+ (q+r—h) and a null representation of degree 
t—(q+tr—h). 


Proof. t=q+r—h by Corollary 1.32. Let us assume first that 
t>q+r—h. By Theorem 4.1 with C; = J, and Theorem 1. 3, is equi- 


~~ 


valent to an extension of { with defining matrices of the form 


R° 
R} 
(5.1) Q=(Q° 0 Q' 0), R=} 9 |> 
0 
This means of course that 
R;° 
R? 
(5. 2) Ox = 0 Qe? 0), = 0 
0 
Let us write (5.1) in the form 
(5.3) Q = (Q’ 0), r—(*) 


where the 0 in Q is a null matrix of ¢— (q¢-++ r—h) columns, and the 0 in R 
has the same number of rows. Then 


Qn = 0), 
and putting these in (3.5) we find immediately 


where 2’* has defining matrices Q’ and R’. 

We have thus shown that if ¢>q-—+r—h then &* is not proper, but 
decomposes into &’* of degree n + (¢+r—h) and a null representation of 
degree t— (gq + r—h). The ranks of Q’ and R’ are evidently q and r. Hence 
all that remains to complete the proof of the theorem is to show that if 
t= q+ r—h then &* is proper. 

But if =* were not proper, it could be put in the form (5.4) with proper 
The degree of T’* would then be n + where t’ = 7 + —h, 7 and 
the ranks of the defining matrices Q’ and R’ of &’*. From the form of (5. 4) 
it follows directly that Q and R have the form (5.3). Hence q=—q’, r=?r. 
But this means ¢t = t’, T* — T’*, 
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6. The basic extension; normal forms. Let © be a representation of ¢ 
such that the matrix H defined by (3.8) and (3.9) has finite rank h. Let 


H=Q°R° 
be a basic factorization of H ($1), the number of columns of Q° and the 
number of rows of R® being h. By Theorem 1.2 any two such factorizations 


are equivalent, and hence the following is an immediate consequence of 
Theorem 4. 1. 
THEOREM 6.1. <A representation X of G of degree n, with H of finite 


rank h, possesses to within equivalence exactly one extension X*, to 8 of 
degree n+ h. 


We call the basic extension of to 8S. 


THEOREM 6.2. Every extension &* to S of a representation & of G can 
be transformed into the form 
(9 (ape) RET (a)Qe RiT(a)Qe ) 
0 


'T(priapes) T(prua)Qe?t 
‘ROT (aper) (a) 


0 0 0 0 


(6.2) T*[(a)ix] = 


The diagonal block inside the dotted lines is the basic extension X*, of & 
X* is proper if and only if the rank of the composite matrix Q* 1s equal to the 
number of its columns, and that of R* to the number of its rows. 


Proof. As in the proof of Theorem 5.1, T* can be transformed go that 
its defining matrices Q and Ff have the form (5.1), where H = Q°R° is a basic 
factorization of H, Q’ is a matrix of rank g—h equal to the number of its 
columns, and R* is a matrix of rank r—h equal to the number of its rows, 
&* is proper if and only if the tail null-matrices in Q and R are absent, and 
then (5.2) becomes 


R,° 
Qx = 0 Qe’), 
0 


Substituting these in (3.5), and then permuting cyclically the first three rows 
and columns of the result, we obtain (6. 2). 

An improper &* can be put in the form (6.2) bordered with null matrices 
to the right and below. This is also of the form (6.2) with Q' replaced by 
(Q* 0), and the latter has rank less than the number of its columns. 

This result inakes the construction of all representations of 9 as direct as 
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one could reasonably expect, provided of course that we know how to con- 
struct all those of G: 


(1) Construct all representations of G, and discard all except those Z 
for which the matrix H defined by (3.8) and (3.9) has finite rank h. 

(2) For given &, construct a basic factorization H = Q°R® of H. To do 
this one may take for #° any h linearly independent rows of H; Q° is then 
uniquely determined, each row being the coefficients in the expression of the 
corresponding row of H as linear combinations of the rows of R°. 

(3) With the resulting n X h matrices Qx° and h X n matrices Ri, as 
given by (3.10), write down the basic extension 2*, from (3. 5). 

(4) Every representation £* of S is an extension of some %, and any 
such is obtained simply by writing down (6. 2), the matrices Qx? and R,* being 
entirely arbitrary. &* will be proper ($5) if and only if the composite 
matrices Y? and R' have maximum possible rank. 

7. Reduction and decomposition. In spite of having an explicit form 
(6.2) for the representations of S, it is by no means easy to answer all possible 
questions concerning their reduction and decomposition. We give in this 
section a few simple results in this direction. 

It is clear from the form of (6.2) that a reduction (not a decomposition) 
of the basic *, yields a reduction of T*, since T* reduces into T*, and a pair 
of null representations. Thus every irreducible (non-null) constituent of T*, 
occurs with the same multiplicity in =*. But it must be borne in mind that 
results like this do not tell the whole story when-—as in the present case—full 
reducibility does not hold. 


THEOREM 7.1. If ZT is an irreducible representation of G, then its basic 
extension X*, to S is also irreducible. Every proper extension X* of & is 
indecomposable, but reduces into X*, and null representations. 


Proof. Were X*, reducible, there would exist a non-singular (n+ h) 

X (n +h) matrix C such that 
* * 

Here n is as usual the degree of &, n + h that of T*,. But then either *, 
or {*, must be an extension to S of the irreducible representation Z of G. 
Since they both have degree less than n + h, this is impossible by Theorem 3. 2. 

If E* is any extension of T, and it decomposes into T*, and X*., then only 
one of the latter can be an extension to S of the irreducible . The other 
must therefore be a null representation, and T* is not proper. The reduction 
of T* into X*, and null representations is clear from (6. 2). 
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THEOREM 7.2. If the representation & of G decomposes into X and X” 
then the basic extension &*, of X to S decomposes into the basic extensions X’*, 
and of and respectively. 


Proof. Writing 
T’(a) 0 


0 
Ha =( 


From this it is clear that if any two of the matrices H, H’, H” have finite 
rank, then so does the third, and hh’ +h”. Let n’ and n” be the degrees 
of and &”; that of is then n—=n’+ n”, and have degrees 
n’ +h’ and n” +h” respectively, by Theorem 6.1. But then their direct 
sum 2’*, + Z”*, is an extension to S of T’ + I” —T of degree 


(n’ +h’) + +h”) =n+h, 


and so must be equivalent to the basic extension &*, of &. 

Anyone interested will find it worth his while to check this theorem (and 
the methods of the present paper) on the example given by Suschkewitsch at 
the close of [2]. 

8. Application to Brandt groupoids. Let S* be a groupoid, as defined 
by Brandt [5]. Adjoin to S* a zero element 0, and define ab = 0 if ab is 
undefined in S*. The resulting system S is then a semigroup satisfying (in 


addition to closure and associativity) the conditions: 


we have 


I. If abe =0 then ab =0 or be=0. 

II. Each element a0 of S has a unique left identity e and right 
identity f: ea = af =a. 

III. The equation ax = b [ya=b], with given a and b both ~0, has 
a unique solution x [y] if a and b have the same left [right] identity. 


IV. Jf eand f are idempotents, the set eSf contains an element ~ 0. 


Conversely, the non-zero elements of such an S form a Brandt groupoid. 
We shall therefore call S a groupoid with zero. (I is a consequence of II and 
III; we retain it only for purposes of comparison with Brandt’s axioms.) 

We show first that S is simple. Let a and b be arbitrary non-zero elements 
of S; we are to show that the equation yar = b is solvable. Let e be the left 
identity of a, and f the right identity of b, as given by II. From their unicity 
follows e? =e, f? =f. By IV there exists c40 such that ec—cf—=c. By 
III we can solve az =c and yc = b, whence yar = b. 
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By II every element of S belongs to at least (in fact exactly) one set eSf, 
yith e and f idempotent. Because of the unicity in II, every idempotent is 
primitive. Hence S is completely simple (§ 2). According to Rees’s Theorem 
2,93, S can be represented as a regular matrix semigroup over a group G with 
gro. Let multiplication in S be given by (2.1). 

Let 7 be a fixed index in J. Since S is regular there exists at least one « 
in K such that pei 40. If also, then 


(pra?) en = (prc?) in (pra) arn (pana) ar- 


[I then requires that Ax. Similarly, to a given x in K there exists exactly 
meiin J such that pei 40. Hence J and K are in one-to-one correspondence. 
We may therefore assume that J = K, and by suitable numeration choose pix 


to be the non-zero element in the i-th row or column of P. As described in 
82, P can then be normalized so that each pj; =e. Thus we have the 


following theorem, the converse being readily verified. 


THEOREM 8.1. Any Brandt groupoid with zero can be represented as a 
regular matrix semigroup S over a group G@ with zero such that J = K and 
g grows grou} 
the defining matrix P is the identity matrix: 
if 174], 
if 
Conversely, any such S is a Brandt groupoid with zero. 
Thus (2.1) becomes ordinary matrix multiplication : 


(ab) il if j= k, 
if 7k. 

We proceed now to obtain all representations of S. For i andj both ~1, 
(3.8) becomes 


= 


= T (pis), 


and hence, for any {, H of (3.9) is the identity matrix. By Theorem 3. 2, 
§ will have non-null representations of finite degree if and only if J has a 
finite number s of elements. 

Assuming this to be the case, H is the identity matrix of degree n(s —1), 


ifn is the degree of T. Thus its rank is 
h=n(s—1), 
and a basic factorization of H is obtained by taking 


QP? Ro (om HB). 
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Then the n X h matrix Q;,° can be described as a row of square matrices of 
degree n, one of them being the identity matrix J and the rest zero; I occuy 
at the i-th place if we number them from 2 to s. The h X n matrix R,° jj 
similarly described as a column. Putting these in (3.5), T*o[ (a) «;] emerge 
as a matrix of degree s in matrices of degree n, having T(a) in the ij-position 
and null matrices elsewhere. 

If = &, the identity representation = 1 of G, we obtain thereby 
the fundamental representation &* of degree s of S in which (a)4; is repre. 
sented by the matrix H;; having 1 in the ij-position and zeros elsewhere. &*, 
is thus the direct product of €* and & in the sense that 


(8. 1) T*,[(@)is] = X T(a), 


although (a)i;-—> 7 (a) is not itself a representation of S. 

Consider now any proper extension =* of Z of degree n + t. Let q andr 
be the ranks of its defining matrices Q and R. Since Q is an h X ¢ matrix and 
vat X h matrix, g and rare =h. From Theorem 5.1 we have 


But ¢=h by Theorem 3.2. Hence n4+t—n-+h, and &* is the basic 


extension of [= by Theorem 6. 1. 


THEOREM 8.2. A groupoid S with zero admits non-null representations 
of finite degree if and only if tt has finite degree s over G. In that case, every 
proper extension &* to S of a representation & of G is the basic extension of &, 
and is the direct product of X with the fundamental representation &* of 
degree s of S, in the sense of (8.1). 


MASSACHUSETTS INSTITUTE OF TECHNOLOGY. 
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THE PARAMETRIC OSCULATING QUADRICS OF A FAMILY OF 
CURVES ON A SURFACE.* 


By P. O. BELL. 


1. Introduction. Dan Sun? introduced two interesting quadrics each of 
which is geometrically determined at a point of a surface by an asymptotic 
curve of the surface and a one-parameter family of curves on the surface. 
His definition is essentially the following: At three neighboring points P, P,, P2 
man asymptotic curve Cy of a surface S construct the tangents to the curves 
ofa one-parameter family on S. The three tangents determine a quadric whose 
limit, as P,, P. independently approach P along Cy is the parametric osculating 
quadric Q“) of the one-parameter family of curves of S at P. The parametric 
osculating quadric Q‘”) is similarly defined with respect to the other asymptotic 
curve 

However, certain errors which Sun made in his routine calculation of the 
coefficients of the equations of the quadrics Q‘“), Q‘”) invalidate his principal 
results. 

The purpose of this note is to obtain the equations of the quadrics Q™), 
Q by a method different from that employed by Sun and to determine some 
of the properties of the quadrics. 


2. The equations of the quadrics. Let a non-developable surface S be 
referred to its asymptotic net as parametric. The homogeneous projective 


coordinates y‘*), (i = 1, 2, 3,4), of a general point P on S are, then, solutions 
of a system of differential equations, which by suitable transformation can be 
reduced to Wilczynski’s canonical form 


(2.1) Yuu + 2byv + fy = 0, Yoo + 2a’yu + gy = 0. 
Moreover, the coordinates y‘*) satisfy the determinant inequality 
(2. 2) (y, Yus Yrs Yur) xe 0. 


* Received May 5, 1941; Presented to the American Mathematical Society, Feb. 28, 
1942. 


*Dan Sun, “ The parametric osculating quadrics of a one-parameter family of curves 
on a surface,’ The Téhoku Mathematical Journal, vol, 32 (1930), pp. 81-85. 

* Loc. cit., equations (5) and (6); compare these equations with our equations 
(2.9) and (2.10). Sun omitted the details of the calculations whereby he obtained his 
incorrect equations (5) and (6). 
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An arbitrary one-parameter family of curves on 8 is defined by the curvy. 
linear equation 
(2.3) dv — Adu = 0 


where A is an arbitrary function of u,v. Let C) denote the curve of the family 
which passes through P. 

The tangents at the points of an asymptotic curve C, to the curves of the 
family (2.3) form a ruled surface R,). 

The definition of the quadric YQ“) is clearly that of the osculating quadri 
along the generator through P of the ruled surface Ry). Hence the asymptotic 
regulus along the generator through P of the ruled surface Ry) lies on the 
quadric Q™). We use this fact to obtain the equation of Q™. 

The homogeneous coordinates of a general point on the ruled surface 
R,™ are given by the form 
(2. 4) Z= Yu + AY + wy. 


Since v is fixed, z is a function of two independent parameters u, w. The 
differential equation for the asymptotic curves of the ruled surface is therefor 


(2. 5) Ldu* + 2Mdudw = 0, 
where L = 2x, 20,2); M = (Zwu; Zu; Zw, 2). On differentiating (2.4) 
and making use of (2.1) the following forms are obtained : 
(Au 2b) yw + AYuv + WYu — fy, Zuw == Yu, 
(2Au — 2b) yuv + — fr) yu + (Auu — 2bu — 2bvrA — frA — 2bw) 
+ (2bgA — fra — fw — fu)y. 


Substituting these forms in (2.5) we find, by means of elementary determinant 
theory and the inequality (2.2), that the equation for the curved asymptotic 
of FR, may be expressed in the form 
— 4a’br? — 4bAw — 4b?) /2d2. 
The homogenous coordinates of a general point of the asymptotic regulu 
along the generator of Ry, at P are, therefore, given by 


+ [dw/dulzw), 


wherein w, ¢ are independent parameters and dw/du is defined by (2.6). If 
view of (2.2) let the points y, yu, Yr, Yuv be selected as vertices of a local tetra 
hedron of reference and let the unit point be chosen so that local coordinates 
of the point 2 = x,y + + + LaYur ATC L1, Lo, Tz, 4. These coordinates 
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for z are then readily found, by expressing the right member of (2.7) as a 
linear combination of ¥, Yu, Yv, Yur, to be given by 


= w—ft+ tdw/du, 
| wt, 


== 


where dw/du is defined by (2.6). Homogeneous elimination of the parameters 
w, t from among these equations yields the equation of the quadric Q“™ 


(2. 9) (2124 Lots) OX 2(2b Au) A324 


The equation for Q‘”) may be found from this equation by replacing A 
by 1/A, f by g, and interchanging wu and v, 2, and @;, and a and b. 
The result is 


(2.10) — oxy) 4+ + 2(2a’A? + Av) 
+ (4a’b + + 2a’urA + 2a’rrA> + + + Aw) = 0. 


3. Properties of the quadrics. A few properties of the quadrics Q™, 
Q‘”) will now be obtained from a study of their equations. First, however, it is 
worthy of note that each of these quadrics is defined by a generalization of the 
definition of the quadric of Lie. In fact, the quadric of Lie is the quadric 
Q™ in case Oy is the asymptotic curve C,, and it is the quadric Q“ in case 
(, is the asymptotic curve Cx. 

Since the equation for the quadric of Lie is 


(3.1) — + 2a’bz,? — 0, 


we find that the intersections of the quadric of Lie with the quadric Q“) are 


straight lines whose equations are 


(3. 2) tz = 1, = 0, 

(3. 3) — put, = 0, — + 0, 
and 

(3.4) pots 0, 21 — + — 0, 


Where ,;, p2 are the roots of the equation 
(3. 5) + 2A(2b 


in which c 4b2 + 2b,A + 2b,A2 + 2fA2 — + AAuu. The quadric 
of Lie is, moreover, tangent to Q™ at each point of the u-tangent 7, = x, = 0. 
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Let 7;, 72 denote the planes determined by the rulings (3. 2), (3.3) and (3. 2), 
(3. 4), respectively. The planes 7, 72 are the only two planes each of which 
is determined by two rulings which are common to both quadrics. 

The harmonic conjugate of the tangent plane to S at P with respect to 
the planes z, and zz is the plane whose equation is 


(3. 6) ty + (2b —du)24/2A = 0. 


Let N) denote the conjugate net consisting of the family of curves defined 
by (2.3) and the conjugate family defined by 


(3. 7) du + Adu = 0. 


The axis of the point P with respect to the net Ny joins the point P to 
the point given by ayu— By, wherein = (Ay — 2b) 
B=— (Au + 20’A*)/2A. This axis lies in the plane (3.6) if and only if 
av’r* +-b=0. This is the equation of the directions of Darbour. Hence, we 
have the following theorem : 


A curve C) is a curve of Darboux if and only if, at a general point P of 
the curve, the harmonic conjugate of the tangent plane to S at P with respect 
to the planes m, and 2, which are determined by the common rulings of the 
guadric Q™ and the quadric of Lie, contains the avis of P with respect to the 
conjugate net Nj. 


In a similar manner the following theorem may be proved: 


A curve Cy ts a curve of Segre if and only tf, at a general point P of the 
curve, the harmonic conjugate of the tangent plane to S at P with respect to 
the planes 7, and m2 contains the associate axis of P with respect to the con- 


jugate net Nj. 


The quadric Q‘”) may, of course, be used in place of the quadric Q“™) to 
obtain similar theorems. 

Let / denote an arbitrary line in the tangent plane to S at P which gen- 
erates a congruence I as P varies over 8S. The general homogeneous coordinates 
of the points p, o in which / intersects the wu and v-tangents to S at P are given 
by p=Yyu— By, «= yo— ay, where a, B are functions of u, v. Let I 
denote the reciprocal of 1 with respect to the quadric of Lie, and let I” denote 
the congruence generated by J’ as P varies over 8. 

The reciprocal polar lines of J with respect to the quadrics Q“) and Q™ 
are given by the equations 


(3. 7) + + + (2b —Auy— aA”) x, — 0, 
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and 
(3. 8) Lo + + (2a’r? + Av— B) — 0,7 
respectively. These lines are coplanar with the conjugate of the tangent at P 
to the curve Cy if and only if 

= 2b — 2BA + — 

Putting A = dv/du, ’ = d?v/du?, we have 
(3.9) d?v/du* = 2b — 2Bdv/du + 2a(dv/du)*? — 2a’(dv/du)’. 
This is the differential equation of the wnion-curves of the congruence IY’. 
Hence, we have the theorem: 


The curves of a family defined on S by dv —Adu = 0 are union curves 
of the congruence I” if and only if at a general point P of S the conjugate of 
the tangent to Cy) at P lies in the plane determined by the reciprocals of 1 with 
respect to the parametric osculating quadrics Q™ and Q of the family at P. 


The equations of the tangent planes to the quadrics Q“™), Q at a general 


point z defined by (2.4) are 


(3. 10) — + (Au — 2b — wa) = 0,7 
and 
(3. 11) AL. — + (Av + + w) a, = 0, 


respectively. By making use of these equations and the equations 7, = 0 and 
2A(AT2 — 3) + (A’ — 2b + 2a’r*)a,—0 for the tangent plane to S at P 
and the osculating plane of Cy at P, the reader may easily establish the property 
of the quadrics Q‘“), Q“”) which is expressed as follows: 


THEOREM. At a general point on the tangent line to Cy at P the tangent 
planes to the quadrics Q™ and Q“) separate harmonically the osculating plane 
of Cy, at P and the tangent plane of S at P. 
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MINIMAL SURFACES SPANNING CLOSED MANIFOLDS AND 
HAVING PRESCRIBED TOPOLOGICAL POSITION.* 


By Norman Davips. 


The following paper is concerned with minimal surfaces which have both 
least area and prescribed topological structure, and whose boundary elements 
belong to prescribed homology-classes on a prescribed closed manifold VM: 

In [I] and [II] R. Courant has treated variational problems for minimal 
surfaces with “free boundaries” in a general way, the connectivity being 
arbitrary and parts of the boundaries free on a manifold, other parts being 
fixed on prescribed Jordan arcs.? However, if the entire boundary of the 
required minimal surface is left free on the manifold, a new topological con. 
dition becomes necessary to exclude trivial degenerate solutions. Such con. 
ditions, first mentioned in [II], stipulate linking properties between the 
boundary elements of the minimal surfaces and certain cycles in the space 
complementary to the manifold. In [II] and [IV] such linking properties 
are applied to the discussion of fixed boundary problems; in { III] the following 
problem is solved: given a closed surface M of genus p > 0 in three-space and 
a closed simple polygon H having no points in common with M, which is 
linked with all individuals of a non-zero one-dimensional homology-class on 
M,? find a simply-connected minimal surface of least area spanning M whos 
boundary is linked with H. The solution is based on an interplay of topological 
and analytical reasoning. 

The purpose of this paper is to elaborate the method with some modif- 
cations and to extend it to more general problems. We shall allow, in order to 
formulate comprehensive results, solutions consisting of a number of distinc 
surfaces. The possibilities arising in these problems far surpass those in the 
fixed boundary case. 

The emphasis in this paper will be on the topological aspects of the 
problem and the analytical existence proof. It will then follow exactly as m 
[II] that the solution is a minimal surface and that it satisfies certain trans 
versality conditions on M. 


* Received April 8, 1941. 
1 See paper [III], where a preliminary report appears and the leading ideas of this 


paper are summarized. 
2 See [VII], where the problem of free boundaries on planes is treated. 
* For example, a polygon passing through the hole of a torus. 
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MINIMAL SURFACES SPANNING CLOSED MANIFOLDS. 


I. FORMULATION OF THE PROBLEM. 


1. The topology of boundary elements. Given a closed oriented mani- 
fold M * of first Betti number p > 0 in euclidean n-space Ey, having position 
vector £: (%1,° 2n) the “ topological position relative to M” of a surface 
spanning M is determined by identifying its boundary with prescribed one- 
dimensional homology-classes on M. The degenerated “ point” surface on M 
then solves the minimum problem for the zero-class; the difficulties in the 
corresponding existence problem for other homology-classes lie in connecting 
such prescribed homology conditions with the variational procedure. We shall 
do this by introducing certain cycles in the complementary space /, — M. 
If we choose for WM an arbitrary one-dimensional homology-basis h,,- - -, hp 
there exist p oriented (n— 2)-dimensional cycles 2,,---,z in En—M 
forming a homology-basis for 2, — M, such that 


(1) A(hi, 25) = 


l, 

0, 

where A denotes the linking number.®° The set of cycles may be taken as a 
finite polyhedral complex Z, of positive distance « from M. Any homology- 
class on M is equivalent to its set of p linking numbers (1). An orientable 
surface spanning M will have A (signed) intersections with the cycle 2, A 
being its linking number with the class of its boundary. These intersections 
will play an important role in the existence proof. 

We now suppose r = r(u,v) to be a surface defined over the interior of a 
parameter domain @ of the (wu, v)-plane bounded by a finite number of con- 
tinuous curves. Since x need not meet M in continuous curves,® the above 
homology or linking conditions referring to boundary curves have to be 
modified. This is done by replacing the idea of “boundary” by the more 
general concept of “boundary element,” based on the following definition : 
we shall say that r spans M if, for all sequences of points (tn, Un) in G which 


tend to a boundary point of G@, the distance 


(2) d[x (un, vn), M] 0. 


* An r-dimensional manifold (* < 7”) is a continuous, arewise-connected set locally 
homeomorphic to an r-sphere. A closed manifold is a compact manifold having no 
boundary points. 

* All the topological definitions and theorems used here may be found in [X]. The 
existence theorem expressed by (1) forms part of the Alexander Duality Theorem. 

* As pointed out by Courant, the situation may be complicated by the presence of 
“spikes,” i.e., long, thin portions of the surface which wind indefinitely often around 
the manifold and thus form discontinuities at the boundary. 
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Hence any sequence of neighborhoods of the boundary B which nest down to B 
is mapped by ¢ into a nested sequence of surface-pieces which converge 
uniformly to the manifold M. A similar property holds near single boundary 
curves of B. The class of all sequences of neighborhoods nesting down to a 
boundary curve of B will be called a boundary element of x associated with this 


boundary curve of G. 

To each such boundary element of r we may associate linking numbers 
with the cycles 2,,: + *,2p. For, all curves in @ sufficiently near a boundary 
curve of G and homologous to it have, as images, curves in E, closer to M than 
a/2, which are therefore homologous in HZ, —%z;. Their common linking 
number A; with z; will be taken as that of the boundary element. In this 
manner, by a remark above, we assign to it uniquely a homology-class on ¥, 
Our treatment has entirely avoided referring to the intersection of r with M, 


Fig. 1. 


In general, if y is a surface spanning M having k boundary elements 
B; (j= 1,: the kp numbers 


(3) Aig = A(Bj, %) 1,- 


characterize completely the topological position of r relative to M. 

The total boundary of an orientable surface consists of the totality of its 
oriented boundary elements. The linking numbers with the z-cycles of the 
total boundary B are the sum of those for the separate boundary elements. 

An example illustrating the theory is that of the two-dimensional manifold 
M shown in Fig. 1. Here at least four minimal surfaces exist whose boundary 
elements belong to independent homology-classes.” : 


7 It can be seen intuitively that an additional minimal surface forms at the bottle- 
like constriction at C (Fig. 1) which, although its area is a relative minimum, cannot 
be characterized by linking conditions, since its boundary is homologous to zero. Addi- 
tional conditions of a homotopic nature are required, This illustrates the variety of 
possibilities which may arise in such free boundary problems. 
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2. Formulation of the variational problem. A minimal surface * 
t=1(u,v) defined over a domain G of the (u, v)-plane is obtained by solving, 
under certain prescribed conditions, the variational problem 


D(r) = 3 Sf (tu? + ry?) dudv = min = 
G 


where D(x) denotes the classical Dirichlet integral. Its smallest value 6 
represents the area of the minimal surface. 

The possibility of a minimum problem is suggested in a variety of ways. 
A typical problem would be one requiring a minimal surface spanning M of 
least area, where the p linking numbers of the total boundary are prescribed, 
while the topological structure and the number of boundary elements are left 
free. A more restrictive problem, analogous to the Plateau-Douglas problem,™ 
would specify both the topological structure and the kp integers (3). The 
solution of the first of these problems gives the key to the second. 

A problem requiring interlocking, but with unspecified linking number, 
always has a solution (see [III]), with an undetermined value of A. One 
would then expect that the k-tuply counted solution solves the minimum 
problem prescribing the linking number kA. In fact such multiply-counted 
surfaces must be permitted in the theory if complete generality of the results 
is to be attained. 

Accordingly, we shall emphasize the concept of a “ vector” rather than 
surface. A vector r shall consist of a number of surfaces each defined over its 
own parameter domain and counted with its proper multiplicity. ‘All the 
considerations of the previous section apply without change to vectors. 

We now introduce the following class of “admissible” vectors: r is to 
consist of a set of surfaces r, —1,(u,v) defined over domains G,, such that 


(a) the components (2;,2%2,° * +) of each x, are continuous and have 
piecewise-continuous derivatives in the interior of G,, 


*A minimal surface y = y(u,v) is determined by the conditions 


== fe 3 = 0 


and 
Ay = 0. 

® The use of the Dirichlet integral, first explicitly introduced by Douglas, forms an 
important part of both Courant’s and Douglas’ methods in the fixed boundary case. 
The above variational problem is similar to Courant’s in [II], except that the prescribed 
conditions are different. 

* The classic problem of Plateau for fixed boundaries was first solved by J. Douglas 
and T. Radé. The extension of the problem to more boundary contours and higher 
topological structure, proposed and treated by Douglas (see [VI]), has since been called 
the Plateau-Douglas problem. 
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(b) the Dirichlet integral of r is bounded, 

(c) each ty spans M, 

(d) the total boundary of r satisfies prescribed linking conditions, 

(e) each surface of r is orientable, and the characteristic p(x) is legs 
than a fixed constant K.’° Our main theorem then states: 

Given a set of p integers A,,° - *,Ap not all zero, then, if the class of 
admissible vectors y satisfying the conditions 
(4) ACB, 
is nol empty,’ there exists a vector x in this class for which the Dirichlet 
integral attains a minimum value 6 > 0. Each surface xr, of x is a minimal 
surface and p(t) < K. 

A sufficient condition that r consist of a single minimal surface is given 


by the relation 


where denote the prescribed linking numbers, ,A’p any 
other set of p integers, and the notation 8(A;,:--,Ap) the g.1.b. of the 


Dirichlet integral considered as a function of the A’s. 


3. Preliminary lemmas. We shall require for the existence proof the 


following lemmas, proved in previous papers: 


Lemma 1. Jf r—r(u,v) is a simply-connected orientable surface 
spanning M whose boundary element is linked with at least one cycle of Z, then 


(6) D(x) =A 


where A is a constant independent of x. This lemma is a corollary to the 
existence proof of [III]. 


10 The characteristic of a vector is defined as 
p(y) = 

The condition p < K is introduced to prevent the possibility that the characteristics of 
a minimizing sequence tend to infinity. This case will not be considered here. 

11 Tf M is piecewise-smooth this condition will always be satisfied. 

12 It is possible to give a direct proof of Lemma 1]. The author has obtained the 
explicit bound 

A = a?/8r 

where a is the minimum distance of the z-cycle from M. By using suitable normal 
domains it is possible to extend the lemma to surfaces of higher connectivity. 
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The following important convergence theorem on harmonic vectors, due 
to Courant,’® will be quoted as 


LEMMA 2. If a sequence of harmonic vectors t, with uniformly bounded 
Dirichlet integrals spans respectively a sequence of manifolds My, then, if tn 
tends to a limit vector r*4 and M, to a limit manifold M,'* x spans M. 


In our applications M, will be a sequence of curves tending to our given 
manifold M. Also we shall need the following lemma, due to Courant: *¢ 


LeMMA 3. Jf r(u,v) is a surface defined over a domain G with 
De(t) < A, then, for arbitrarily small r, there exists a circle of radius 1° with 
r<1r’< Vr about any point of G or the boundary of G such that the oscilla- 
tion of x on this circle is less than 


[4rA/ | log r | 


II. SOLUTION OF THE VARIATIONAL PROBLEM. 


1. Normal slit domains. Before applying the variational procedure, we 
shall suitably normalize the parameter domains. Any parameter domain must 
have the same topological structure as the surface it represents, i.e., it must 
have the same number of boundaries, genus, and orientability character, higher 
genus being obtained by identifying suitable boundary edges. We shall employ 
a particular type of normal domain obtained from the theory of conformal 
mapping, and described as follows: 17 a normal slit domain G shall consist of 
the upper half (uw, v)-plane cut by k — 1 horizontal slits of finite length whose 
edges, together with the real axis, form the & boundaries of G. In addition, 
if the genus is p, 2p slit pairs are present which extend to u=- o, the four 
edges formed by each pair being properly identified. A non-orientable cross- 
cap is obtained by an additional slit-pair with a different manner of identifi- 
cation. If 8 is the total number of infinite slit-pairs, the characteristic of the 
domain is given by 


(7) p—k + p—2. 


We shall allow also the limiting cases where slits become coalesced. 

18See [{] or [II]. 

4 This is understood in the sense that, if y is defined over a domain D, y, converges 
uniformly in every closed subdomain of D. 

*T.e., the maximum distance of M,, to M tends to zero. 

7° See [V], p. 688. 

17 Such normal domains were first obtained in [IX] pp. 114-122, and in Koebe, Gott. 
Nachr. (1919) pp. 1-46. They are described in detail in [VIII] pp. 855-861. 
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Our designation of these domains as “normal” domains is justified by | 
the following theorem of conformal mapping: Any domain (or Riemann § ¢ 
surface) can be mapped conformally on a suitable normal slit domain.* § ¢ 
Accordingly, if r(u,v) is a surface of finite genus it is always possible to 
choose new parameters (u,v) which range over a normal slit domain of the 
same topological structure. We shall henceforth assume that the surfaces of f 
an admissible vector are already represented over such domains. The impor. — § 


tance of the conformality of the mapping lies in the fact that the Dirichlet 

integral is thereby left invariant, and hence the minimum problems remain 

unaltered. 


2. Generalized minimizing sequences, From our assumptions it follows 
that there exists a minimizing sequence of admissible vectors whose D-integals  ' 
tend to their greatest lower bound 6. The procedure of the variational problem § , 
consists in choosing a convergent minimizing sequence. It must then be 
established that the limit vector so obtained satisfies all the prescribed condi- 
tions, particularly the topological ones. But precisely here lies the difficulty, 
namely, that of showing that the passage to a limit does not lead out of the 
class of admissible vectors. 


A further difficulty arises due to the irregularity of the surfaces at their 


boundaries. This will be overcome by the following device, which admits to 


competition a wider class of vectors: We shall call r, an “ admissible sequence” 


if each member satisfies the admissibility conditions (a) to (e) except that the 


surfaces of rn need only span manifolds 3/, which, as n> «, tend to M. We 


modify this still further by allowing the surfaces of r» to have “ holes ” whose 


diameters tend to zero. This may be expressed explicitly by allowing the 
manifolds M, to tend, not exactly to M, but to M plus a set of isolated points 
in space. We define the quantity 


(8) —g.1.b. [lim D(tn)] 


where the g.1.b. is taken for all admissible sequences x». We shall then call 


In a generalized minimizing sequence (g.m.s.) if Xn is an admissible sequence 
such that 
(9) D(tn) > ®%. 


Evidently & <= 8, but we shall prove later that ¥ = 8. 
In determining the characteristic of a member of a g.m.s. we shall not 


18 The mapping is established by means of a suitable dipole potential on the domain 
or surface, whose existence is proved by setting up a certain variational problem. The 
details for genus zero are presented in [XI], and for higher genus in [IX]. 
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count the contributions of its holes contracting to points. This “ generalized 
characteristic ” p, is that which the vector rn, would have if the holes were not 
there. We define the quantity 


p g. b. [lim pn | 
for all g.m.s. Evidently p< K, and clearly is not greater than the corre- 
spondingly lower limit for the ordinary topological characteristic. The two, 
however, as will be seen later, are actually equal. 
Next, p cannot be — oo. For we may assume that each surface of tn 
interlocks with a cycle of Z.1° It follows from Lemma 1 that the total number 


872A 
of simply-connected surfaces of rn cannot exceed are where A denotes a 


uniform upper bound of D(rn). Since the characteristic of each surface of In 


must be an integer = — 1, we must have pn =——;-. We may then choose 


ag.m.s. Ym such that 
(10) D (tn) Pn = P- 


Next, denote by G, the collection of parameter domains belonging to the 
surfaces of rn. It is then possible to choose for each of the domains 8,-neighbor- 
hoods of its boundary B,, with 8, so small that the image of the neighborhoods 
does not meet Z and is nearer to M, than 1/n. By deleting these surface-pieces 
from ft, we obtain a new vector ), which, because of (4) and because M, tends 
to M, remains an admissible sequence. Yn is defined over a set of subdomains 
@, of Gn (formed by deleting the 8,-neighborhoods from G,) and its boundary 
consists of a set of continuous curves C',. Let x’, be the harmonic vector in 
@, defined by the boundary values 


Evidently the vectors x’» in G’» also form an admissible sequence; hence 
lim De, (t'n) = 8. 
By the classical Dirichlet principle, on the other hand, 


De, De,,(tn) De, (tn) 
hence 
De, 


i.e, the x’, also form a g.m.8. 


2 Otherwise we could discard the portions which do not interlock and obtain an 
admissible vector with a smaller D-integral. 
*° This process replaces each surface comprising y by a harmonic surface. 
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This replacement does not alter the generalized characteristics. For we 
can obtain r’n from tm by means of the deformation represented by the con. § , 
tinuous family of vectors m 


En(u, 0) = tn(u, 0) + 


hence p’n and by (10), p’n =p. i! 
The next step consists in mapping the domains forming G’n (which are 

not slit domains) conformally on normal slit domains, the set of which we 

again denote by Gn. The surfaces forming x’, map into harmonic surfaces y, 

over the domains of G,, and having the same respective D-integrals. By a 

similarity transformation of the domains we can further arrange that the 

point (0,1) always corresponds to a Z-intersection. 


3. Convergence of the slit-domains. In order to obtain a convergent 
subsequence of a g.m.s. we must first obtain one all of whose slit-domains 
converge. We proceed in the following manner: since pn is constant (= p) 
the number of boundary slits in the domains of Gn is ultimately constant, and 
we can therefore set up a correspondence between all the boundary slits 8,! 
We may then choose a subsequence § {| 


99 


of the domains of Gn and those of Gnu. 


of xr, (and correspondingly a subsequence of G,) such that the end-points of 


S,* converge, in the (u, v)-plane, to a pair of points lying on the same hori- 


zontal line. (A point-pair may coalesce to a single point.) The slit 
determined by them will be called the limit of S,*.2° We can arrange, in this 
manner, that all the slits converge for a suitable subsequence. In this way all 
the slit-domains of G, define limit slit-domains, the collection of which we 
denote by G. The domains of G may have degenerate slits (point slits) and, 
in addition, a set of points which are limits of the holes on which the oscilla- 
tion of r, tended to zero. 

In the course of the convergence we shall prove that the following 


phenomena cannot occur: 


(a) The distance in the (u,v)-plane between two slits tends to zero 


while each slit remains above a fixed positive length. 


(b) A slit or several slits contract to a single point. 


*1 For this deformation leaves invariant the number of boundary slits, and may, 
at worst, reduce the number of coordinated slits. 

*2 In the case where each domain has characteristic zero, their number may increase 
indefinitely. A diagonal process then has to be employed to obtain a convergent 


subsequence. 
23 Except where a slit tends to infinity. If this occurs, the slit is lost in the limit. 
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For, suppose first that two slits Sn*, S,” both remaining of positive length, 
were to come arbitrarily near to a point P. Let rv be a sequence of positive 
numbers tending to zero. By Lemma 3 there exists a circle cy of radius 


‘y< Vr, such that the oscillation of x, on cv is less than [42A/ | log rv | ]# 
and hence tends to zero. We take an ny so large that the slits Sn, Sn” 
intersect cv; next cut the slit domain of G,,, to which these slits belong, along 


7 
hk \ 
/ 
\ 
\ cut 
k’ 
Sn 
Fig. 2 


the smaller are of cy joining them. Since the cut domain has one boundary 


less than the original, its characteristic is 


pn=p—l. 


Qn the other hand, since the boundary of the corresponding cut surface con- 
tinues to tend to VW, the cut surfaces remain a g.m.s. This, however, con- 
tradicts (10). 

We exclude similarly possibility (b). Suppose one or more slits were to 
contract to a single point P. Then, exactly as above, we could find a sequence 
of ares or circles cy contracting to P upon which the oscillation of rn tends to 
zero, and a suitable subsequence T,, = rv such that the slits of Gy contracting 
to P all lie inside cy; this splits the slit domain in question into two domains, 
the interior and exterior of c,. The sum of the ordinary characteristics of 
the two parts remains equal to that of the original domain, but the total 
“generalized characteristic” as defined in § 2 is reduced by two, since the 


curve cy defines, for each part, a hole contracting to a point. Thus 


p(tv) =p—2 
which again contradicts (10). 


4, Topological position of the limit vector. It becomes possible now to 
pass immediately to a limit vector. Let @ be the limit set of domains as just 
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defined. If any points are present which are the limits of the holes we com; ( 
these punctures as part of the boundary of G. In any closed subdomain 
interior to @ (i.e., subdomains of each slit-domain of G) we can choose, W 


subsequence of rn converging to a limit harmonic vector r.** By a well-knom§ Pt 
diagonal process applied to a sequence of subdomains tending to G, we may cuff = 
a subsequence rn which converges to x in the interior of G, uniformly in ay th 
closed subdomain G’. (1 

The punctures in the domains of r may easily be removed. For, by » 
elementary theorem of Function theory,” since x is bounded and regulg by 
around these points, we can define values at these points in such a way thi ty 
the vector becomes harmonic there also. Since the boundary curves of th th 
surfaces of tn tend to M, Lemma 2 gives: the surfaces of r span M. Also 


D(r) Slim D(tn) =9%; 
hence 
(11) 
It remains to be proved that the limit vector r satisfies the prescribe 
linking conditions. This is done by studying the behavior of the points in th 
parameter domains of G, which have, as images, intersections with 2z-cycla 


We shall call such points “ intersection points ” and speak of them as “+” «@ 
“_—” corresponding to the sign of the image intersection in space. The linking 
number of r with the cycle 2; is then measured by the algebraic sum of thee 
points. If, therefore, this number does not change in the limiting process, it 
follows that A(B,2z;) Ai, where B denotes the total boundary of x. A 
sufficient condition for this is that all the intersection-points of Gn remain & 
fixed positive distance from all boundary slits. On the other hand a chang 
in the linking number of the limit vector occurs if a set of intersection-point 
with a non-zero sum tends to boundary slits, these points no longer appearin 
in the limit domain. By excluding this possibility, we shall complete the prot 
of the main existence theorem. 

Accordingly, suppose that for one cycle 2 it occurs that in the slit 
domains G» a set of intersection-points with a non-zero sum tends to boundan 
slits. There must then be at least one slit S of G such that the set of inter 
section-points tending to it have a non-zero sum. Since x spans M, given an 
arbitrarily small, we can then find a curve ¢, encircling S and enclosing 
neighborhood S, of 8 such that the distance 


it 

24 By a well-known theorem of potential theory. 
25 A function analytic around a finite discontinuity may be made analytic there aloe th 
This extends immediately to harmonic functions. ch 
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(12) d{r*,M]  D(r*) <e 


where r* denotes the image, under r, of the domain S,. All z;-intersection 
points of x (which are finite in number) therefore lie in the domain G’. 


=G—~S,. Since r, converges uniformly to r in G’., we can take n so large 
that 

(13) | tn(u,v) —x(u,v)| <e 

in G’,. so that the distance of the image of c, under r, (we denote this image 
by Cn) to M is < 2e. The curve C,,. divides the z;-intersections of Yn into 
two classes, those in @’, which converge in the limit to intersections of r, and 
those in the complementary domain Sn,¢ = Gn— G’. (the sum of the inter- 


sections for both parts being A;). 


Fig. 3. 


For the rest of the reasoning let us suppose, first, that G has at least two 
boundary slits (; = 2). Then, if S; denotes the slit of rn converging to S we 
can, by Lemma 3, find a circle about any point of S, with radius r such that 
eSrX Ve, and such that the oscillation of x, on this circle tends to zero 
with «. Let «x. denote the smallest arc of this circle joining S, and c. We have 


(14) O(ke) =a(e) ase 0. 


We next slit G, along c, into two domains (Ge, Sn,-) and then slit Sn, further 
along the arc xe into a simply-connected domain. The corresponding split in 
the vectors r, does not destroy their property of being a g.m.s., because of 
(12), (13) and (14). The part defined over Sn,¢ has a non-zero intersection 
number with z;, by assumption. The other part, that defined over G’,, must 
also have a non-zero intersection number with some z-cycle. Otherwise the 
intersection numbers of the first part with each z; would be equal to Ay, and 
it would therefore form a g.m.s. by itself, having at least one boundary less 
than rn, again contradicting the fact that pn =p. Hence the total generalized 
characteristic is the sum of that for each part, and since these are —1 and p 
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respectively, we obtain a g.m.s. with a characteristic smaller than p. This 
however, is a contradiction. 

We must now dispose of the simply-connected case / = 1, where only on 
slit, the infinite u-axis, is present. If c., Se, Ge, have the same meaning 4 
before, then two possibilities again arise: either the sum of the intersection. 
points with at least one z-cycle over G’. is not zero—in which case the aboy 
reasoning applies verbatim—or it may happen that the sum of the intersection. 
points over G’, vanishes for every z-cycle. In the latter case, however, th 
portion of x, defined over the complementary domain S,,¢ then has the inter. 
section number A; with z;,i—=1,:- -,p, and hence forms a g.m.s. by itself, 
Therefore 

Ds,,.(tn) = 


On the other hand, since the point (0,1) because of our normalization remains 
always an intersection-point with some z-cycle, and since Y» is a harmonic 


vector, we have, by the remark after Lemma 1, 


De, (In) = a*/8n; 
hence 


Dsg,,,.(n ) = Da, — De, Da, — 0/82 < 


which is a contradiction. With this our theorem is proved, namely: The limi 


vector x satisfies the prescribed topological conditions, i. e., 
A(B, zi) = Xr, tom 


Further, since no boundary slits or surface-pieces are lost by the con 
vergence of the slit domains, p(r) = p, hence it follows by definition of p that 
p(t) =p. Since xr spans M, it is a vector in the original vector class defining 
§ ({1],§2), hence D(r) = &. (11) then gives 


D(r) <8, 
hence, on account of § = %, 
=8=8%. 


Thus r solves the minimum problem; and with this the existence proof # 
completed. At the same time we have proved § = 8’, which shows that the 
extension of the vector-class made in defining & did not improve the value ¢ 
the lower bound 6. 

The inequality (5) gives a sufficient condition that xr consist of a single sur 
face. For, suppose it were possible to divide r into at least two separated parts 
r’, x”. Then to each part would be associated its own set of linking numbers 
respectively in such a way that Ay 
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i=1,--~-,p, and such that both sets differ in at least one number from the 
original set {Ai}. (Otherwise one of the surface-parts would not interlock 


with any cycle z;, and would therefore be a constant.) Thus 


D(x’) = D(x) — D(x”) < D(x) 
and we would have 


for this set of A”s, which is a contradiction. This proves the sufficiency of (5). 

That each surface of ry is a minimal surface follows from the fact that 
each of these must have smallest Dirichlet integral with respect to all surfaces 
spanning M having its own topological position. We may exploit this mini- 
mum property and introduce certain cuts in the parameter domains, performing 
variations on the coordinations of the values along the edges of the cuts exactly 


as done in the Plateau-Douglas problem for fixed boundaries.”® 


5. Concluding remarks and generalizations.** The solution just found 
answers the problem in which a minimal surface spanning M is sought as 
before, but having also a prescribed topological structure. Its existence con- 
ditions are expressible in the form of inequalities similar to those of the Plateau- 
Douglas problem. 

When non-orientable surfaces are admitted to the variational problem ** 
intersection numbers are not defined, hence an additional reasoning is required 
to show the non-constancy of the solution. 

In the special space 2, we have the following further results: a suitable 


homology-basis exists on MV and a set of minimal surfaces H,,- -, Hp such 
that 
where Bj = B(//;) and 2» form the complementary basis in — M. 
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AN EXTENSION THEORY FOR RINGS.* 


By C. J. Everett, Jr.** 


1, Introduction. As in the theory of groups, many of the more intricate 
questions of ring structure appear as extension problems. The structure of 
nilpotent algebras, and that of algebras with given radical and semi-simple 
residue class algebra modulo this radical serve as examples. It is the purpose 
of this paper to provide a ring-theoretic analogue of the O. Schreier “ Erwei- 
terungstheorie ” for groups,' and to construct by extensions rings whose chains 
of left and right annihilators for the successive powers of the ring have their 


first repetitions at arbitrary positions. 


2. Extensions and factor systems. If Jt=— {0,A,B,---} is a ring, 
the set Q(9t) of all operators © on the additive group of MN (@(A +B) 
=0A + OB, A, Be N), with equality © — TL, addition © + T, multiplication 
defined by OA—TA, (OT)A—O(TA), (all 


AeN) respectively, is a ring (the endomorphism ring * of the additive group 


of %). An element A acting as left and as right multiplier on 9 defines 
operators A(A), P(A) in Q(M) thus: AM — A(A)MN. WA — P(A)M element- 
wise.’ Denoting by A(9) the set of all A(A), A eM, and by P(9) all P(A), 
Ae%, it is well known that, under the correspondences A > A(A), A— P(A), 
one has I~ A(M), The subrings A(M), P(M) of A(M) are 
called the left and right regular representation rings of %.° The correspon- 
dences are one-one if and only if the left and right annihilators of 9 are zero. 

If {0, A, B,- -}, — {0,0,7,: are rings, and a ring € contains 
the ideal 9, with (i) E/N = %, then € is called an 9t — }-extension. If € is 
such an extension, write G=X(Sc+M) (So a complete representation 

* Abstract 47-1-4 Bulletin of the American Mathematical Society; received March 6, 
1941, 

** Sterling Fellow, Yale University, 1940-41. 

1H. Zassenhaus, Lehrbuch der Gruppentheorie I (1937), pp. 89-98. O. Schreier, 


“Uber die Erweiterung von Gruppen,” Teil I. Monats. f. Math. u. Phys., vol. 34, pp. 


165-180. Teil II. Hamb. Abh., vol. 4, pp. 321-346. 
2van der Waerden, Moderne Algebra I, 2nd ed. (1937), p. 146. 
3 All operators are arbitrarily written on the left. 
*R~S denotes ring homomorphism. R—\S means addition is preserved, and 


implies rr’ > 8's. 
°C. J. Everett, “ Annihilator ideals and representation iteration for abstract rings,” 
Duke Mathematical Journal, vol. 5 (1939), pp. 623-627. 
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system for € mod 9) and in (i) Sc 


the following conditions: 


3. dese 

4 


5. A(A)Ao = A(PoA). 


4- 
P(A). 

Es. 


of equivalence classes of Jt — %-factor sets 


factor sets. Hence the correspondence: 


residue class J} being taken as zero. 
7 van der Waerden T, p. 12. 


AoP,; = P,Ac; AoP(A ) == P(A )Ac: PoA(A ) = A(A ) Po. 


6. Ao = A, + A (Aor) AoA, A(Mo,r). 
7 Po + P, P(Aa,) PoP, == Pic +- P(M,.c). 


{A’o,° 


Since Jt is an ideal in 
the So acting as left and right multipliers on 9 define operators Ac, Po in 
O(N) : SoM AcM, NSo elementwise ; and by virtue of (i), So+§, 
= + Aor, SoS; = Sor + Mor, Aor, MoreR. The extension with 


representation system So thus defines a set {Ac, Po, Ao,r, Mo,r} satisfying 


Abstracting from this, with 93, % arbitrary rings; any set {Ao, Po, Aap. 
Mor}, Ao, Po in Q(M), Mo,r in NM, satisfying 1-10 is called an —}- 
factor set. Thus the extension © with So defines a factor set {Ac, Po, Aas, 
Mo,r}. If To = Soa + Ao, Ace is a second representation system for mod 
then defines a factor set {A’o, A’o,7, M’o,7} related to the first by 


Again abstracting, any two 93t — %-factor sets related by elements Ao of 
NM through E1-E5 are called equivalent; notation: {Ac,° 
This is an equivalence relation, and by a well known principle 7 one may speak 


The particular representation system of an extension may thus be ignored; 
one says that every Jt — §-extension defines an equivalence class C of %—¥- 


® Representation system will always signify normality: the representative S, of the 


in €, 
Po in 
+ 8, 

with 
fying 
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(il) C= ({Ao, Pg, Mor} ) 


If {Ao, Po, Ao.r, Mo,r} is any Jt — F-factor set, the set. PB of all formal 


‘pairs (0, A), o€ Ae subject to the definitions 


P1. (o, A) = (7, B) means o A= B. 


P2. (o0,A) + (7,B) = (0o+7, A+ B+ Aor). 
P3. (0, A) (7, B) = (07, + P;A + AB+ Mo,7). 


isan Jt — %-extension containing (0, Jt) = M, and, with representation system 
(c,0), defines the factor set Po, (0, Aor), (0, Mo,r)}, Ao(0, A) = (0, AoA), 
Po(o, A) = (0,PcA). Hence every class of %— %-factor sets is defined in 
(ii) by some extension. 

If © with So defines {Ao, Po, Ao.r, Mor} and $B is the ring defined by 
P1-3, then = B under So + (o,A). Thus, if in (vi) and 
C, then ©, = 


3. Direct sums and splitting rings. For any rings 3t, 3}, there always 
exists the direct extension defining the 9t— %-factor set 
{0,0,0,0}. An 9 — %-extension is said to split over N in case there exists 
a representation system {7’o} which forms a ring: To + 
=T>,. The 9 — %-factor set class defined by such an extension must contain 
a set of form {Aco, Po, 0,0}: If an extension E with representation system So 
defines {Ao, Po, Ao,r, Mo,r} then € splits over N if and only if there exists a 
set of Ac in N satisfying E38, and E4, E5 with left member zero. 

Let be an 9 — %-extension with E/N = E— + MN) in the 
previous sense. A ring © is said to be a splitting ring for E mod N relative to 


So, in case & may be embedded (in the sense of isomorphism) in ©, © contains 


an ideal © which contains 9, So is a representation system for © mod &, and 


€ splits over &. 


Such a splitting ring always exists. For let C= %§-+ &, direct sum, 
elements (o, S; + A). Then let © be the subring of elements (o, So + A) 
isomorphic under (o, Ss + A) @So + A with © Under this correspondence 
W—= (0,N) =MN, and Clearly > > NW. Let E be the 
subring of elements (0, S;-+ A). Then € > & ideal > W. € splits over &. 
Finally (¢, Sc) is a complete representation system for © mod &, as required. 

Exactly analogous remarks hold for groups.® If @ > 9 as invariant sub- 


‘If R, S are rings, R + 8 designates ring-direct sum, with R, 8 ideals in the sum. 
°Cf. H. Zassenhaus, loc. cit.1, p. 98, Iyanaga, “ Zum Beweis des Hauptidealsatz,” 
Hamb, Abh., vol. 10 (1934), pp. 349-357. This proof requires Q abelian, and constructs 
§’ abelian, essential for the class field application. The present construction satisfies 
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group, G/N = G (MSc), then = X G (direct product), elements 
(o, AS,) has the properties: € > GW’ where WW is the subgroup of all elements 
(o, ASc), =G under (¢, ASc) >W —set (6 N). 
= (e,@) as invariant subgroup and © > MN; € splits over (e,G). Finally, 
(o, Sc) is a complete representation system for © mod &. 3 


4. A restricted class group. Let 3t be a null ring (AB=0, all A, B 
in 9); then A(M) = (0) = P(N), F arbitrary. Consider the set {C} of all 
classes of — %-factor sets, {Ac, Po, Av,r, Mo,-}. Here ~ {Ac}, & — {Po} 
under o— Ac, o— Po, and {Ac}, {Pc} are elementwise commutative rings, 
Note that {Ac, Po, Mor} ~ {A’o, P’c, A’o,r, M’c,r} implies A’o = Ag, 
P’s = Po (E1-2) so that factor sets in the same class have the same operator 
systems. If, conversely, {Ac}, {Pc} are any elementwise commutative sets in 
such that {Ac}, {Po} under Aco, o— Po, then Po, 
0, 0} is an 9% — %-factor set. Now denote by {C’} the set of classes (’ 
whose factor sets {Ac, Po, Ac,r, Mor} contain a fixed pair {Ac}, {Po} of such 
operator rings. The set {C’} is not void since the C’ containing {Ao, Po, 0, 0} 
belongs to it. Now define {Ac, Po, Aor, Mo,r} + {Ao, Po, A’c,r, M’o,r} 
= Po, + A’o,r, Mo, + M’o,r} as the sum of two such factor sets. 
This is again an 9t — %-factor set, and it is trivial that the addition is well 
defined relative to the equivalence classes C’. Hence 0’; +- C’2 is well defined 
as the class 0’; containing any of the sums of factor sets in 0’;, C’>. 

The set {0’} is an abelian group, the unit class 0’ being that C’ which 
contains {Ac, Po, 0, 0}. Thus, an abelian group is formed by the classes of 
N (null-ring) — %-factor sets containing any fixed elementwise commutative 
operator rings {Ac}, {Po} with & ~ {Ac}, & — {Po} under o > Ao, o > Po.” 

The existence of a single Jt — %-extension which does not split over 2 
will insure the existence of groups {C’} having more than one element. It may 
be remarked here that if 3 is a null ring (MN? = 0), and % has a right unit ¢ 
then any 9 — %-extension © having a representation system So, mod %, for 
which = 0, must split over (Use the new system = Sa + Ao, 
with Ao = Mo,. The 7c may be verified to form a ring directly, or use may 
be made of (10) in E3-5 of § 2.) 


5. Closed rings. Holomorph. The parallelism between group and ring 
extension may be developed further. Let 9% be a ring, A= A(%), P = P(®) 


the Zassenhaus definition for splitting group and is general. See the footnote, Zasset- 


haus, p. 98. 
1° This is the analogue of the group case with Q} an abelian invariant subgroup. 


Cf. Zassenhaus, loc. cit.1, p. 93. 
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the regular representation rings of Jt in Q(I9), and denote by P’ the Q(IM) 
commutator of P, i.e., the set of all T in Q(9) such that TP(A) = P(A)T, 
all Ae MN. Due to associativity in MR, A= P’ and A is a left ideal in P’, since 
(ii) TA(A) = A(TA), TeP’, AeR. Let be the left annihilator of MN: 
R= {AeR; AN—0}. In what follows, the concepts “ group centrum ” and 
“left annihilator,” “automorphism group of a group” and “ring P’ of all 
P-operator endomorphisms of Jt,” and “ inner automorphism of a group ” and 
“endomorphism of Yt defined by a left multiplier” play strikingly similar 
roles. 
A ring 9 is said to be closed in case f = (0), and A= P’. 


THeoREM. Jf © contains the closed ring N as ideal, then E=NR+ No 
where No is the left annthilator of Nin E™ 


No = {Re E; RR — 0} is obviously a two-sided ideal. J“ NM, —= (0) since 
for N, C= (0). Let ReE. Since R(N,+ N.) = RN, + (RN,)N2 
=R(N,N.), Re, RL defines as left multiplier on Yt an operator in P’, where 
P=P(N). Since A =P’ for M, there is an such that KN AN, all 
Nin®M. Hence R=A-+ WN’, N’ Np. 

The theorem loses its strange appearance ** if one notes the 


THEOREM. A ring MN is closed if and only if it has a unit. For such a 
| ] 


ring 


One may prove first a lemma of some interest in itself: 


LemMaA. A ring Mt has a left unit FE, if and only if A = P’.™4 


If £; is a left unit for N, A( HL.) =, unit operator of Q(I), and by (ii) 
above, TA(H,) =T—A(TH,),TeP’. Thus P’ =A. Conversely, if A = P’, 
then « is in P’, hence in A and for some A, A(A) =e. Then A is a left unit 
for 

The theorem now follows. For if 9 is closed, 2% = A =P’, and some 
A>ein P’ =A. Since A is a unit in (Or, from the lemma, 
closure of Jt implies a left unit /; all left units are of the form H+ L, LeX. 


11 Note that the proof is the exact analogue of that for groups: A. Speiser, Theorie 
der Gruppen von endlicher Ordnung, 2nd ed, (1927), p. 127, Satz 110. 

“Tt is proved for algebras, using a Pierce decomposition, by A. A. Albert, Structure 
of Algebras, A. M. S. Colloquium Publications (1939), p. 30, Theorem 23. 

8 This is the essential point in the van der Waerden II treatment of ring theory, 
inwhich a (semi-simple) ring with unit is regarded as isomorphic to the endomorphism 
ring of a group with operators P. 

“For linear algebras, ef. C. C. MacDuffee, “ Modules and Ideals in a Frobenius 
Algebra,” Monats. f. Math. u. Phys., vol. 48 (1939), Theorem 3.1. 
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Since Y= (0), H is a unique left unit. But a unique left unit is a unit.) 
Conversely, if Jt has a unit H, then from the lemma, A = P’, and obviously 
(0), since LH = (0). 

It is natural to question the existence of over-rings € containing a given 
ring ¥¢ as ideal, and such that every operator in P’ (P = P(9)) is defined by 
a left multiplier in €. This is not true in general. For such an over-ring 
one has = (ME) N, all Ne R, elementwise, whence A(N)P’ = A(N), 
and A is a two-sided ideal in P’. However for the algebra e,? = ¢,, e,e, =e,” 
= 0, €2:@; = é2, P consists of the scalar 2 X 2 matrices, P’ is the total 2 x 2 
matrix algebra, A = (7°), and AP” is not in A. 

However, one may state the following 


THEOREM. Let M bea ring with 2 = (0) and let A be a two-sided ideal 
in P’. In particular, let A(A):-T=—A(Ayp) where Ap is uniquely defined 
in N, for every AeN, Te P’. For every such T, A, define PpA=Ap. Ppis 
then in Q(N), and {Ap=—T, Pp, 0, 0} is an MR—P’-factor set. In the 
corresponding extension B% of pairs ({,A) every operator on MN commutative 
with all the right multipliers of N is defined by a left multiplier of S, 
(T,0)(0,A) = (0,TA). is called the left holomorph of 


6. Rings of arbitrary type. Let € bearing. €” denotes the set of all 
products R,---Rn of length n, Rie €, Ln the left annihilator of 
2, = {Re E, RE” = 0}, RH, the right annihilator of ©". These annihilators 
are ideals, and for rings with suitable chain conditions,’® one has two series 


Rpo11r =-*--. Any ring & whose annihilator series repeat at these points is 


said to be of type (p,A), specifically, of right type p, left type X. 

A nilpotent ring of index « has type («—1, «—1), and commutative 
algebras have type pA. Rings with unit are of type (0,0). Examples of 
rings with type pA are less familiar. A ring with left unit has p=0, 
and may have = 1, e. g., the algebra e;7 = = C2, = = 0. But 
rings © with left unit always have A= 1, for €? =€. It is the purpose of 
this section to indicate a construction for rings of any prescribed type (p,A). 


Lemma. If § is a ring with right annihilator R, ~ 0, and &/N, ts of 
right type p, then & is of right type p+ 1. 


The proof is trivial. 
In the following the ring © of rational integers + n will be used in its 


ordinary réle as operator ring on a module Mt {0,A,B,--: -}, ie., for 


15“ Annihilator ideals,” loc. cit.®, p. 625. 


al 


| 
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n>o,nA=A-+-:--+A (nsummands) ; 0A = 0; forn < 0, nA = (—n) 
(— A). 

LemMA. Let = {0,0,7,: be of type (p,9) and let N, be a null 
ring (31° = 0), whose additive group admits a ring Q of operators Po in 
2(N,), such that, for all A in N, 


l. PoA + P,A = Po, A. 

2; Po(P,A) = ProA. 

3. = 0, and PoN, = 0 implies o = 0. 
4, QA =0 implies A = 0. 

5. nA = 0 implies n= 0 or A=-0, 


Then (0, Po, 0,0) is an MN, — %,-factor set, and the extension ring & of pairs 
(o, A) is of type (op +1,0). Moreover, the null ring N of pairs [m, B], 
Be N,, with addition [m, B] + [n,C] =[m+n,B+C] admits the 
set Q’ of operators P(o,A), («,A) in %, defined by P(o,A)[m, B] 
= [0, PoB + mA], and the analogues 1-5’ of 1-5 hold in N. 


Since J, is a null ring, A(9,) — 0 = P(IM,) and conditions 1, 2 imply that 
o— Pg is an inverse ring homomorphism and that properties 1-10 of § 2 hold 
for {0, Po, 0,0}. Multiplication in % is given by (o, A) (7, B) = (or, P;A), and 
3 implies that (0, 9.) is the right annihilator of 3. Then by the preceding 
Lemma, % is of right type p+1. If (o, A) (1,91) = (0,0), then (oe, A) 
= (0,0) using 4, the left type of 3, being 0. The properties 1’, 2’, 5’ of the 
operators P(o, A) on ¥ are readily verified. For 3’, note that (%:, 9t.) (o, A) 
=(0,0) implies oo, and P(0,A)[€,%,] = [o, CA] = [0,0] implies 
A=1A=0. Finally, 9,)[n, A] = [0,0] = [0,QA + implies 
NA = 0 and thus A = 0,n =o. 


LemMaA. Let = {0,0,7,° be the ring of rational integers (tpye 0,0), 
MN, = {0,A,-- +} the null ring with the same additive group as §:. Define 


PoA =oA—A+---+A too summands (o > 0) as usual. Then condi- 


tions 1-5 of the preceding lemma are satisfied. 


The proof*is trivial. 

The preceding two lemmas thus provide the basis and induction step for 
the construction of a ring of type (p,9) for arbitrary p. The left type is now 
considered. 

Of course the left hand analogues of the preceding lemmas hold and the 


existence of rings of type (0,4), A arbitrary, is already established. 


Lemma. Let = be of type (p,A), a null ring = 0) 
whose additive group admits a set Q of operators Ac in Q(%,) such that, for 
all A in Ny, 


C. J. EVERETT, JR. 


i. + A;A = 

ii. Aog(A,;A) = AorA. 

iii. of}: = 0 and = 0 implies o =o. 
iv. 0°14 = 0 implies OPA = 

v. ON, ~ 0. 


vi. nA implies n=o or A~0, 


Then {Ag, 0, 0,0} is an N, — %.-factor set, and the extension ring & of pairs 
(o, A) has type (p,A+ 1). Moreover, the null ring N of pairs [m, B], meF, 
BeMN,, with addition [m, B] + [n,C] =[m+n,B-+ C] admits the set 
of operators A(o,A) in Q(N) defined by A(o, A)[n, B] = [0, AcB + nA], 
and the analogues i’-vi’ hold in N. 


The first half of the theorem is readily verified. Note that }# 
= OPN). Hence A) = (0,0) implies A) = (0,0) using 
iv, and the right type of 3. Since there exists in §, a o such that §,’c =0, 
~ 0, (o,0) plays a similar réle in 

Verification of i-iii’, vi’ is simple. For iv’ note that O/T n, A] 
= [0,0°7A + nOPN,] — [0,0] implies —0, thus 294 —0 and 
= 0. Then v, vi imply n = 0 and Q’[n, A] = [0,0]. 

Finally, from v, there exists a product o,;- - -op and an element A such 
that Ao; Aco: *Acp'A0. Hence 0/[C, 9,] contains A(o,- op, 0) 
[o, A], and is thus not zero. 

Suppose that it is required to construct a ring of arbitrary type (p,A). 
If either p = 0 or A = 0 the first three lemmas suffice. If not, first construct 
a ring of type (p,0). It is now clear that to apply the preceding lemma, a 
basis must be furnished for the inductive construction from a ring of type 
(p,0) to one of type (p,A). This is done in the 


Lemma. Let = {0,0,7,°-° be a ring of type (p,0), with p21. 
Then define N, to be the null ring with the same additive group as %; and 
define Aa: t =or, the left « multiple of + in the ring §:. Then these operators 
satisfy the conditions i-vi of the preceding lemma. 


The proof is trivial. 


THEOREM. If p, A are any non-negative rational integers, there exists a 
ring of type 


UNIVERSITY OF MICHIGAN. 


16 See the definition of exponent at the beginning of this section. 
17 This settles a point raised by Professor Saunders Mac Lane in connection with 
the author’s paper “Annihilator Ideals” (loc. cit.®). 
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ON SYMMETRIZED KRONECKER POWERS AND THE STRUCTURE 
OF THE FREE LIE RING.* 


By R. M. THRALL. 


1. Introduction. This paper is divided into three chapters. In Chapter 
I foundations are laid for a general theory of representations of “ power type ” 
and their relationship with rings. Kronecker powers, symmetrized Kronecker 
powers, and the Lie Representation are introduced as transformations induced 
in certain modules of the free non-commutative ring, the free commutative 
ring, and the free Lie ring, respectively, by a class of ring automorphisms. 

In Chapter II the starting point ($3) is a general discussion of a 


problem mentioned by Littlewood:* the analysis into irreducible invariant 


matrices of an invariant matrix of an invariant matrix. This is followed 
($4) by more specific considerations in the case of the symmetrized Kro- 
necker 7-th power of a given invariant matrix. In § 5 formulas are obtained 
for the anaylsis of the symmetrized Kronecker r-th power of the symmetrized 
Kronecker m-th power for r S 3, all m, and for m S 2, all r. The chapter is 
concluded (§6) with a table giving the analysis of the symmetrized Kro- 
necker r-th powers of the irreducible representations of the full linear group 
defined by partitions (A) of m for all r, m, (A) with rm S 10. 

Let L (= L,,) denote the free Lie ring with n generators and 
let L° be the module consisting of all forms of degree c in these generators. 
Under the automorphism r— 7” = Ar (i.e. 7’; = Saijr;) L° is mapped into 
itself by a linear transformation whose matrix in some given “ coordinate 
system ” we denote by Z-(A). The mapping A — L-(A) is a representation 
of the full linear group which we call the c-th Lie Representation. Many 
properties of the ring L can be deduced from the analysis of these representa- 
tions. It is not our purpose in this paper to make such deductions but we 
mention one of the most important to show the trend of such arguments. 

It can be shown that every characteristic ideal I of L can be expressed as 
the direct sum (in the module sense) of its submodules Ie =I Le (* denotes 
common part). Each I¢ is an invariant subspace of L° relative to the trans- 
formations L,(A) ; and, conversely, given any invariant subspace I°+ of L° one 
can construct at least one characteristic ideal I of L such that I¢ = I*. 


* Received April 18, 1941. 
1[1] p. 206. If A>7(A) is a representation of the full linear group then 7(A) 


is called by Littlewood an invariant matriz. 
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In Chapter III ($7) a recursion formula is given from which the 
analyses of the Lie representations can be made. The proof of the formula is 
based on E. Witt’s extension * of a Lie ring to a related associative ring. In 
(§8) this formula is simplified and applied to obtain the analyses into 
irreducible constituents of the c-th Lie representations for c = 10. 


CHAPTER I. 


2. General rings and representations of power type. Let Z, be the 
free distributive but totally non-associative K-ring (K any field of charac. 
teristic 0) with n generators z,,---,2n. An ordered set of r elements 
W;,° * +, Wr in Z, can be combined under multiplication (in the order given) 
in NV; = (27 2) !/r!(r—1)! ways.* Denote these products by fi? °°, 
Wr),i=1,:--,N,. Since Z, is distributive any element in it can be written 
as a linear K-combination of monomials, i. e. products of the generators. Since 
Z, is free the distinct monomials f;7(j) = *,2;,) are linearly 
independent and constitute a basis for the K-module Z," consisting of all 
forms of degree r in the generators of Zn. 

With the customary definitions of homomorphism and ideal the usual 
homomorphism theorems hold good. An ideal J in Z,, is said to be homogeneous 
if 


AJ 


(ADS requires La r=1,2,- 
1, 

Let A = || aix || be any non-singular n-rowed K-matrix. Then 2; 7 
= Saiz, is an automorphism of Z,. In particular the K-modules Z,” are 
invariant under A. Denote by fi”(j)’ the product f;"(j) with 2’; substituted 
for z;. Then the N,n’-rowed matrix A[r] = || || whose rows are the 
coefficients in the expressions for the f;"(j)’ in terms of the f;”(j) completely 
describes the effect in Z,” of the application of A to Zy. It is easy to verify 
that AB =C implies A[r]B[r] = C[r]. Hence if A is any set of n-rowed 
matrices A, closed under multiplication, then A— A[r] is a representation 
Afr] of A. In particular A[1] = A. 

Let J be any homogereous ideal in Z, which is invariant under every 4 
in A, and denote by R the residue class ring Z,— J. In the homomorphism 
between Z, and R let 2;—2;. Then the mapping xj = an 
automorphism of R (provided det A;A0). The homogeneity of J implies that 
Z,” is mapped into the K-module R” generated (under +) by all products of 


* [7] Theorem I, p. 152. 
6 


3] p. 121. 


[ 
*[ 
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degree * in the z;. Hence R’ is invariant under A. Proceeding as above, let 
A(r) be the matrix which describes the transformation in R’ induced by 4, 
in terms of some set of basis elements for R’. Then the mapping A — A(r) 
wnstitutes a representation A(r) of A. The elements of A(r) are forms of 
degree * in the elements of A. We call any representation A(r) a represen- 
tation of power type of A. 

If an ideal J is invariant under the full linear group, GL(n), it is, a 
fortiori, invariant under any closed system A. In the following chapters we 
shall consider three choices for the ideal J, all invariant under GL(n). 


1. The free associative ring Xy. Let J contain all elements a(bc) — (ab)c 
a3 a,b,c, range through Zn. Considered as a K-module J has the basis 
ff(j) —fi(j) for all choices of t,r,(j), and so is homogeneous. We set 
1,— J =X» and denote by x; the image of z; in the homomorphism of Zn 
om X,. The representation A —> A(r) is in this case the ordinary Kronecker 
rth power, and we shall denote A(r) by I,-(A). 

It is of some interest to note that by a proper ordering of the basis 
dements in Z,” the matrix A[r] becomes II,(A) X Ey, (X denoting Kro- 
necker product). For the elements f;"(j), with 7 and r fixed, are by virtue of 
the distributive law transformed among themselves, in the K-module which 
they generate, in precisely the same manner as the monomials in Xn’. 


Il. The free associative and commutative ring Yn. Add to the set of 
generators for J in I the set of all elements ab — ba; and denote the resulting 
rsidue class ring by Yn. Yn is the free commutative polynomial ring with n 
generators y; (the images of the z;). In this case we denote A(r) by S,(A). 
The representation A — S,(A) is the symmetrized Kronecker r-th power. The 
degree of S,(A) is ). 

III. The free Lie ring, Ln. Let J be generated by the elements aa and 
a(bc) + c(ab) + b(ca) as a,b,c run through Z,. Then Z,— J is the free 
lie ring L, with n generators s,,---,8n. In this case we denote A(r) by 
[,(A) = ||a® ||. This is the r-th Lie representation mentioned above. We 
propose to study its properties, giving, in particular, its relation to the repre- 
sntations II,(A) and S;(A). 


CHAPTER II. 


8. On the analysis of an invariant matrix of an invariant matrix. 
let B = T'(A) be an N rowed representation, T, of GZ(n) and let C = T*(B) 
bea representation, T*, of GL(N). Then A—C = T*(T(A)) is a represen- 
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tation of GL(n). In Littlewood’s language * C is an invariant matrix of an 
invariant matrix. In this section we discuss the analysis of C in case both T 
and T* are irreducible; i.e. we set B= A(A), C= B(p) = A(A)(u) where 
(A) and (») are partitions of m and r respectively and A(A) denotes the 
irreducible representation of GL(n) defined by (A).° 


Denote the eigenvalues of A by = (41,° *,2n) and set s; = tr 
= We shall use Murnaghan’s notation qm(s) = 8m) 
= pPm(z) = Pm(%,° * *,2n) for the complete symmetric functions of the 7s, 


Let £,, be the eigenvalues of B and set 4; = tr 
We set Ym (S, 1) Ym(Si; S2i,° Smi) Pm(2*) — Pm Zn‘). Now 
applying the formulas for the traces of C and B we have § 


(B) 

3.1 tre = 
( ) Br! € r 
and 

(a) 

Smi \*™ 
3.2 
( ) (=) 


Substituting 3.2 in 3.1 we obtain trC as an isobaric polynomial of 


weight rm in 81,° * , Srm, Say 


(3. 3) tr C = (s) 
Set s” = Sy’, V1 Mvy = WM. Then 
(3. 4) 8) {v} 


where {v} denotes tr A(v) and the sum extends over all partitions (v) of I. 

Now take M —rm in 3.4, substitute in 3.3, and we obtain for tr@ an 
expression as a sum of irreducible characters, {v}, which of course determines 
uniquely the irreducible constituents of the representation A > C. 

This method depends upon the availability of the character tables for the 
symmetric groups of degree m, r, and rm. From the product decomposition 
rule’° for the irreducible characters {v} and the formula™ s; = {1} — {i—1,]} 
+--++ (—1)*{1*} one can obtain the decomposition of trC from 3.3 


* [1] p. 206. 

E.g. Murnaghan’s M_,)(A), [3] p. 129. 

® These eigenvalues lie in some algebraic extension of K. However, the final results 
obtained are rational and therefore valid in K. 

7 [3] Chapter IV. 

®[3] p. 133. The x’s are irreducible characters of the symmetric groups of degree 


rand m. 
* [1] p. 86. 10 [5] p. 750. 11 [3] p. 108. 


of 


ilts 


ree 


SYMMETRIZED KRONECKER POWERS AND THE FREE LIE RING. 375 


yithout reference to the characters of the symmetric group of degree rm. Then 
applying the formula ** tr A(A) = det || qa,.;-«(s)|| and the similar formula for 
trB(u) one can avoid altogether the use of characters of the symmetric group. 
§o far as actual computation is concerned this method is little quicker than 
frst computing all characters needed and then applying the first process. A 
modification of this method which is used below depends upon the fact that 
products of the functions qm(s) are somewhat easier to analyze than products 
of the power sums s;. For gm(sS) = pm(z) = {m}. To apply this fact we 
must replace 3.3 by an expression for trC as an (isobaric) polynomial, 
Pay (Pis* * * > Prm), (the arguments (z) being omitted from pm(z)). Using 
the formula ¢; = det || q,.x-;(s,7){| this problem can be solved as soon as we 
have an expression for dm(s,k) = pm(z*) in terms of the p’s. 

Denote by 7\,)(z) the ordinary (power sum) symmetric function 


THEOREM I. pm(2*) = pul (o) the sum extending over 
all partitions (X) = +, Ax) of mk such that mk 
and with wy = exp (27iv/k). 


We recall that ** 
B=m 


(3.5) 1/det(# tA) tees. 


Replace A by A* and + by +* in 3.5 and we get 


B=m 
(3.6) po + pr(2*)r* + pa(zk)r 
B=m y=k 
= I] (1 — wv2g II [ po + -]. 
y=1 


The theorem now follows upon equating coefficients of 7”* in the first and 
last terms of 3. 6. 
In particular 


Sm = pi(2™) = (0) 


the sum extending over all partitions (A) of m. We have also the formula: 


where the sum extends over all partitions : + 2a. +--+ =m of 
mand a—=a,-+---+ am. Equating coefficients of the power products of 


the p’s we get as a side result of our theorem: 


#2 [3] p. 125. 18 [3] p. 108. 
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I. (wo) = (—1)%*m(a—1) Om! where a, 
is the number of X's equal to i (1 > 0) and a is the number of non-zero X’s, 

We close this section with a theorem which will cut in half the labor of 
analyzing all representations A—C—A(A)(z) for given r and m. W 
denote by (A) and () the partitions of m and r associated ** with (A) and (y) 
respectively. If A—>7(A) is any matrix representation of GL(n) whog 
elements are forms of degree M in the elements of A and whose trace is tr T'(A) 
= Q (51, we denote by A—> T(A) the representation of GL(n) 
defined by tr T (A) =Q(s1;—52,° (—1)™sy), and call the two repre. 
sentations associated. (Thus the irreducible representation defined by (A) is 
associated with the representation defined by (A).'") 

THEOREM II. Set C= A(A)(u) and D—A(X)(u). Then if m is even 
D=C and if m is odd D = A(A)(p). 

Proof. Set = tr Bi‘ where B= A(A). Substitute 


(a) 


in 3. 2, apply the fact that m — a, — a; —- - - is even and we obtain 


(a) Gm! 1 2 


(a) 1 2 


Use the first form if 7 is odd and the second if i is even and we get 
= (—1)™ where = (s,,— +). Now apply 3.1 to obtain 


(8) 7 
X(u) t, \ Fa 
trD— _ (4) (2) 
(6) Bil: Br! 1 2 


Bil: \1 2 


If m is odd this is equal to 


(B) 
(6) Bi! Br! \1 2 


where 1 = A(A)(p), and if m is even it is 


(8) 
2 


which completes the proof of the theorem. 


76 [3] p. 120. 
*®° Throughout this paper we consider equivalent representations as equal. 
17 [3] p. 120. 
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4, The symmetrized Kronecker r-th power of a reducible represen- 
tation. If is any representation of GL(n) and C = S,(B) 
then ** tr C = q,(t¢) where 4; = tr BY. In case A > B is an irreducible repre- 
gntation we have the situation treated in § 3 for the partition (u):r—r of r. 
We now derive a formula which enables us to reduce the analysis of the sym- 
metrized Kronecker r-th power of any representation to the analysis of Kro- 
necker products and of symmetrized powers of irreducible representations. 

Suppose that B = B, + B,-+- - - where the By are any representations, 
reducible or irreducible, and not necessarily distinct. Set tr Byt = t(v,1) and 
denote (¢(v,1),¢(v,2),: - by (t(v)). Then obviously ¢; = ¢(1, ¢) 


+4(2,7) +: +, which is for t= 1 the case r = 1 of the following lemma. 
Lemma J. = where the sum extends 
over all non-negative integral solutions of the equations r; + =r. 


(Note that the number of terms in the summation is the same as the 
number of distinct monomials in the expansion of (y; + y2+- - :)’.) 


Proof by induction on r. qr(t) = qr(t(1) + -) is isobaric of 
weight r in the set of traces t(v). Hence to make an induction proof it is 
sufficient to show that differentiation of each side with respect to each ¢(v, 1) 
gives a true relation (i.e. true relative to our induction hypothesis). On the 


left hand side we get *® 
(4. 1) p8qr(t) /8t(v, p) = qr-v(t) 


Denote the right hand side by Q,(f). Then since a “gq” with a negative 
subscript is zero we have 
(4.2) pdQ-(t) /dt(v, p) = ) are (t(2)) dry-p(t(v)) = Orv (t) 
for the summation is over all non-negative integral solutions of the equation 
—r—p. 

This establishes the lemma. To justify the statement preceding the 
lemma we require that each By be irreducible and observe that q,,(¢(v)) 
=tr 8,,(By). Observe that a multiple of an irreducible representation is here 
treated like any reducible representation. For instance, S.(2B) = 2S8.(B) 
+B B. Strictly speaking the above proof of the lemma holds good only if 
the constituents By are distinct. However, if several of them are equal one 


can first polarize and then proceed as before. 


5. Symmetrized powers of symmetrized powers. The general problem 
is the analysis of the representation A > C = S,(B) where B=S»(A). In 


8 [3] p. 90. 1° [3] p. 107. 


= 
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this section we give formulas for this analysis for all m if r= 3 and for al] 
rif m=2. These formulas and their proofs bear a certain resemblance but 
the road to a formula for arbitrary r and m is not yet clear. If either m ory 
is 1 then C is irreducible and there is no problem. We consider first the cage 
m = 2,r arbitrary. 


THeEoREM III. Let B=S,(A) and C=S,(B). Then 
(5.1) tr C = qr(t) = S{2Ai,° 2x} 
where the sum is over all partitions (A) of r. 


Proof by induction on r, and by differentiation. Denote the right hand 
side of 5.1 by Qr(s). We establish the theorem by showing that q,(t) and 
Q,(s) satisfy the same differential equations. Since tj = (s;? — s:)/2 we 
have 


(5. 2) p8qr(t) /8sp = Spqrp(t) + 


where we understand that the second term on the right occurs only when pis 
even and the first only for p= r. We now show that 5. 2 is satisfied by Q,(s). 


We have 7° 
j=K 
J= 
where the ordering relation* {---a,b-- 


is to be applied (several times if necessary) in case 2A; — p < 2Aju. 
It is not hard to show *? that 


K+1 
Sp{A} = {A1,° (Anu = 0), 
j= 
and therefore that 


j=K+1 
(5. 4) SpQr_(s) >> {2di,° 2Ay + 
j=1 
where again disordered partitions are to be rearranged and the sum is this 
time over all partitions (A) of r— p. 
If a term in 5.3 is disordered, the ordered term obtained from it is either 


zero or of the form 


where tj.1,° °°, Ujse are odd, the other w’s are even, and the sum of the ws 


is 2r p. 


22 Cf. [3] p. 165 or [1] p. 89 


[3] p. 133. 21 [4] p. 214. 
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We look at the problem in reverse and ask, for a given partition (uw) of 
9r— p of the form in 5.5, how many times does {w} occur in 5.3 and 5.4 


(i.e. after the terms are ordered and taking account of signs) ? 


First suppose k > 0. If {uw} comes from a term in 5.3 we can apply the 
ordering formula in reverse to obtain an “ equivalent” partition with at most 
one odd term and at most one point of disordering; and it must be possible 
to remove that disordering by adding p to some term. Subject to these 
restrictions we can reduce a partition of the form of 5.5 in at most two ways: 
we can move either wj,x41 OF Uj4x to the left until uj is reached. These give, 


respectively, 


and 
(5.7) 


Since adding p to the term uj,,— k&-+ 1 is to restore order we have 


Lemma II. The right hand side of 5.6 occurs in 5.3 tf and only tf 


(A) Uj = —k + p 2S +1 
and the right hand side of 5.7% occurs in 5.3 tf and only tf 
(B) Uj = 


A similar argument applied to 5. 4 gives 


(5. 9) 


(— 1)**{w} {: * Uj, Ujs2 i, + k —1, 


with the corresponding conclusion 
Lemma III. The right hand side of 5.8 occurs in 5.4 if and only tf 
(C) Zu tk— pH 


and the right hand side of 5.9 occurs in 5.4 if and only tf 


(D) 1S +h — p—1 = 
If we take into account the signs with which {u} occurs in 5.6,-- -, 


the following lemma shows that the difference of the right hand sides of 
and 5.4, when its terms are ordered, contains no terms {wu} with k > 0. 


Lemma IV. i) Aand D cannot both hold; ii) B and C cannot both hold; 


iii) the truth of either A or D is equivalent to the truth of either B or C. 


Or Or 
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Proof. i) If A and D were both true then from uj.i41 = Ujsr +1 and 
+k —p—1 > we obtain by addition —1=2+1. ii) follows 
similarly. 

We establish just one of the four parts of iii) ; the others follow similarly, 
Suppose then that A is true and both B and C are false. Since (wu) is ve 
ordered partition with uj, odd and wj,x,, even we have uj..—k+p+1 
= Ujst+1 —k + p+ 2 and so A true, B false requires uj..—k-+p+1>4, 
and in the same fashion we show that A true, C false requires uj + k—p 
> Ujz—1. This gives uj + 2 > ujn.—k-+p+1> u; which is impossible 
for even numbers. (Note that p and k have like parity.) 

There remains the case k = 0, which requires p even, and, of course, the 
terms {u} of this kind must be already in order as they stand in 5.3 and 
5.4 (for application of the ordering process introduces odd terms). If 
Uj-1 — p = u; for any 7 between 2 and b+ 1 (ui4. 0) then the partition 


(---,uj + p,° gives rise to a term {uw} in 5.3 and the partition 
(- + +,Uj1— gives rise to a term {uw} in 5.4. The partition 
(u, + p,: * +) gives a term {uw} in 5.3 not matched by any term from 5.4, 


Hence {w} occurs once more in 5.3 than in 5.4. But this is just compensated 
by adding Q;_p/2(s) to 5.4 and thus completes the proof of the formula 


(5. 10) pdQr(s) /88p = SpQr-p(8) + 


Theorem III now follows at once by our induction hypothesis. 
Applying Theorem II with m = 2 we have: 


Corotiary II. Let B= A(1*) andC=S,(B). Then 
tr C = & Ar, Avy Az, Any An} 
where the sum is over all partitions (2) of r. 
Next consider the problem of this section for m arbitrary and r = 2. 
THEOREM IV. Let C=S.(B) where B=S»(A). Then 
tr C = & {2m — 2v, 2v} 
where the sum is over all integers v such that 2v Sm. 


Proof. By 3.1 we have tr C = (t,? + t,)/2 where t; = qm(s,i). Now 
t,? = {m}{m} = {2m} + {2m—1,1} {m7}. To calculate we 
apply Theorem I with k = 2. Observe that for (A) = (2m—¥j,j) we have 
Tn) (w) = 2(—1)4 for 7] < m and = (—1)™ for =m. Hence = 2{2m} 
— 2{2m — 1}{1} + 2{2m — 2}{2} - -+ (—1)™{m}{m}. Simplify this 
by the multiplication formula {2m —7}{j} = {2m} + {2m—1,1}+°°"° 


380 
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(and § +{2m—vj,7}. Then the coefficient of {2m — v, v} in the resulting expression 

Llows for is 2(— 1)” + 2(—1)™? -+---+ (—1)™= (—1)? and so tf, = {2m} 
— {2m —1,1} (—1)™{m*} from which the theorem follows at 

larly, once. 

is an By application of Theorem ITI one can obtain a similar formula for the 


+1 symmetrized square of B= A(1™) ; here, of course, the cases m even and m 


> uj odd require separate attention. 

—p We conclude this section with the analysis of the representation A > C 
sible § =A(m)(3). A fundamental tool in handling it is the following formula 
which gives the analysis into irreducible constituents of the Kronecker product 
, the of three symmetrized Kronecker power representations of the full linear group. 


Lemma V. Let M—u,+ u2+ us where 2 Uz = Uz. Then 


ition {U2} {Us} {A} 


the sum extending over all partitions (A) of M into at most three parts, where 
tion k(u)(A) = max(0, 1 + min(ue, Az, Ur + We — Az) — max(As, Ui + U2—A1) 


ated This lemma follows by a direct computation using G. de B. Robinson’s 
tule ** for multiplying characters of GL(n). 
If wu, = U2 = ws = m we shall abbreviate k(u)(A) to k(A) and observe that 


k(A) = min(1 or equivalently 


11 
(5 ) k(A) =1+A,—A2 if A» = m, =1+rA.— dA; if 


Set g(A)= 1, 0, or —1 according as k(A) is congruent to 1, 0, or —1 
mod 3. 


LemMaA VI. ts; = qm(s,3) = Sg(A) {A}, the summation extending over 
all partitions (X) of 3m into at most three parts. 


Proof by induction on m and the differentiation argument. We denote 
the summation on the right hand side by Qm(s) and show that the relations 


(5.12)  pdqm(s, 3) /Sssp = Ym-p(S8, 3) ; Sqm(s, 3) /dsp = 0 if p40 mod 3 


remain true with Q»(s) substituted for gm(s, 3). 
Starting with 


Yow 

P8Qm(s) = Sg (A) [ {Ar — p, Az, As} + A2, — ps As$ + Az, As — 
ave we follow the procedure of Theorem III: i.e. reorder disordered partitions, 
m)} and then calculate from the resulting expression the coefficient of {w} for all 


this partitions (w) of 3m— p into at most three parts. To establish the lemma 


[5] p. 750. 
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we have to show that if p is not divisible by 3 the coefficient of {w} is zero and 
that if p is divisible by 3 the coefficient of {uw} is three times its coefficient, 
g(u), in the formula for Qm-p/s(s). 

To do this we turn the problem around and determine the partitions (,) 
of 3m for which {A} can be obtained, either directly or after restoring order, 
from {w} after adding p to each of its terms in turn. These {A} are 


a) {t+ DP, Ue, Us} 
(5.13) b) ue + p, us} or — {ue + p—1,u, + 1, us} 
c) {t, U2, Us + p} or — {t, us + p—1, + 1} 
or + p—2,u.+1,u.+ 1} 


We now observe that for any partition (A) of 3m, 1+ A,—A,=1+4, 
—A; mod 3 and so we may always use, say, 1 -+- A, —A; to determine g(A). 
Observe also that, computing formally, g(A1, A2, As). == — g (Az — 1, Ar + 1, As) 
= — g(A1,As —1,A2 +1) and so it is sufficient to consider only the first 
alternatives in b) and c) of 5. 13. 

Proceeding thus we get: from a) g(A) =1-+u.—u,; from b) g(A) 
p; and from c) Now if p is 
divisible by 3 these g’s are all equal to each other and their sum is 39(w) ; if p 
is not divisible by 3 the g’s are incongruent mod 3 and therefore have the 
sum zero. This completes the proof of Lemma VI 


Lemma VII. Let =Qm(s,1). Then 
= Sh(A) {A} 
where h(r) = 0 if k(A) is even and h(A) = (—1)* tf k(A) is odd. 
Using the value obtained above for ¢, the proof follows by direct compu- 


tation. We omit the details. 
Now from Lemmas V, VI, and VII we get: 


THEorREM V. Let C—=A(m)(3). Then 
tr C = qa(t) = Sf(A) {A} 


where the summation extends over all partitions (X) of 8m into not more than 


three parts, and 


f(A) = (k(A) + 8h(A) + 2g(A))/6. 


The following verbal description of f(A) is perhaps easier to apply: To 
k(A) —min(1 + A; — Av, 1 + A2—Asz) we add whichever one of —2, 0, +2 
will give a result divisible by 3. If this result is even divide by 6 to get f(A). 
If this result is odd add or subtract 3 according as Xz is even or odd and then 
divide by 6 to get f(A). 


Xs 

Xe 
Xe | 
Xe | 


Xo 
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6. Analysis of certain symmetrized Kronecker powers. Set x,(A) 
= tr C where C = S,(B), B= A(A), and (A) isa partition of m. If M=rm 
is prime the representation A —> C is irreducible and there is no problem. The 
cases with m = 2 are completely covered by Theorem III and Corollary II. 
We list below expressions for xr(A) as a sum of irreducible characters {nu} for 
every other r, m, (A) such that M = 10. 


M=—6, m=3 
y2(3) = {6} + {42} 
yo(21) — {42} + {321} + {2°} + {31°} 
yo(1°) = {2°} + {214} 
M=8, m=4 
xo(4) = {8} + {62} + {4°} 
xo(31) = {62} + {521} + {51°} + {4°} + {431} + {427} + {3717} 
) {4} + {427} {371°} + {24} 
xo(21°) —= {427} + {41*} 4+ {3717} + {3271} + {321°} + {24} + (2114) 
yo(1*) == {2*} + {2714} + {1} 


M =—9, m=3 


ya(3) {9} + {72} + (63} + {52%} + (4°1) 

ya(21) —= {63} + {531} + {52°} + (5212} + {471} + (432} + (4312) 
+ 4 (421°} + {41°} + (3°) + {3221} + + {32%} 
+ {32°12} 

ya(1°) (3°} + {3212} + (31°} + (2°19) 


M=—10, m=5 


yo(5) = {10} + {82} + {64} 

yo(41) —= {82} + {721} + {719} + (64) + {631} + {62°} + (541) 
+ {5312} + {472} 

yo(32) {64} + {62°} + {541} + {532} + {5312} + (4°2} + {4321} 
+ {42°} + 

yo(312) {627} + (61*} + {5312} (52°1} 4+ {521°} + {422} + (4321} 
4 {431°} + {42°} + {4214} + (3°21°} 

yo(2°1) —= (492) + {4321} + (431°) + {428} 4 (3°1} + (39212) + (32*1} 
+ {32419} + {2°} 

yo(21°) —= {42°} + {4214} + (321°) + {321} + (32°1°} + (321°) +.(31°} 
+ {2°} + 2(2°14} 

{2°} + {2°14} + (214). 


= 

\ 


384 R. M. THRALL. 


CHAPTER III. 


7. The Lie representation. Denote (as above) the partition of 1 inty 
1’s, a 2’s,-- by (a) and call the length of the 
partition. We now arrange all partitions (a) of r in an arbitrary array 
(a*),- + +, (a) subject only to the condition that (a) is to precede (8) if 
% > Bo. It is clear that any solution in non-negative integers of r =i, 
+: +--+ %, defines a unique partition (a) of length a, and conversely that 
to each (a) there corresponds a unique partition r—i,-+-- -+ ig, with 
Let -, be a basis for L‘, i= 1,2,---. E. Witt ** has intro 
duced parenthesis quantities (w:,- -,uUx), k =1,2,- - - with elements in 
L with the following properties: 


He then proved that 


a) Under the new multiplication defined by 7.3 the set of parenthesis quan- 
tities constitute a ring R simply isomorphic with the free non-commt- 
tative ring X under the correspondence x; > (s;). 

b) The K-module Rr’ has as a basis the set of all ordered parenthesis quantities 
(Wiss Where (i) 4; St2 (ii) fe S jess if = toy 
(ili) 

If U is any parenthesis quantity which is made up solely of basis elements 
ui; we associate with it the ordered parenthesis element U* made up from the 
same elements u;; arranged so as to satisfy bi) and bii). E. g. if U = (ug, tgs, 
Us,2, Us,1) then U* = Us,5, U4,1, Us,1)- If U = Uimim) We 8a 
that U belongs to the partition (a) defined by i; +--+: -+in—r. By repeated 
applications of 7.1 and 7.2 we can show that U —U* = U** is a linear 
combination of parenthesis quantities all of degree r and belonging to partitions 
of length less than a =m. 

Returning now to the matrices L,(A), we arrange the basis elements oi 
R’ into p(r) sets, a set consisting of all ordered parenthesis quantities belonging 
to a given partition («), and arrange these according to the ordering of the pat- 
titions to which they belong. The automorphism A: (s;) > (s’:) = Saix(s) 
replaces the ordered parenthesis quantity U by U’ = (wi,j,,° 


24 [7] pp. 153-155. 
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Denote by II,(A)* the matrix whose rows are the coefficients in the expressions 
for the U’ in terms of the ordered parenthesis quantities U. Since R is iso- 
morphic to X the representation A —> II,(A)* is equivalent to the Kronecker 
r-th power representation A—>TII,(A) and so its irreducible constituents are 
known.”° 

Set [i] —trZ;(A). Denote by A[a] the matrix 


Sa,(I1(A)) X Sag(L2(A)) 


and set [(«)]— tr A[a]. Our goal is a formula which expresses tr I,(A) in 
terms of the characters [(«) ] of GZ(n). Such a formula can then be regarded 
as a recursion formula from which one can compute [7] as a function of the 
[((a)] (with > 1) and trII,(A). 

The arrangement of the basis elements of R* into p(r) sets induces a 
refinement of II,(A)* into p(r)? submatrices A[ (a) (@/)],7,j7 =1,---, p(r). 
The following theorem shows that II,(A)* has zeros below blocks along the 
main diagonal and thus enables us to compute traces using only these diagonal 


blocks. 
THEOREM VI. (i) A[(a‘)(a/)] =0 if i>; 
(ii) A[(a*) (af) ] = 


Proof. Let U = (Ui,j,° Uimnim) = U(ji,* belong to the par- 
tition («). Then substituting w’i;; = Xa Ou? in U’ = and 


applying 7. 2 we express U’ in the form 


Observe that each U(p:,- --+,pm) belongs to the partition (a). We have 
already established an expression U(p:,° -,pm) = U*(pi,° pm) + U** 
pm) where U** is a linear combination of ordered parenthesis ele- 


ments belonging to partitions of length less than m = a, and where U* is an 
ordered parenthesis element belonging to the partition («). This establishes 
part (i) of the theorem. 

Before treating (ii) in general we consider two special cases. Suppose 


that 4; << iz <<- Then each U(p:,- - pm) is already an ordered paren- 
thesis element and A[ (a+) (a*)] = || (j1,- jm3 pm) || has 
Jm3 > pm) = - which is one way of defining 
the Kronecker product Li,(A) X- X Di,(A). 

The second special case is 1; Then U*(p;,- pm) 
=U(k,,: --,km) where k,,- -,km are the integers pi,- -,pm written in 


*5 [3] p. 119 or [4] p. 213. 
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increasing (natural) order. Hence in this case a‘*")(j,,- jm; km) 
where the sum extends over all distinct rearrangements 
Pir’ 5pm Of ky,- -,km. But this is just the definition of ;(A). 

The situation for an arbitrary partition («) is now readily handled by 
combining these two special cases. We apply the arguments of the second case 
wherever any a; >1 and then apply the arguments of the first case to the 
parts thus obtained to get the theorem as claimed. 

Since tr II,(A)* = tr I,(A) = {1}" we obtain upon adding the traces 
of all the matrices A[«] the formula 


THEOREM VII. {1}" = 3[(a)] the summation being over all partitions 


of r. 


8. Simplification of the recursion formula and the analyses of the 
Lie representations L,(A) with r=10. For the purposes of this section it 
is convenient to use another notation for partitions. The partition labelled 
(«) in the preceding section will now be denoted by (A) = (Ai,° * -, Ax) 
where A; = =O, = % and is the number of equal to i. 
We shall designate [(«)] by [A]. We shall use the following properties of the 
functions [A]. 


(8.1) {1}*— [A] (summation over all partitions (A) of s.) 
(8.2) [19] —tr8.(L,(A)) = {s}. 


A non-increasing sequence of positive integers, will be called 
r-proper if 1< Av» r—(A.+°--+A,r). Let (A) be a partition of s. 
If (A) will be called r-proper if each of the sequences Av for 
v=1,:--,kisr-proper. If sr, (A) will be called r-proper if k > 1 and 
the sequences Ai,° for v=1,: - -,4—1 are all r-proper. All other 
partitions are said to be r-improper. 


r-1 
TuHeoreM VIII. [r] => {p,1}f-(s) where = [A] the sum 
p=-1 
extending over all r-proper partitions (A) of s=r—p—1. 


Proof. We solve for [7] in the equation obtained by equating the right 
hand side of 8.1 for sr to {1} times the right hand side of 8.1 for 
s=r—1l1. The first step is a division of the partitions of r into classes. The 
first class C, consists of all r-proper partitions. The second class €C, consists 
of all r-improper partitions having k > 0 and some A, > r— (Ar + + Ab): 
The third class C; contains all the remaining r-improper partitions of 1 save 
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r=r, which is the sole element of the fourth class C,. The partitions of r— 1, 
all necessarily 7-improper, are divided into two classes. C’, consists of all 
partitions of r— 1 which have some Ay > r— (A, A») and C’; con- 
tains all other partitions of r—41. 

The partitions in C, and C’; can be put into one to one correspondence 
by ordering to each partition in C’; the partition in C, obtained by appending 
asingle 1. Denote by €,(p), C’3(p) the set of partitions in C;, C’; which 
end in p-+ 1, p ones, respectively. 


LemMMA VIII. Denote by G3(p), G’s(p) the sum of all [A] for which (A) 
lies in C3(p), C’,(p), respectively. Then G’;(p) {1} — Gs(p) = {p, 1}fr(s) 
where s == r— p—l,and p> 0. 


Proof. Let (A) = lie in C3(p) and let be 
(A) with the last 1 deleted. Then by 8.3 and 8. 2 [A] = [Ai,°+ +, Axrpal{p+ 1} 
and [A’] Anpil{p}. Therefore[d’] {1} — [A] = [A”] {p, 1}; 
where, since (A) is not in Ax-p-1 > 1 implies that (A) = (Ai,- 
is an r-proper partition of s—=r—p—1. Furthermore, it being clear that 
each r-proper partition (A) of s will occur exactly once as a factor of {p, 1} 
in the difference G’;(p) {1} — Gs(p), this establishes our lemma. 


Lemma IX. Denote by Gs, G’. the sum of all [A] for which (A) lies in 
C., C’, respectively. Then G’.{1} — G. = 0. 


Proof. Let (un) belong to C, and suppose that v is the smallest integer 
for which py» > s pr). Then let be the sum of 
all [A] for which (A) = (m1,° is in Then since 
Hence, by 8.1, = pr] {1}8. If H’(w) denotes the sum of all 
for which (\’) = pv, *) is in we have similarly 
H’(w) = [1,° mv] {1}*7. Now evidently G, can be written as a sum of 
certain H(y) and G’, is then the sum of the corresponding H’(mz). From this 
the lemma follows. 

Let G, be the sum of all [A] for (A) in C,. Evidently G, —f,(r). The 
theorem now follows from the equality 


(G's + G's) {1} = [r] + 


and the relations {0,1} 0, {—1,1} —=— {0} =—1. 
We now list the analyses of [r] for r= 10. 


[1] = {1}; [2] — {1} [3] = (21); [4] = (31) + {21°}; 
[5] — {41} + {32} + {31°} + (2*1} + {21°} 
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[6] = {51} + {42} + 2{412} + {3} + 3{321} + {315} + 2(2717} + (214 


[7] (61} + 2(52} + 2(51°} + 2(43) + 5(421} + 3(41°} + 3{3°1} 
+ 3{32"} + 5{3217} + 2(314} + 2(291} + 2(2%1°} + {21°} 


[8] — {71} + 2(62} + 3(612} + + 8(521} + 4{51°} + (47) 
+ 9{431}+ 6{427} + 12{4212} + 4{41*} + 6{372} + 6{3712} 
9{32°1} + 8{321%} + 3{31°} + {24} + 4(2°12} + 2{2714} + (214) 


[9] = {81} + 3{72} + 3{712} + 5{63} + 12{621} + 6{61%} + 5{54} 
+ 18{531} + 13{522} + 21{5212} + 8{514} + 9{471} + 19{432} 
+ 24{4312} + 24{4271} + 21{421°} + 6{415} + 4{3°} + 19{3721} 
13{3713} + 9{32%} + 18(32212} + 12{321*} + 3{31°} + 5{2*1} +3 
+ 3{271°} + {217} 


[10] = {91} + 3{82} + 4{817} + 8{73} + 15{721} + 7{71°} + 864} 
+ 31{631} + 20{627} + 34{6212} + 11{614} 4+ 5{52} + 29{541} 
+ 45{532} + 53{5312} + 51{52°1} + 43{521°} + 13{515} + 22(4%) 
+ + 21{437} + 73{4321} + 49{4319} + 26(423} + 
+ 31{421*} + 8{41°} + 18{3°1} + 25{3722} + 39{32212} + 21{3%14) 
+ 25{3291} + 26{3271°} + 13{3215} + 2{317} + 2{25} + 8{2412) 
4+ 5{2°1*} + 3{271°} + {215}. 


INSTITUTE FOR ADVANCED STUDY. 
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COMPOSITE POLYNOMIALS WITH COEFFICIENTS IN AN 


ARBITRARY FIELD OF CHARACTERISTIC ZERO.* 


By Howarp Levt1. 


A polynomial F(x) is said to be composite if there exist polynomials 
P(y) and Q(x), each of whose degrees exceeds unity, and such that 


F(x) = P(Q(a)). 


Under these circumstances PQ is called a decomposition of F. If no such pair 
exists F' is said to be prime. 

Composite polynomials whose coefficients are complex numbers were inves- 
tigated by J. F. Ritt."| His results completely describe the decompositions such 
polynomials may possess. H. T. Engstrom * discussed the case in which the 
coefficient domain of the polynomials is any field of characteristic zero. He 
proved that the first of Ritt’s two chief results is valid for polynomials whose 
coefficients are elements of such a field. The present paper is devoted to 
showing that Ritt’s second result is likewise valid for the abstract case. 

Ritt’s main conclusions may be described as follows. He first proved that 
ifa polynomial has two decompositions into prime polynomials (obviously it 
always has at least one), that is if P= P,P.:--P, and F=Q,Q2: Qs, 
then r= s, and the degrees of the polynomials P; are the same (as a set with 
no reference to order) as those of the Q;. Thus the situation bears a certain 
resemblance to Jordan-Hélder-like phenomena met in algebra. However there 
isalso a striking difference. Unlike the situation in such a typical instance as 
that of composition series in groups, where the constituent normal subgroups 
can be extremely variegated, in decompositions of polynomials there is prac- 
tically no latitude. Ritt’s second result is that if ” — P,P, = Q,Q»2 where the 
Pi and Q; are prime, then, if P, and Qs are not merely linear transforms of each 


other, there are essentially only two possibilities for 7. They are: 
F(a ) om (x")"[g(ar) |" = [arg (a" ) ]*, 
where clearly 

P,(y) =y", P.(2) == 2°g(z"), 


* Received May 29, 1941. 

‘J. F. Ritt, “ Prime and composite polynomials,” Transactions of the American 
Mathematical Society, vol. 23 (1922), pp. 51-66. 
*H. T. Engstrom, “ Polynomial Substitutions,” American Journal of Mathematics, 
vol. 63 (1941), pp. 249-255. 
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390 HOWARD LEVI. 


and 
Qi(y)=y9(y), = 2". 
This includes as a special case 
F(a) = (2°)* == (z")". 


II. Let T,(x) be defined by 7,(cos A) = cos rA. 
Then 
= = Tn(Tm(2) ). 


These exhaust the possibilities in the sense that any F of the type discussel 
above which is not included in I or II becomes included when each of a, P, 
Q2, F is replaced by a suitable linear integral transform of itself. It wa 
further pointed out how these two polynomial results give a complete descrip. 
tion of the general case. We shall return to this point later in the paper. 

The first result listed above has been shown by Engstrom to hold for a 
arbitrary coefficient field of characteristic zero. In this paper it is shown that 
the second also holds for such fields. 


Statement of the Problem. 


1. Let K be any field of characteristic zero and let x be an indeterminate 
A polynomial F(z) with coefficients in K will be called composite in K if? 
admits a decomposition PQ as above where P and Q are polynomials whox 
coefficients are elements of K. 


2. It is readily seen that if /’ is composite in any extension K* of { 
over which z is an indeterminate, then F is composite in K. To establish this 
let F = PQ where P and Q have coefficients in K*. Let Q* =aQ + b wher 
a and b are elements of A* chosen so that the leading coefficient of Q* is unity 
and its constant term zero. Let F* —cF where c is an element of K chosa 
so that the leading coefficient of F* is unity. Clearly F* — P*Q* where # 
is a polynomial. Then if 


mn 


n-1 

Q* gn + F* = ym + > 
4=1 j=1 

we have ® 


(1) bj = Gj (a, Qj-1) + maj, j=1,: 


where G; is an isobaric polynomial in a,,- - , of weight whose coefficient 
are integers. Thus aj; i—1,:--,n—1 is in K, so that F* and therefor 
F is composite in K. 


Cf., Engstrom, loc. cit.# 
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COMPOSITE POLYNOMIALS. 391 


From equations (1) we see likewise that if F = P,P, = Q,Q. and if P» 
and Q2 have the same degree, they must be linear functions of each other. 
This distinguishes the decomposition of polynomials from that of fractional 
rational functions. 


3. We shall denote the field obtained by adjoining a,b,- --,f, to K by 
the expression K(a,b,- --,f). Our problem may be treated from the point 


of view that F(x) = P(Q(x)) implies K(F) C K(Q) C K(x). Conversely, 
itis known that if K(/’) C 3 C K(z), where & is a field, then = is generated 
by a polynomial with coefficients in K and F is composite in K.* Thus every 
decomposition P,P.: - - P, of F determines a chain of fields 


K (P,P: CK(P2: ++ P,) K (Py) C K(a) 


all generated by polynomials, and conversely. Each field K(Pi- + - Pr) is an 
algebraic extension of its predecessor K(P;,Pi: + -P,). It may be obtained 
by adjoining to the latter a root of the equation for wu, 


-Pr=0. 


The coefficients of this equation are in K(P;-,P;- - - Pr) and it is irreducible 
in this field.© The degree of this equation and of the extension is obviously 
that of P;-1. 


4. Let F have two decompositions into prime polynomials. Each deter- 

mines a chain of fields, as described above. We have 

and 

where in each chain each field is maximally incident in its successor. If 
3; =’; for each i the chains are indentical and the two decompositions are 
essentially the same.® If this is not the case let 1 be the smallest integer for 
which 3; =4 3’;. Understanding that = 3%’) = K(F) we have = 3i-1 
=3,°%’;. Both 3; and 3’; are algebraic extensions of 3;-,. Let their respective 
degrees over %j-, be m and n. Engstrom has shown that these integers must 


‘Lueroth’s theorem asserts the existence of a single generator for = which is, in 
general, a rational fractional function of « Engstrom (loc. cit.) has shown that here a 
polynomial generator exists. 

* Because it is of the first degree in the generator of the field. Cf. Van der Waerden, 
Moderne Algebra, vol. I, p. 207. 

*One can secure new decompositions from any one by simply subjecting the argu- 
ments of the constituent polynomials to linear transformations. This process leaves the 
associated chain of fields unaltered. 
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be relatively prime.’ Let 3 C A(x) be the smallest field which contains 4, 
and 3’;. The degree of & over 3;-; is readily seen to be mn. In fact its degree 
over 3;., must be a multiple of both m and n and consequently of mn. Oy 
the other hand & may be obtained by adjoining the generator of 3’; to 4, 
which may be accomplished by solving an equation of degree n with coefficients 
in $i, C 3;. Thus the degree of = over 3;-, does not exceed mn and so must 
be exactly mn. 

It follows quickly that there is no field between 3’; and %, or between 
x; and &. The choice of the integer 7 insures that there is no field betwee 
>; and 3j-_,, or between 3’; and 3;_,. Then by Engstrom’s result, in the chain 
Xin C3’; C---C one of the fields has to be of degree m over its pre 
decessor, since this is true of the chain 3;-;C 3;C---C x. Clearly the 
existence of a field between = and 3’; would require the degree of & over 3; 


to exceed mn. Similarly there is no field between = and 3j. 
5. We are led to the following two polynomial problem. Given 
F(x) = P(p(x)) = Q(q(2)) 


where F, P, p. Q, q are polynomials with coefficients in K, P and q are prime 
and of degree n, p and Q are prime and of degree m. F is composite and of 
degree mn. The integers m and nare relatively prime and each exceeds unity, 
It is required to determine the possibilities for F, P, p, Q, 4. 

From now on the only use we make of the fact that m and n are relatively 
prime is that they are then unequal. We suppose m > n. 

The field situation may be represented as follows. 


CK(p)C 


K(F) = K(p)ek 


where the incidence is maximal in each case. We may suppose that A’ contains 
the n-th roots of unity and the roots of /’(w) = 0 without disturbing thes 
relations. We may further suppose that the leading coefficient of each of the 


five polynomials is unity, and that the constant term of each is zero. 


Relations governing the Factorization of F’(x). 


6. It will be useful to list the irreducible equations satisfied by the 
generators of the various fields. We begin with x which satisfies F(u) — F(2) 
= 0, p(u) — p(x) = 0, q(u) — q(x) = 9, irreducible respectively in K(F), 
K(p), K(q). The irreducible equation with coefficients in K(F) satisfied 
by p is P(u) —F(x) =0. Since F = Qq, the coefficients of P(u) — F(a) 


7 Engstrom, loc. cit. 
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COMPOSITE POLYNOMIALS. 393 


=( are contained in K(q). We need the irreducibility of this equation in 


K(q). This follows from the fact that the adjunction of a root of this equation 


to K(q) yields-the same field as that obtained by adjoining a root of 
g(u) —q(v) =0 to K(q), namely K(z), and this last equation, which we 
know to be irreducible in has the same degree as P(u) — = 0. 
Similarly, satisfies — F(x) = 0, which is irreducible in K(p) as well 
asin K(F). 

7. Let c be any element of K. Because the leading coefficient of F is 
mity, the norm * of «—c relative to K(F) is —F(c)). 
We write 


nN r(x Cc) 


using the notation 7l,|”(w) to designate either the norm of w relative to 
K(F) or its negative, it being understood that w is an element of A(z). 
(This seeming ambiguity should lead to no confusion, since, in every casé in 
which we employ the notation, multiplication of N.z)r(w) by a known power 
of (— 1) converts it into the true norm. Which sign is used is irrelevant to 
our argument). Similarly, with obvious interpretation for the symbols 
Neip(w), ete., 
—c) = — p(e), q(t—c) = q(x) —q(c), 
Nye (p—c) = P(p) — P(c) = F(x) — P(c). 
Najr(q—c) = Q(q) —Q(c) = F(x) —Q(c). 


In addition, making use of the irreducibility of P(w) — F(r7) =0 in K(q) 
we have 

Ne \q(p— ec) =Npir(p—c) = F(x) — P(e), 
and similarly 

nN, r(q = r(q—c) = — Q(e). 
Finally we observe that if w is in K(p), Nsjp(w) = w™ and if w is in K(q), 
Neiq(w) = w". 

8. F’(x) is in K(x) and in that field splits up into the product of 

mn—1 linear factors. We have = P’(p)p’(r) = Q’(q)q'(x). Thus 
Neip(F’(x)) may be computed in two ways. We have 


Ne\p(F tx) ) = (P'(p)) Neyp(p’(@)) = (p’(2)) 


and 
Neyp(F’(x)) = (Q’(G)) (x)) = 


* As defined in Van der Waerden, loc. cit., p. 135. Note that the norm of a product 
is the product of the norms, and that a polynomial divides its norm. 
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The equation 


(2) (x) ) = Nair (Q’(G) W 
and the analogous one obtained by evaluating Nep(F’(x)) are fundamental 
in our work. A study of the factorization of the different members of they § ( 
equations will yield a solution of the two polynomial problem. While it js ht 
perhaps not immediately obvious, this procedure is closely related to Ritt he 
work. The evalution of the various norms is similar in effect to the excursion; P 
around the critical points of the inverse functions which figured so prominently 
in his paper. 

(i 


9. We single out any factor p—a of P’(p) and examine the way it g 
figures in (2). Its multiplicity in the left member is wm -- r, where w is the a( 
multiplicity of p—a in P’(p) and where r is the number of linear (in 2) J 49 
factors of p’(x) which divide p—a. To find its multiplicity in the right f pe 
member, observe that N.2)p(q’(x)) contributes t, where ¢ is the number off ¢h 

’ linear (in x) factors of g’(x) which divide p—a. Let p—a divide F—A, a( 
Its multiplicity in # — A must be w+ 1. If there are s linear (in q) factors 
of Q’(q) which divide F — A, then the multiplicity of p—a in Nqjr(Q’(q)) 
is s(w+1). Collecting our results, we have TI 


(3) mw +r=—s(w+1) +i. 


Since m > s (the degree of Q’ in g is m —1) it follows that 


(w 
(4) mS2s+t. D 
We are going to use this inequality to show that all the factors p— a of P’(p) : 


divide at most two distinct polynomials F— A and F — A’. Suppose this 
were not the case, and let p—a, p—a’, p—da” be factors of P’(p) whieh 
divide F — A, F — A’, F — A” respectively, where A, A’, A” are three distine By 
elements of K. We have m S 2s’ + ?¢’ and m S 2s” + ¢” where the inequalities for 
and the primed symbols are obtained as above. By adding the inequalities 


we obtain 
8m S 2(s+s' +8") wh 


ter 


Now s+ 8s” does not exceed the degree of Q’(q) in g, namely m — 1 anl 
p(a 


t+ ¢’-+ does not exceed the degree of q’(x) in x, namely n—1 < m—l. 
This inequality implies the absurd result that 3m < 3(m—1). 


Derivation of Case I. 


10. Let us first treat the case in which all the factors of P’(p) a 
contained in a single F— A. We must have 


| 
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where the w; are non-negative integers with Sw; =—n—1, 3(wi +1) =n. 
Qlearly == 1, w, = 1 whence 


(5) F— A= (p—a)". 


In order for P(p) to be prime the integer n must be prime. We now show 
how this result determines g(a) as a linear transform of xz". It will then be 
easy to show that F’ comes under I. 


11. The field K (a) may be obtained from K(q) by solving the irreducible 
(in K(q)) equation P(u) —F(x) =0. Thus, in view of (5), K(z) is a 
cyclic extension of K(q). We show that the n roots of the equation 
q(u) —q(x) 0 must be linear integral functions of 7 They must be 
rational functions of x since K (a) is a normal extension of K(q) ; they must 
be linear fractional functions of x because they also generate K (x) ; and finally 
they must be entire functions of x because otherwise they could not satisfy 
q(u) —q(z) =0. Let the n—1 roots of this equation other than z be 


= + Cis di, K, 1 == 2,- 
The “ Lagrange Resolvent ” ® 


> wt ly; 
q=2 
(w is a primitive n-th root of unity) therefore is of the form Dz -+ EF where 
Dand E are elements of K. Since FR does not belong to K(q) we know that 
D is not zero. It is a characteristic property of R that Re K(q) and our 
knowledge about the degree of # and of g(x) permits us to write 


R" = gq(x) +h, gheK. 
By subjecting the generators of the fields to appropriate linear integral trans- 
formations, we may suppose that (old notation retained ) 
F(x) =(p(x))", =a", 
where p(x) and F(a) have unity as leading coefficients and where the constant 
term of p(2) is zero. We then confront the problem of determining Q(y) and 
p(z) in such a fashion that F(x) = (p(x))" = Q(a"). Suppose that 


m-1 


= 2" + 
i=1 


m-1 


F(x) — yn > 


*Van der Waerden, loc. cit., p. 177. 
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396 HOWARD LEVI. 


Equations (1) show that a; must be zero for i#40(n). Then 


p(x) = xg (2x") 
where r is an integer less than n and g is a polynomial with coefficients in X, 


Since p(x) is prime r must be different from zero. Clearly 


F(x) = (ag(a"))". 


Derivation of Case II. 


12. We turn now to the case in which P’(p) has non-constant factors in 
common with Ff — A and F — A’, where A and A’ are distinct elements of X, 
We have 

Nor (P’(p)) =c(F — A)*(F—A’)” 


with v + v’ =n—1 and vw’ ~0. The symbol ¢ denotes some element of KX, 


The discussion is divided into two parts. We consider the equation 


and assume first that F — A and F — A’ have factors g — b and q — Db’ respee- 
tively which are prime to Q’(q). We proceed to show that this leads to the 
case of the trigonometric polynomials described under II. Equation (6) reveals 
our assumption about 0 and g—b’ implies that 
divides Because the degree of Neig(q’(x)) in gq is 
=v-+v’, there is precisely one such g—b and one such g—D’. Let us see 


what is involved in the fact that fF — A has only one factor qg— b prime to 
Q’(q). From 
F A (q—b)[(q- b,) 


with each w; > 0, we have 3(w; +1) = m—1, whence Sw; = (m —1)/2. 
That is, the h.c.f. of Q’(q) and /—A has a degree in q not less than 
(m—1)/2. Similarly, the h. c.f. of Q’(q) and — A’ is of degree not les 
than (m—1)/2 in q. Since the total degree of Q’(q) in q is m—1, each 
of these degrees must be exactly (m-—1)/2. This implies that all the % 
(and the w’; which figure in F — A’) must be unity. Therefore 


m?(F A)(F — A’) = (q—b) 
The linear transformations 


F }(A’— A)F* + 4(4’+ A) 
q = 3(b’— b)q* + 3(0' + 5) 
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are permissible, since b 4b’, As4 A’. Under these transformations the above 
equation goes over into 


m?(1— = (1— Q*(q*)* 


This is a differential equation satisfied by the trigonometric polynomial 
Tn(q*). What is more, we shall show that there can be at most two poly- 
nomials of degree m which satisfy this differential equation, and that such 
polynomials are negatives of each other. Since F* = Q*(q*) satisfies the 
equation, this will prove that @Q* is either 7, or — Tn. 


13. Let H(q*) be any polynomial in g* of degree m which satisfies (7). 
Let a; be the coefficient of the (m—71)-th power of qg* in H, i ranging from 
zero to m. When // and its derivative are substituted into (7) the resulting 
equation asserts the identity of two polynomials of degree 2m. Let i be a 
non-negative integer not greater than m. The coefficient of the 2m — i-th 
power of q* in the left member is — 2m*aoa; plus a homogeneous polynomial 
of degree two in the letters a, k < i, with integral coefficients. The coefficient 
of the same power of g* in the right member is — 2m(m—1)doa4 plus a 
similar polynomial. By equating these coefficients it is possible to solve for 
the ratios a;/do, 1== 1,: +, m as rational numbers, there being precisely one 
solution. ‘This determines // up to a multiplicative constant. Reference to 
(7) shows that this constant is either 1 or —1. This suffices to verify our 


assertion.?® 


14. We now show that /—A and F — A’ each have factors which do 


not divide P’(p). If #F—A had no such factor we should have 


F— A = (p—a,)™*"+ (p—ay)™™ 


with each v; > 0. The f. of F 


degree 3v;. The extreme case in which each v; is unity is excluded, since then 


A and P’(p) is a polynomial in p of 


F— A would be the square of a polynomial in p and P(p) would be composite. 
Therefore Sv; > $n and consequently the h.c. f. of P’(p) and F — A’ would 
have a degree in p less than n —1—4n=—4n—1. It follows that F — A’ 
has at least three linear (in p) factors which do not divide P’(p). Our dis- 
cussion of Q(q) permits us to write 


(8) = = — A) (F — A) 


___ 


* The artificial character of this argument might be avoided as follows. The 
coefficients of the solution of the differential equation are rational numbers. It is thus 
possible to use the standard theory of differential equations to solve the equation, and 
such a procedure would also lead to the above results. 
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from which we see that if #— A has a linear (in p) factor which does not 
divide P’(p) its $(m—1)-th power must divide Najp(p’(x)). Since the 
$(m—1)-th powers of three distinct linear factors cannot all be absorbed 
by Nejp(p’(x)) we have our result that F— A and F — A’ contain factors 
prime to P’(p). The reasoning used earlier shows that P(p) is equivalent to 
the trigonometric polynomial 7,(p). In addition, we see from (8) that 


Na jp(p’(x)) = d| (p—a) (p—a’) 


where p—a and p— <a’ are the factors of / — A and F — A’ which are prime 
to P’(p), d being some constant. One readily concludes that p(a) is equi- 
valent to the polynomial 7',(2). Similarly q(x) is equivalent to T(z). 


Exclusion of other possibilities. 


15. We now turn to the remaining case 
Nor(P’(p)) = — A)*(F —A’)”, vo —n—l, 


where both v and v’ are different from zero, A is distinct from A’ and F —4 
has no factor g—b prime to Q’(q). We show that this case cannot arise; 
that these assumptions lead to a contradiction. This will complete our analysis 
of the factorization of F’(x) and prove that the two decompositions treated 
above are the only ones possible for F’. 


16. We need the fact that if p—a and g— 6b both divide F — E, where 
E is any element of K, then p—a and q —b have at least one common factor 
To prove this, suppose — H = (q —))*F*, where F* is a polynomial 
in q prime to g—b. The statement that p—a divides F — E and is prime 
to — implies that G = F*/(p is a polynomial in xz. N2)q(G@) is then 
a polynomial in g. Evaluating N2)¢(G@) we obtain (F*)"/(F — EF) which is 
obviously not a polynomial in q. 

On this basis we can derive a relation between the degree in p of the 
h. c.f. of F—A and P’(p), and the degree in z of the h.c. f. of F—A and 
q’(x). Let 


(9) r—A—II (p—a)™ = (g@—b,)”. 


We show that for each i with u; > 1 there is an e—c; which divides both 
p—a, and q/(x). The multiplicity in F—A of each factor «— c; which 
divides p — a, is a multiple of uj. If —c; divides — bx its multiplicity mm 
F —A is eixvy where ex, is its multiplicity in If p—a,; were prime 
to q’(x) each ei would be unity and each v; would be divisible by u;. Thus 
F—A would be the uj-th power of a polynomial in q and consequently Q 
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would be composite. This proves our statement. Similar remarks hold for 
Q’(q) and p’(z). 


17. Since / — A contains no factor prime to Q’(q), the total multiplicity 
of the factors (in g) of Q’(q) which divide F —A exceeds m/2. Let this 
multiplicity be (m/2) +7 (where 7 > 0 need not be integral). Then 


(10) Najp(F’(x)) = 
= H(F)(F— A) (F — A’)*Nejo(¥ 


where H(F’) is a polynomial prime to (fF —A)(F—A’). Then, if p—a 
divides F—A but not P’(p), (p—a)‘"/)*s divides Na|p(p’(x)). Since 
Ne\p(p’(x)) is of degree m — 1 in p there is at most one such factor. 


18. It is convenient to eliminate, first, the possibility k = m/4. From 
(10) we see that if h factors p—a’ of F—A’ are prime to P’(p) then hk 
such factors must divide Najp(p’(x)). We now make an estimate of the 
degree in x of the h.c.f. of p’(x) and / — A’, and the requirement that hk 
shall not exceed this degree will lead to a contradiction. Returning to (9) 
we see that (vi; — 1) = m—l, and since the total degree of Q’(q) in q is 
m—1, we see that m—1+k=m—1, or 1=2k-+1. There are, then, at 
least k + 1 distinct factors g— bi of Q’(q) which divide F — A; there are 
consequently at least & + 1 distinct factors e—c; of p’(x) which divide 
F—A. Thus the degree in z of the h.c.f. of p’(x) and F — A’ does not 
exceed m — k — 2. 

The result hk = m—k—2 implies k(h +1) <m. Recalling that 
k= m/4 we see that h = 2. Then there are at most two factors p—a’ of 
F— A’ which do not divide P’(p). Under these circumstances F — A must 
have a factor p—a prime to P’(p), since the contents of 14 show that if 
F— A had no such factor F — A’ would have at least three. 


19. This furnishes a sharper estimate for the degree in z of the h.c. f. 
of p’(x) and F — A’. It cannot exceed m — 1— [(m/2) +7] < m/2. Since 
we now know that hk < m/2 the requirement & = m/4 implies that h is either 
zero or unity. It cannot be that A is unity, for then P(p) would be the 
trigonometric polynomial 7,, and a repetition of our earlier argument would 
show that Q(q) is 7'm, a possibility excluded by our assumptions about the 
factorization of F — A. It is also impossible that h be zero, for this would 
require  — A to have at least three factors p—a prime to P’(p) ; whereas, 
in fact, it has at most one. 


20. The case k < m/4 remains. To settle this case we observe first that 


ot 
e 
ad 
rs 
0 
e 
4 
] 
] 


400 HOWARD LEVI. 


since F — A and P’(p) have at least one factor in common it follows that 


F'—A and q’(x) have at least one factor s—c in common. Consequently 
the degree in z of the h.c. f. of / — A’ and q’() does not exceed n — 2. It 
will also be useful for us to note that we may assume that n exceeds two, 
For, if n were two, both g and P would be equivalent to the square of a poly- 
nomial, and we should be led back to case I. This is in conflict with the 
assumptions made in 15. 


21. Let f be the largest integer for which f(n — 2) S m (unity is always 
available). Let d denote the number of distinct factors p—a’; of FP — A’ 
which divide P’(p). Each one appears in N2;)(F’(x)) as follows: 


= (p—a’i) a's)". 


This last equation and the assumption /} < m/4 show that when w; 40, t; 0. 
Certainly some ¢t; = m/fd. From 


(11) mw,S (witi)k+tS (wi +1)k+ m/fd 


we conclude that 


k = m(w; — (1/fd))/(wi + 1) 


and k < m/4 only if w—f—d=1. Thus P’(p) has at most one factor 
p—a in common with F — A’, and its multiplicity in P’(p) must be unity, 
In addition, the result f 1 implies 2(n— 2) > m. 


22. We now show that k = 1. The fact that fF — A’ has only one factor 
p—da’ in common with P’(p) and that the multiplicity of p—a’ in P’(p) 
is unity implies that /’ — A’ has n — 2 factors prime to P’(p). Equation (10) 
reveals that k(n —2) factors must divide Ns)p(p’(x)). Since the degree 
of this expression is m —1 our result about f shows that / is unity. 

We return to equation (11). If we replace w; and k by unity, and ¢; by 
n — 2 the inequality is, if anything, strengthened. We conclude that 


m=2+ (n—2) =n. 


This contradiction to our initial assumption about the relative size of m and 


n completes the proof. 
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ON GROUPS WHOSE ORDER CONTAINS A PRIME NUMBER TO 
THE FIRST POWER I.* 


By RicHarp BRAUER. 


To the memory of I. Schur. 


Introduction. Since the foundation of the theory of group characters 
by Frobenius in 1896, the characters of many special groups © of finite order 
have been determined. In, these examples regularities appear which, it seems, 
are not explained by the general theory. Their occurrence depends on certain 
assumptions concerning ©; it would be extremely difficult to determine the 
exact nature of these assumptions and their consequences from the known 
examples. 

In order to derive new properties of group characters we can use the 
theory of the modular representations of a group as a possible approach, par- 
ticularly when we are interested in questions of a somewhat more arithmetical 
nature. The relationship between the ordinary and the modular theory can 
be described in the following manner: Let K be an algebraic number field. 
The group & defines an associative algebra, the group ring IT, and the investi- 
gation of the structure of T is the main subject of the ordinary theory of 
group characters. If we consider only elements of T which are linear com- 
binations of group elements with integral coefficients we obtain an “ integral 
domain ” J in T which is, in general, not a maximal domain. We may study 
the group ring from an arithmetical point of view; in particular, we are 
interested in the prime ideal divisors of a fixed rational prime p. The study 
of this question leads to the modular theory of group characters. There is a 
close connection between the algebraic and arithmetical structure of T which 
implies that the theories of ordinary and modular group characters are 
interrelated. Thus the “modular” theory provides a new approach to the 
“ordinary ” theory of group characters.’ 

In the case in which we are interested the prime is a discriminant divisor, 
i.e, p divides the order g of the group &. We shall assume in this paper 


that g contains p to the first power only, i. e., 


(*) I= pg’, p) = 1. 
* Received April 4, 1941; Presented to the American Mathematical Society April 7, 
1939. 


*For this point of view, cf. R. Brauer, Proceedings of the National Academy of 


Sciences, vol. 25 (1939), p. 252. 
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To be sure, this assumption is of a very restrictive nature. It may, however, 
be mentioned that Dickson’s list? of 78 simple groups of an order smaller 
than 10° contains only one group for which there is no prime p such that (*) 
holds. 

The simplification imposed by the assumption (*) is threefold. In the 
first place, the arithmetical structure is far simpler than in the general case, 
and the modular theory as developed in a number of previous papers * gives 
complete results. Furthermore, the group-theoretical situation is greatly sim- 
plified compared with the general case because of the simple structure of the 
p-Sylow-subgroup of ©. Finally, we have simplifications of a somewhat more 
analytical nature ; in certain inequalities, as they occur in the theory of group 
characters, the terms are small so that it is easy to handle them. 

Let K be the number of classes of conjugate elements in ®. The char- 
acters of © can be arranged in the form of a matrix Z of degree K. Each 
row corresponds to a fixed character, each column to a fixed class of conjugate 
elements. We arrange the columns so that the classes with p-regular elements‘ 
come before the other classes, and we arrange the rows so that the characters 
of a degree prime to p come before the characters of a degree divisible by p. 
Thus if 
} degrees prime to p, 


Zs Z } degrees divisible by p, 
Y 

p-regular p-<singular 

classes classes 


then we have first of all that 7, 0. Our main result states that the matrix 
Z, is determined by the structure of the normalizer Yt of , the p-Sylow- 
subgroup of G, only some + signs remaining undetermined. In particular, 
if we replace © by Mt, the matrix 7, remains essentially the same, only the 
signs of some of its rows have to be changed. In the case of the group %, 
the second row in (**) is missing. This implies that the number of char- 
acters of ® whose degree is prime to p is equal to the number of classes of 
conjugate elements of 

We obtain these results in a somewhat more explicit form (cf. Theorems 
1, 2, 3, 4, and 5). We show that the values of the characters of © for 
p-singular elements can be written down (apart from + signs which remain 
undetermined), provided that the characters of a certain subgroup ¥ are 
known. This % is a subgroup of the normalizer Nt of the p-Sylow-subgroup; 


2L. E. Dickson, Linear groups, Leipzig (1901), pp. 309-310. 
* Cf. the papers mentioned in the bibliography. 
* Cf. the list of notations at the end of the Introduction. 
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the order of %& is prime to p, and hence the construction of its characters can 
certainly be considered as a more elementary problem than the corresponding 
problem for G. As a matter of fact, in most of the applications of the theory 
developed here the group % is of a very simple structure, and its characters 
can be written down at once. Very often, YW is a cyclic group. 

From a knowledge of the matrices 7, and Z, in (**), some information 


concerning Z, and Z; can be obtained. First, the orthogonality relations for 
group characters can be applied. Secondly, we may obtain the values (mod p) 
of the characters for those classes whose elements commute with elements of 
order p. In particular, this gives a set of new conditions for the degrees of 
the characters which in many cases is sufficient for the computation of the 
degrees. Finally, from our knowledge of Z. and Z, we obtain conditions 
for the multiplication of the characters which also can be used to gain new 
information concerning Z, and Z;. 

In many cases it is possible to derive the complete table of characters in 
this manner ; the following examples may show the significance of the method. 
Heretofore it has not been known whether more than one simple group exists 
for the orders g = 5616 and g = 6048. Assuming that © is a simple group 
of one of these orders, we may find by elementary methods the structure of M, 
where p= 13 in the first case and p—7 in the second case. It turns out 
that the results obtained are sufficient to construct the complete table of group 
characters in either case. From this table we can derive the modular group 
characters of G for the prime p= 3 (here the theorem as given above does 
not hold since 3 divides the order of the group to a higher power than the 
first). The values of the modular characters show that a simple group © of 
order 5616 must have an absolutely irreducible representation of degree 3 in 
the Galois field GF(3). Hence it is a subgroup of LF (3,3), and since & 
and LF(3,3) have the same order, we find © = LF(3,3). Similarly, it can 
be shown that a simple group of order 6048 is isomorphic with HO(3, 9) 
since it must have a unitary representation of degree 3 in GF(9).° This 
shows * that the list of known simple groups is actually complete up to the 
order 6232. Some applications of our results of a more general nature have 


been given without proof elsewhere.’ 


5It is not possible to give the details of the computation in this paper. 

°F. N. Cole, Bulletin of the American Mathematical Society, vol. 30 (1924), p. 489. 
Actually, it follows from a theorem of Frobenius Sitzungsber. Preuss. Akad. (1895), 
p. 1041) that no simple group of order 6232 can exist, since 6232 = 2.2-2- 19-4lisa 
product of five primes. It would be very easy to replace 6232 by a larger number using 
the methods of this paper. 

7R. Brauer, Proceedings of the National Academy of Sciences, vol. 25 (1939), 
p. 290. 
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Notation. © is a group of order g = pg’, where p is a prime and 9 is 
not divisible by p. Let £1, f,---,€x be the absolutely irreducible characters 
of G and ¢x, the irreducible modular characters. Then K is the 
number of classes of &, and ky is the number of classes consisting of p-regular 
elements. Here an element @ of & is termed p-regular, if its order is prime 
to p, otherwise G is p-singular. The characters £, of G are distributed into 
“ blocks” * By, (A =1,2,--+-+), and we may speak of the modular characters 
belonging to the block B,. The degree of {1 will be denoted by zu. Hach 
character {, determines a family of p-conjugate characters,® we denote the 
number of members of this family by rp. 


1. The p-singular elements of %. We first formulate some elementary 
facts concerning the type of groups we propose to consider in this paper. 


LemMA 1. Let & be a group of order 
(1) = py, ((p, 9°) =1), 


where p is a prime, and let P be an element of order p. The normalizer 
N—MN(P) is a direct product of the Sylow subgroup ¥ = {P}, and a group 
B of order v which is prime to p, 1. e., 


(2) N= BV P. 


This follows at once from a theorem of Burnside or a more general 
theorem of Frobenius.’° Using Sylow’s theorem, we obtain easily 


Lemma 2. If two elements of N% are conjugate in &, then they are 
conjugate in the normalizer M —N(P) of the Sylow-subgroup 


There is no difficulty in discussing the structure of Yt. We have 


Per. 9: 

* Cf. [2], § 4. 

10 W. Burnside, Proceedings of the London Mathematical Society, vol. 33 (1901), 
pp. 163, 257; G. Frobenius, Siteungsber. Preuss. Akad. (1901), pp. 1216, 1324. We may 
also prove the statement in our case in the following fashion. Assume first that § 
has an irreducible representation of degree f prime to p which does not represent P 
by the unit matrix. Then the elements of 9? for which the determinant is a g’-th root 
of unity, form a normal subgroup 9, and P does not lie in 93, whence we easily obtain 
(2). If Lemma 1 is not true, then every irreducible representation 9 of J}, whose 
degree f is prime to p, actually is a representation of B/{P}. But adding the squares 
of the degrees of all irreducible representations, we obtain the order of the group, and 
it would follow that the orders of 93 and of R/{P} are congruent (mod p?), which is 
not the case. . 
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LEMMA 3. The group M/MN is cyclic, its order q is a divisor of p—1, 


say 

(3) p—1i 

If M in M corresponds to a generating element of M/N, then 


where y is a primitive root (mod p). The order of M is prime to p. 
The elements 


(5) Po=1, ++, PY 


form a complete system of representatives of the classes of conjugate elements 
in © in which the order is a power of p. They can be taken as the elements 
P; in [2], §1. 

Kvery p-singular class C of @ contains an element P*V with «+0 
(mod p), V in B. We readily obtain 


LeMMA 4. Let V;,V2,--+-,Vi be a maximal system of elements of B 
such that no two of them are conjugate in Mt. Every p-singular class of © 
contains an element P*V) with «340 (mod p), and d is uniquely determined 
by the class. All the classes for which X has the same value belong to one 
family? Fy; we have | families of p-singular classes. 


Let 7, be the least positive integer for which M-7V,M7 and V) are con- 
jugate in B. Then the class of V) in Mt = {¥, P, M} splits into 7) sub-classes 
of elements which are conjugate in &. The number 7) must be a divisor of q, 
since M4 lies in Jt and, therefore, M-?V,M4 and V) are conjugate in &. 

Suppose that P*V) and P8V) are conjugate in &, say G-4P*V)\G = PFV). 
Then G2P*G P§, Hence G lies in one of the cosets 
Since M-PV)\M? and V) are conjugate in ¥B, the exponent p must be a multiple 
of r,. Furthermore, (4) implies that a#’‘ = (mod p). Conversely, if this 
congruence holds for a multiple p of 7), then P*V) and PV, are conjugate 
in ®. It follows that the elements P*V), «—1,2,: --,p—1, belong to 
t= tr) different classes in 


~ 


Lemma 5. Suppose that the class of Vy, in © breaks up into + sub- 
classes of elements which are conjugate in B, and set th—=tr,. The family 
PF, consists of ty classes of conjugate elements (with regard to &). 


It follows from (3) and 7r|q that t, divides p—1. Two elements P*V) 


™ Cf. [2], § 7. 
12 
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and P?V, are conjugate in G, if and only if P* and P* are conjugate in the 
normalizer Jt(V)) of V). Hence we have ¢) classes of elements of It(V)) which 
contain elements of order p. Each of these classes contains n(V,)/n(V,P) 
elements, where n(G@) denotes the order of the normalizer of an element ¢ 
in ©. Hence 9(V) contains tyn(V,)/n(V)P) elements of order p. Together 
with the unit element, they form a complete set of solutions of the equation 
X? 1. Using a theorem of Frobenius,’ we now obtain 


Lemma 6. Let n(G@) be the order of the normalizer of the element G 
im &. The number ty ts characterized completely by the two conditions 
(6) p—1=0 (mod f), 1+ (mod p). 

2. The blocks of characters. A block B is either of type** 1 or of 
type 0, according as the degrees of the characters in B are divisible by p or 
are prime to p. In the first case, B is of the highest type. Therefore,'* B con- 
sists of one character {, only. Further, £, is modular irreducible, it lies in 
the field of the g’-th roots of unity, and it vanishes for all p-singular elements 
of ©. The corresponding generalized decomposition numbers d‘yy vanish for 
> 0 and all v.* 

In the notation of Lemma 4, there exist / classes of conjugate elements 
in © such that the elements of the class are p-regular and that the number 
of elements in the class is prime to p. This implies,’* that exactly / of the 
blocks of & are of the lowest type, i.e., of type 0. 


THEOREM 1. The group © possesses | blocks B,, B2,- - -, Bi of lowest 
type where I is defined in Lemma 4. All the other blocks Bis, Bise,* - * are of 
highest type; they consist of one character fy, which is p-conjugate only to 
itself, which is modular irreducible, and which vanishes for all p-singular 
elements. 

If we set g=p'g’ with (g’,p) =1, then a=1. Hence the blocks 
B,, Bo,- - -, By are of degree a — 1. Consequently, the results of [8] will hold 
for them. We shall apply these later. 


3. The matrix of the generalized decomposition numbers. In order 
to discuss the decomposition numbers d‘yy with i > 0, we have to form the 


12 Frobenius, Sitzungsber. Preuss. Akad. (1895), p. 981. 
38 $17. 

14 Cf. [1], Part II. 

15 [2], Theorem 10. 

16 []1}, Theorem 2. 
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normalizer 9¢(P;) of the element P; (cf. (5)). This normalizer is identical 
with the normalizer 9t of P, and (2) now shows that the irreducible modular 
characters $,‘, - of R(P;) are identical with the ordinary irreducible 


characters 6,,0.,- - - of The corresponding Cartan invariants of 3t(P;), 
then, are given by 
(7) Cpe (for 0). 


This implies that the indecomposable character ®p‘ of N(P;) associated with 
$o' is connected with ¢p* by the equation 


= 


Then the formulae [2], (1) and (2) defining the decomposition numbers 
become 


(8) fn(PiV) = > d‘wh(V) (V in Bii>0). 
(9) for i>0.18 
Vin& 
According to (7) and [2], Theorem 4, we have 
K 
(10 a) up = 0, if or if vx p. 
K 
(10 b) uy 2. 


If in (10 b) the index » ranges only over the values corresponding to a fixed 
block B,, then the sum on the left-hand side is a rational integer which is 
divisible by p (cf. [2], Theorem 7). It follows that for every possible com- 
bination (i,v) with 7 > 0 there exists exactly one block B, of lowest kind 
such that d‘yy = 0 for all » not belonging to B,. We denote this block B, by 
B(t,v). If two d-columns d‘yy and diyp are algebraically conjugate, then 
obviously B(i, v) = B(j, p). The same block By corresponds to all the members 
of a family of algebraically conjugate d-columns. 

Every block B, of lowest type appears, conversely, in the form B(t, v) 
for at least one combination (i,v) with i > 0. If this were not so, we would 
have déyy = 0 for the values » belonging to By and for all 1 >0 and all v. 
Then (8) shows that the characters fy of B, vanish for all p-singular elements, 
and this would imply *® that {uy belongs to a block of highest type and not to 
a block B, of type 0. 


Cf. [1], § 29.—Of course, 550 = 0 for p ~o and 5, 1 

18 We make use of the fact that v is the p-th part of the order of 9U(P,) and that 
is the indecomposable character 
* Cf. [1], Theorem 10. 
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According to [2], Theorem 11, the number of families of algebraically 


conjugete d-columns is equal to the number of families of classes of conjugate 
elements. Each d-column with 1 = 0 forms its own family, and so does each 


p-regular class. Further, we have as many d-columns with i= 0 as we have 


p-regular classes. It follows that the number of families of d-columns with 
t > 0 is equal to the number of families of p-singular classes. This latter 
number is / (cf. Lemma 4). Hence we have as many families of algebraically 
conjugate d-columns with 1 > 0 as we have blocks B,, B.,- - -, By of lowest 
type. The mapping d‘,»— B(1, vy) necessarily defines a (1 — 1) -correspondence 
between families of d-columns with 1 > 0 and blocks of the lowest type. We 
shall say that the d-column d‘yy belongs to the block By, if B(i, v) = B). 

Arrange now the characters ¢,, f.,- - -,& of © so that the characters of 
B, come first, then those of B.,---, then those of B;, and then those of the 
blocks Bz41, Bis2,* of highest type. 

On the other hand, we choose a suitable arrangement of the columns of 
the matrix D formed by the decomposition numbers (cf. [2], (3)). We start 
with the d-columns with 1 = 0, taking them in such an order that the matrix 
D = D° breaks up in the form [1], (28) (i.¢., arranging the modular char- Fr 
acters of so that the characters of B, come first, then those of B,, 


etc.). After the d-columns with 1 = 0 we take the columns belonging to B, — 4 
then those of B.,- --, finally those of B;. From our results above it follows 
that D has the following form 
§ 
0 Dz 0 0 0 Veo |, 
(11) D— ( 
ti 


Here, m is the number of characters ¢, of a degree z,==0 (mod p) and In 
denotes the unit matrix of degree m. The part of D to the left of the vertical , 
line contains the ordinary decomposition numbers dyv = d°uv, i. e., the matrix 
D=D?°. The columns of each fixed Q) are algebraically conjugate. Since D . 
is non-degenerate, it follows that these columns are linearly independent. ‘ 


4. The number of characters in the blocks of lowest kind. Denote 
the number of columns of Q) by ¢’); the corresponding columns of D form! 
family of d-columns (A = 1, 2,: - -,1). Besides these J families of d-columms, 
we have k, further families of d-columns diyy with i=0 where kp is the 
number of classes of p-regular elements in ®. Each of these families consis Ft), 
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of one column. Hence the number of members in the different families of 


d-columns are 
(12) t’,, U,° ‘ey 1,:: 
respectively. 
We now apply [2], Theorem 12.”° We have / + ky families of p-conjugate 
characters, and if the number of members of these families are 


(13) ° * Tlaky 


respectively, then the sets of numbers (12) and (13) coincide. Further, the 
classes of conjugate elements are also distributed into families. According to 
Lemma 4, we have / families containing p-singular classes, and the A-th 
family contains ¢, classes (Lemma 5). Each p-regular class forms a family 
by itself; there are /) such families. Hence the number of members of the 
different families is 


(14) 


ko 
respectively. Again, [2], Theorem 12, shows that the system (14) coincides 
with each of the systems (12) and (13). In particular, after changing the 
order of the / elements V,, V2,- - -, Vi if necessary, we may assume that 


Let « be a primitive g-th root of unity, and choose a rational integer y 
such that y is a primitive root (mod p) and y=1 (mod g’). The substitution 


(16) T: 


transforms (, (cf. (11)) into a matrix Q)?. There are two ways of obtaining 
Q\7 from Q,: (1) the substitution 7 permutes the d-columns and this induces 
a permutation of the columns of Q). The coefficients of Q) belong to the field 
of the p-th root of unity and the ¢, columns of Q) are algebraically conjugate. 
It follows easily that Q)7 can be obtained from Q, by a cyclic permutation of 
the columns.” The substitution T permutes the characters ¢,, actually, 
T induces a cyclic permutation of the characters of each family. This shows 
that Q\7 can be obtained from Q) by a certain permutation of the rows. The 
assumptions of [2], Lemma 2, are satisfied since the columns of Q) are 
linearly independent as observed above. It follows that the block B, must 


*” For the case p = 2, ef. footnote ** of [2]. 
1 According to [2], § 1, the generalized decomposition numbers lie in the field of 


p-th roots of unity, since we have a= 1. 
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contain at least one character £, such that the number rp of members of the 
family of fy is divisible by ¢,. But the systems (14) and (15) both consist 
of the same numbers. We readily see that the block B, contains a family con- 
sisting of exactly ¢, characters; all the other families belonging to By consist 
of one character (A = 1,2,---,/). If By contains w) families of characters 
and if respectively, are the numbers of members of these 
families, then one of the numbers, say rq, is equal to ¢, whereas the other 
w, — 1 numbers are equal to 1, i.e., rg = 1. On the other hand, 
we have *? 

rata: te(1/ta + =p. 
This now gives 

t(1/t, + (w.—1)) =p, 

(17) w,— 1 = (p—1)/h. 


If a character {, is p-conjugate only to itself, i.e., ru = 1, then fy lies in the 
field of the g’-th roots of unity. Hence 


THEOREM 2. Let t;, to,---,¢t: have the same significance as in Lemmas 
5 and 6. If these | numbers are taken in a suitable order, then the block By 
of lowest kind consists (a) of one family of ty p-conjugate characters, the 
“ exceptional family” of By, and (b) (p—1)/ty further characters fy which 
belong to the field of the g’-th roots of unity, 1. e., each such ty ts p-conjugate 
enly to itself (A=1,2,---,1). 


On account of [8], § 7, Corollaries 1 and 6, and [8], Theorem 5, we also 
have 


THEOREM 3. The block By contains (p—1)/t, modular characters 
(A=1,2,---,1). The structure of By is characterized by a tree Ty with 
1+ (p—1)/t vertices and with (p—1)/t, edges. Each of these edges Ey 
corresponds to a modular character dv of By; each of the vertices Vu corre- 
sponds to a family of p-conjugate characters. A modular character ¢v of 8) 
appears as a modular constituent of an ordinary character £, of By, tf the 
edge Ey contains the vertex corresponding to fu; the multiplicity of dv in 
then is 1. 

We may describe the tree T, in the customary manner * by a matrix 
with 1+ (p—1)/t, rows and (p—1)/t, columns. Each row corresponds 
to a vertex, and each column corresponds to an edge. The coefficient in the 
i-th row and the j-th column is 1, if the j-th edge contains the i-th verter. 


22 Cf. [8], Corollary 5 in § 7. 
22 Cf. O. Veblen, Analysis situs, second ed., p. 12. 
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the In the other case, the coefficient is 0. Let D, be this matrix. Suppose that 


sist the numbering of the vertices is such that the last vertex corresponds to the 
con- family with ¢, members. Then the matrix D, in (11) is obtained from Dy 
sist by adding ¢, —1 further rows all of which are equal to the last row of D). 
ters Since C) = D’)D,, we can find the ordinary decomposition numbers and the 
» Wy Cartan invariants corresponding to the block By, if we know the tree Ty, the 
ther number ¢, and the vertex corresponding to the family with t, members. 

and, 


5. The coefficients of the matrix Q). Consider a fixed block By 
(A=1,2,:--°,1). The corresponding matrix Q, in (11) has ¢, columns, 
(cf. (15) ), which are algebraically conjugate. The substitution (16) induces 
a cyclic permutation of these columns; we may arrange the columns so that 
the first column is carried into the second, the second into the third etc., 
finally the last column into the first. 
the As we have seen, the block B, contains (p—1)/t, characters £, which 

belong to the field of the g’-th roots of unity. It follows from (9) that the 
mas corresponding numbers d‘yy lie in the same field. On the other hand, the 


> By generalized decomposition numbers lie in the field of the p-th roots of unity. 
the Consequently, the numbers d‘,y with the fixed first suffix » are rational 
hich integers, therefore d‘yy is algebraically conjugate only with itself. The formula 
gate (11) now shows that the row of Q,, which corresponds to ¢, contains ¢, equal 
coefficients. 
Set h = (p—1)/t, and arrange the characters {, of B, so that the 
* h characters lying in the field of the g’-th roots of unity are taken first and 
are followed by the ¢, characters of the exceptional family of B). If the order 
ters of these last ¢, characters is chosen suitably, the matrix Q) will have the form 
> 
A» As Ae 
rre- 
By 
nds 
the Here a;,@2,° * - ,@, are rational integers, while « is an integer of the field of 
tex, the p-th roots of unity which has exactly ¢, conjugates a, a’,---, a”) with 
regard to the field P of rational numbers. 


* Cf. [2], § 1. 


| 
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The relations (10a) and (10b) can be used to determine the coefficients 
of QY. Because of the form (11) of D, we obtain from (10a) for 7 ~0 the 
matrix equation 
(19) (4, >, a, >, Dy 0, 


Secondly, (10a) applied to two suitable columns of D passing through Q 
yields 
h 
(20) > ay? + tr 
prl 
where tr(w) denotes the trace of a number w of the field P(a) with regard 
to P. Finally, the equation (10b) gives 


(21) Sa? + tr (2%) = p. 


The last ¢, rows of D) are equal (cf. §4). Hence (19) can be written in 
the form 
(22) Q2,° *, Qn, tr (a) ) Dy = 0, 


where Dy, as in § 4, is the matrix describing the tree T). We set da, = tr (2). 
From (22), it follows that if the edge Ho of T) is bounded by the vertices Vx 
and Vy, then 

ax + = 0. 


On comparing these equations for all h edges of T), we see that 
(23) = tr (a) 


for i, 7 =1,2,---,4+1. In (23), the + sign is to be used, when the ver- 
tices V; and V; are connected by an even number of edges, in the other case 
the sign is to be taken. 

We now add the equations (20) for i=1,2,---,¢,—1 and (21). Thus 
we obtain 


h 
a) —p, 
p=1 i=0 


or 


(24) ty a? + tr (a) tr (a) =p. 


But tr («) —tr (@), and by (23), (24) takes the form 


ht, tr (a)? + tr (a)? =p. 


412 
= 
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This shows that the rational integer tr (a) must have the value +1: 
tr (a) == + 1. 
Let «9 be a primitive p-th root of unity and set 
(26) = (v=0,1,2,---,p—2), 


where y is a primitive root (mod p). The integer a belongs to the field P(e) 
and can therefore be written in the form 


&% = Doe, + bie, Bp-2€p-2, 


where the by are rational integers which are uniquely determined by 2. Since 
a has exactly ¢, conjugates with regard to P, the substitution T's (cf. (16) ) 
of period h = (p—1)/t, must leave « invariant. Hence, by = by.1,. If np 


denotes the “‘ Gauss period ” 


(27) np = €p + (ep =0,1,---,4—1), 
then 
(28) % = Dono + bim + + 
As is easily seen, we have 
tr (yp) =—1, 
tr =—h for po; tr = p—h. 


On substituting the value of « from (28) in (25) and (21) and using (23) 


and (25), we find 


ty-1 ty-1 
(30) h+(—h) bb; + 958 b2—p. 


i,j=0 i=0 


Because of (29), the first two terms on the left hand side of (30) cancel; 
it follows that 3b;2 — 1, and, since the b; are rational integers, only one of 
them can be different from 0. The value of this particular bp then is + 1, 
and we have « = + np. After permuting the rows of Q), if necessary, we may 
assume that p = 0, i. e., 

(31) @ == + Ho. 


With each character ¢y of B, we associate a sign 8: = + 1; if {yp appears 
in the i-th row of Q, and ih, set §.—a;. If i has one of the values 
h+1,---,h+, set 8u—an.. The + sign in (31) then is —&p, if fu 
belongs to the family with t, members, i. e., 


(31* ) 8uno- 


ts | 
he 
aN 
in 
1), 
Ve 
b; == -+ Il, 
(29) ~ 
se 
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The formulae (23), (31*) determine the coefficients of Q,; only one + sign 
remains undetermined, if the tree T, is known. If T) is not known, all the 
signs 6, remain undetermined. 


6. Relations between the characters of © and of B. It remains to 
determine which d-columns are algebraically conjugate to a given d-colump 
d‘ny, (0 > 0,vfixed).?®° In order to obtain these conjugate columns, we have 
to apply the powers of the substitution 7’ defined in (16). The effect on (9) 
is that P; is replaced by its powers 1. This shows that for one of these 
conjugate columns the upper index is 1. There is no restriction in assuming 
that in the given column we have 1 = 1, and that the first column of each Q) 
belongs to the upper index 1 1. We denote the given d-column by a; its p-th 


coefficient is 
(32) (a) p = d* (1/v) 2 


Vin 
where y has a fixed value. Let a‘”) be the column obtained from a by applying 
T*. The effect of the substitution 7 consists in the replacing of P by P” in 
(32), and the y-th coefficient of a‘? is, therefore, given by 


(33) (a) = (1/v) 


Let a be the column of D, (cf. (11)), which contains the first column of Q). 
Since Q) has ¢, rows, which form a complete family of algebraically conjugate 


columns, we have 
(34) aft a) aq for 0<p< hk. 
Divide the number p by ?¢, (cf. Lemma 3). If 
(35) p=xt+(j—1), 157351, 
then, by (4) and (5), we have 
(36) PV? M-*PY"M* = 
The character £, has the same value for elements which are conjugate in 6. 
The equation (33) can, therefore, be written in the form 
By (36), this becomes : 
= (1/v) - M*VM-*)6,(V-*) 


= (1/v) 


25 For the following argument, cf. [2], Theorem 2. 
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The element MV M* ranges over %, if V ranges over B. If we replace V by 
M-“VM*, we obtain 


(a )p=(1/v) 
Vin& 


The expression 6)(//-*VM*) represents an irreducible character of B if V 
ranges over B and « has a fixed value. If we denote this character by 60(V), 
then we finally find, on account of (8), that 


(37) (a = Myo. 


For p= ty, we have = (cf. Lemma 5), and hence, —7, —1. 
On comparing (32) and (37) for p =?) and using (34), we obtain d*pv = d'yo 
for every » belonging to the block B,. This implies v=o, and because of 
the definition of 6c and of x 7), this gives 


(38) 6,(M-"\ VM) = 6(V). 


On the other hand, if 6.(M-*VM*) = 6,(V) for all V in & and a fixed x, 
then o =v. Choose now p = xt with this value of x, (cf. (35)). From (37) 
and (32) it follows that = i.e., =a. For p< fy, i.e., for 
k< t/t = 7), this contradicts (34). Hence 


(39) 6(M-*VM*) 6,(V) for x= 


It follows from Lemmas 1 and 3 that the characteristic subgroup ¥ of 2% 
is a normal subgroup of Mt. For any irreducible character 6(V) of & and 
any fixed element G of Mt, the expression 6(G""VG) also represents an irre- 
ducible character of B, if V ranges over B. Two such characters 6(V) and 
6(G"VG) are termed associated characters of @ with regard to Mt. All the 
irreducible characters of B appear distributed into classes of associated char- 
acters. In order to obtain all the characters associated with 6(V), it is suffi- 
cient to take G as a power of the element M (cf. Lemma 3). The relations 
(88) and (39) show that there exist exactly 7, distinct characters of 8 which 
are associated with 6). We may assume that the notation has been so chosen 
that 
(40) 6,(M-*VM*) = (x =0,1,2,---,m—1). 


Then (37) takes the form 
(41) == var if p=x«t+ (j—1), isjst. 


In other words, the row of Q, which corresponds to the characters {x of Qp 


is given by 
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1 2 


For every ¢, of By, all d‘y» with i > 0 not appearing in (42) vanish as follows 
from the form (11) of D. Hence (8) reads 


(43) K=0 


T)-1 
fu(Pi V) > vexOv(M-*VM*), (a 0, V in Y). 
K=0 


The row (42) of @) has been determined in $5. If {, lies in the fields 
of the g’-th roots of unity, then all the coefficients (42) have the same 
value 8, = + 1 so that (42) has the form 


If fy is a suitable one of the ¢, p-conjugate characters of By, then (42) is 
identical with 

(cf. (31*)). 


The imdex y is determined by the fact that the first column of @Q, in (11) 
is the d-column and Q, also contains the d-columns 
belonging to characters 6) of 8 which are associated with 6). In this manner, 
B, determines a class C) of associated characters of ¥. To another block By 
with 1=2’ S/, there must correspond a class Cy). Cy. Every class of 
associated characters of B necessarily appears in the form (Cy. We now change 
the notation and denote the character 6, of B belonging to the first column of 
Qy by A=1,2,---,1. No two of the characters 6,,0.,-- -,6: of then 
are associated, but every irreducible character of ¥B is associated with one of 
these / characters. 

Collecting the results: we substitute in (43) the values of d‘yy obtained 
by comparing (42) with (44), (45) respectively and express yp by means of 
a primitive p-th root of unity using (26) and (27). We now obtain 


THeEorEM 4. To each of the blocks B, of the lowest kind there corre- 
sponds an irreducible character 6, of B. No two characters 0,,62,° of B 
are associated with regard to Mt, but every irreducible character of B is asso- 
ciated with one of the characters 6. There are exactly +, = t/t characters 
associated with 6); they are 


6,(M*VM*) (x = 0, i, 


wi 
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where V ranges over B; we have 
(46) 6,(M-7VM) =6,(V), V in &. 


If fu ts a character belonging to By which is p-conjugate only to itself, then 


(47a) PPV) = (7, = t/t) 

K=0 
for (mod p) and V in B. Here = +1 or du=—1. If ts a char- 


acter of the exceptional family of By, we have 
q-1 

(4%b) PPV) =— (M*VM*), (¢=(p—1)/2), 
K=0 


where p40 (mod p) and V isin &. Here «is a suitable primitive p-th root of 
unity, y is primitive root (mod p) and 1 or = —1. 


If the characters 6 of & are known, the formulae (47a) and (47%b) 
together with Theorem 1 show that the values of the characters ¢ of © for all 
p-singular elements can be obtained, only the signs §:—= + 1 remain unde- 
termined. If the tree T, corresponding to B, is known, then we obtain from 
(23) and the remark at the end of § 5 


THEOREM 5. Jf fy and fv are two characters of a block By of the lowest 
kind, then 8 = 8y if and only if the corresponding vertices of the tree T) 
can be joined by an even number of edges. 


Concerning the values of the characfers for p-regular elements we state 


THEOREM 6. Let By be a block of lowest type. For any p-regular elements 
G of G, we have 
(48) = 0, 


where fu ranges over a complete system of characters representing the different 
families of By (i. ¢., ranges over the (p—1)/ty characters of By, which lie 
in the field of the g’-th roots of unity and one of the ty p-conjugate characters). 
In particular, 
(49) > = 0, 


where 2 is the degree of fu and p ranges over the same values as in (48). 


Proof. From the definition of the 3, at the end of §5 and from (22) 
it follows that 
(50) Sud uv = 0 
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for v=1,2,- - -,ko where the duy—d°, are the ordinary decomposition 
numbers of & and p» ranges over the same values as in (48). On multiplying 
(50) by the v-th irreducible modular character ¢v(G@) of G and adding 
over v, we obtain (48). The equation (49) is derived from (48) by setting 
G = 1. 


7. Corollaries. Apart from the signs 8,, the right hand sides in (47a) 
and (47b) are completely determined, if (a) the characters of 8 are known 
and (b) it is known in what manner these characters are associated in the 
group {%, M@}. This group {%, M} has an order v(p—1)/t which is prime 
to p, and we may consider the computation of its characters as a simpler 
problem than the determination of the characters of G. In the applications 
of the theory developed here, the characters of {%, M@} can usually be found 
without difficulty and then the answers to (a) and (b) are actually known, 

In particular, the right hand sides in (4%a) and (47b) are determined 
completely by the structure of Yt, apart from the signs 8,. Except for these 
signs, the right hand side of these equations are the same for any two groups 
@ and &,, for which Yt —M({P}) has the same structure. In particular, 
we may take for @, the group Yt itself. Since the characters of © of highest 
kind vanish for all p-singular elements, and since Pi—M({P}) has no 
characters of highest kind,* we obtain 


w 


THEOREM 7. Arrange the matrix Z of the group characters of © in such 
a manner that the characters of a degree prime to p occupy the upper rows 
and the other characters the lower rows, further arrange the columns of Z so 
that the classes of the p-regular elements are to the left of the p-singular 
elements. If Z thus is broken up in the form 


Z.\ } degrees prime to p, 
Z,] } degrees divisible by p, 


p-regular p-singular 
classes classes 


then Z,—=0. If the matrix of group characters Z* of the group M = N({P}) 
is arranged in a corresponding manner, then the lower part is missing, 1. €., 


Z* (2*;, Z*.), 
and Z, can be carried into Z*,, if certain of tts rows are multiplied by —1. 


This implies 


THEOREM 8. The number of irreducible characters of © of a degree 


*° Cf. [1], § 29. 
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tion $240( mod p) ts equal to the number of classes of conjugate elements in the 
ing group Wt — N({P}). 


The characteristic roots of the matrix %(PV) representing PV in a given 
representation % of & can be obtained by multiplying the roots of §(P) with 
those of %(V), taken in a suitable arrangement. Hence, for the traces of the 
Ya) B matrices, we have 


tr (§(PV)) = tr (§(V)) 
me fife is a primitive pth root of unity. In particular, 

l 

u(PV) =&(V) (mod (1 —e)). 


nd — Combining this with (47a), we find 


T)-1 

ed Cu(V) (M"“*VM*) (mod (1—e)), 
K=0 

Se 

ps if {, is p-conjugate only to itself. Since both sides here lie in the field of the 

r, | 7th root of unity, this congruence must hold (mod p). Similarly, we have 


st | in the case of (47b) 


q-1 
4 On the right hand side, every term 6\(M-*VM"*) («x =0,1,- -,7m—1) 


3 appears (p—1)/t, times because of (46). Hence 


THEOREM 9. For an element V of B, we have (1, = 1t,/t) 
T\-1 
(51a) fu(V) (mod p), 
K=0 


if {. is a character of By, (A=1,2,---,1) which is p-conjugate only to itself. 
If t: belongs to the exceptional family of By then 


T)-1 
(51b) + (V) = (mod p). 
K=0 
Finally, if fy is a character of a degree zp divisible by p, we have 


(51c) fu(V) =0 (mod p). 


As a corollary, we obtain 
THEOREM 10. Let fy be the degree of the character 0, of B. The degree 
tu of a character fy of the block By (A=1,2,:--,1) satisfies the congruence 


(mod p) 


= 
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(52a) Zp == or Zp = (mod p), 
according as we have the case of (51a) or (51b). 


These congruences, together with (49) and the fact that zy divides g ar 
im many cases sufficient to determine the degrees. If the degrees zy and the 
degrees f, are known, then the sign 8, can be obtained from (52a), (52b), 
at least for an odd p. 


8. The block of the 1-character. We consider now the 1-character of 
We may assume that the notation is so chosen that it is the character £,(@), 
i.e, :1(@) =1 for every G in G, and that it belongs to the block B,. The 
formula (47a) then gives 


1 6; (M-*VM") 
K=0 
for every V in &%, and since this is a linear relation between the characters 
of we must have 1, and 6,(V) —1. Hence 


THEOREM 11. Jf the block B, contains the 1-character £, of G, then 6, 
is the 1-character of B. Further t, =t. The degrees zp of the characters of 
B, satisfy the congruences 


(53) or t= = + 1/t (mod p) 


according as we have the case of (51a) or (51b). If 
(¢ = (p—1)/t), represent the different families of B,, then 
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ON GROUPS WHOSE ORDER CONTAINS A PRIME NUMBER 
TO THE FIRST POWER II.* 


By RicHarp BRAUER. 


Introduction. This paper is a continuation of a previous paper with the 
same title. Its aim is the proof of the following theorem: Let 8 be a finite 
group of linear transformations in n variables. Assume that the order g of 3 
contains a prime factor p to the first power only, and that 8 has no normal 
subgroup of order p. Then we have pS 2n-+ 1. The equality sign can hold 
only when §, considered as a collineation group, is isomorphic with LF(2, p). 
If the group 8 of order g = pg’, with (g’, p) =1, has a normal subgroup $ 
of order p, then 8 contains a normal subgroup §M, such that Yt is the direct 
product of $8 and a normal subgroup ¥B of 8, while the factor group 8/2 is 
cyclic.2 For a primitive group 8 of this type, we can take 3=M&, 
8=% x ¥; if 8 is primitive and unimodular,’ then the degree n must be 
divisible by p. 

It has been proved by H. F. Blichfeldt* that the order g of a primitive 
unimodular linear group 3 in n variables is not divisible by a prime number p 
which is greater than (2n +1)(m—1). Our theorem improves this result 
for primes p which divide g to the first power only. Since LF(2,p) has an 
irreducible representation by collineations in (p—1)/2 homogeneous vari- 
ables,’ the inequality p= 2n + 1 cannot be improved further. 

The proof of the theorem is obtained by combining a rough estimate for 
the degrees of the characters (§ 3) with a formula for the product of certain 
characters (§ 4); both these formulae are derived from the results of [4]. 
The case p= 2n + 1 requires a somewhat complicated discussion. For the 


notation employed cf. [4]. 


* Received June 26, 1941. 

*Cf. the paper [4] of the bibliography. 

*Cf. [4], § 1. 

* This means that all the matrices of 3 have determinant 1. 

‘H. F. Blichfeldt, Finite Collineation Groups, University of Chicago Press, Chicago, 
1917, p. 89, Theorem 5. 

5For p=—1 (mod 4), this representation has been discovered by F. Klein, 
Mathematische Annalen, vol. 15 (1879), p. 275; for p= 1 (mod 4) by I, Schur, Journ. 
f.d. reine u. angew. Math., vol. 132 (1907), p. 135. 
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1. Remarks on characters. Let & be a group of finite order. As ig 
well known, the linear combinations 


016, + ++ + ark, (a, rational integers) 


of the (ordinary) irreducible characters £,, -,¢: of form a ring 
If XZ denotes the subset of elements é for which all a, = 0, then Xo is closed 
under addition and multiplication ; the elements of Z are the (reducible and 
irreducible) characters of G. Every element € of Z can be obtained by 
addition from the irreducible characters £,, 1, and this additive repre. 
sentation of € is unique. Every element of Z is a difference of two elements 
of Z. It may be remarked that we have a certain resemblance to the familiar 
type of arithmetic; however, the roles of addition and multiplication are 
interchanged. We shall say that an element é of © contains an element é, of 
if belong to We then write: On using the orthogonality 
relations for characters, we easily obtain the following: 


Lemma 1. Let x, be irreducible characters of G. If 2 hky, 
where h > 0 is a rational integer, then Exfp hh, f denoting the conjugate 
complea character of fx. 


Indeed, both relations are equivalent to the fact that Lefyfu contains h 


times the 1-character £, = 1. 
2. Summary of the results of [4]. Let & be a group of order 
I= Pg (p, 9’) =1, 


where p is a prime number. Let P be an element of order p. Its normalizer 
NM — is of the form 
N= VX {P}; 


the normalizer M of the p-Sylow-subgroup ¥% = {P} contains both MN and ¥ 
as normal subgroups. The factor group Yt/M is cyclic. If M in Mt corresponds 


to a generating element, then 
(1) MPM = 


where y is a primitive root (mod p), and (p—1)/t —q is the order of M/%. 

Let £, = 1, £2, be the (ordinary) irreducible characters of and 
denote by zu = Dg(fu) the degree of {u and by 7 the number of p-conjugate 
characters. These characters appear distributed into blocks B,, Bo,: °° of 
characters. A block By is either of the type 1 (highest type) or of type 0. 
In the first. case, By, consists of exactly one character fu; we have =? 
(mod p) and rz =1. In the second case, all the characters of B, have degrees 
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which are relatively prime to p. Let B,, B.,- - -, By be the blocks of type 0. 
To each of these / blocks, there corresponds a certain multiple t, > 0 of t. 
The block B, then consists of g, = (p—1)/ty characters fy for which ry = 1, 
and one “ exceptional” family of p-conjugate characters.®° Set t/t = 7. 
To each block B, of type 0 there corresponds a class of irreducible characters 
of B, say 

which are associated in Mt; we have 

6,(M-7V M7) = 6(V). 
Each irreducible character of 8 appears exactly once in the form 
(Am 1,2,---,0; «= 

For each £y belonging to a block By of type 0 a sign 8: + 1 is defined such 


that the value of ¢, for p-singular elements G = P'V (is40 (mod p), V in B) 
can be obtained in the following forms: 


(2,1) tu(P'V) 
CasE IT. m= 1, 845 2540 (mod p) 
T)-1 
(2, IT) Cn( — 5 


Case IIT. > 1, 40 (mod p) 
T)-1 
(2, IIT) =— FA (V) Der, 
K-0 


where ¢ is a suitable primitive p-th root of unity, and o ranges over all the 
values with = «(mod 7,),0So0<q; 


Case IV. rp > 1, 82 = — 1; 24 (mod p) 
T)-1 
(2, IV) fu(P'V) ( V) p> 
K=0 


where ¢,a have the same significance as in Case III. 


ray t, = 1, then B, consists of 1+ (p —1)t, =p characters Sw and for all of 
them we have r, = 1. An arbitrary one of these characters can be selected as the only 
member of the exceptional family. 
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Finally, for characters {, belonging to a block of type 1, we have 
Case V. (mod p), 
(2, V) ,(PiV) =0. 


For each irreducible character, we have one of these five cases. 
We choose B, as the block which contains the 1-character £, = 1. Then 6, 
is the 1-character of B, 6, = 1, and t, —t. 


3. The characters of Jt induced by the characters of (. Every char. 
acter {,(G) defines a character of Jt obtained by restricting G to elements of 
%. The formulae (2) in § 1 are not quite sufficient to express this “ induced” 
character by means of the irreducible characters of It, because we had to assume 
10 (mod p) in (2). However, the formulae yield at least some information 
concerning this question. 

Let « be a primitive p-th root of unity and denote by (e) the character 
of % — {P} belonging to the representation Pi— «i, Every irreducible char. 
acter of Jt = B X {P} is of the form 


(3) (V) (€)?, 
(A= «=0,1,---,r,—1; v=0,1,---,p—1). If we restrict 
ourselves to elements VP! of 9, then every {, is a linear combination of the 
characters (3), the coefficients being rational integers a(p, A, «,v), i.e. 


(4) tu( VP!) = a, «, (V) (€)”. 


Aj Ky 


According to the choice of £u, we have one of the cases I, I, III, 1V, V, § 2. 
In the corresponding equation (2), set i= 1 and replace « by (e). On sub- 
tracting the expression thus obtained from (4) we find a linear combination 
of the characters 6, (V)(e)” which vanishes for every element VP! with 
(mod p). As is easily seen, the p characters (V) (€)” with fixed 
0,1,2,:°-,p—1 must appear with the same coefficient 


and A and 
such a linear combination. Since the coefficients a(p,A,«,v) in (4) are no 


negative, we obtain easily the following theorem: 


THEOREM 1. When we restrict ourselves to elements G of N, the wr 
ducible characters f.(G) of G belonging to the block By can be expressed by 
the irreducible characters of Mt in the following form. 


T)-1 
I. + 8; 


K=0 
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T\-1 p-1 
K=0 p=1 
Case ITI.’ bu = DA” De)? + 
K-0 p 


where p ranges over the values 0S p < p for which the qy-th power of p is not 
congruent (mod p) to the qy-th power of y'*, (qx = (p—1)/ty); 


T)-1 
fu = (e)° + 8, 
K=0 p 
where p ranges over the values 0S p < p for which the qy-th power of p ts 
congruent (mod p) to the qy-th power y**; 
CasE V. = 8. 


Here, (e) denotes u character of the cyclic group {P} which is not the 1- 
character. The expression S is a linear combination of the charaeters 
A (V)(e)” of N with non-negative integral rational coefficients such that 
(V) (e)” and (V)-1=6\ always have the same coefficient. 


As a corollary, we have 


CoroLtary 1. If 0, has the degree fy, then the degree zp of fn has the 
following forms: 


Case I. = frty/t + ps; 

Case II. = frty(p—1)/t + ps; 

Case III. eu = fatyt-?(p —(p —1)/tra) + ps; 
Case IV. Zu = (p—1)fr/t + ps; 

Case V. Zp = ps. 


where s = 0 is a rational integer, and s = 1 in Case V. 

If the degree zy is smaller than p, the expression S in Theorem 1 must 
vanish. In Case I, this implies that {u(P) =p, and therefore P is repre- 
sented by the unit matrix. In Case II, we must have zn = (p—1), fr=1, 
yt. Then every element V of B is represented by a scalar multiple of the 
unit matrix: (V)-J. In Case III, we must have fy—1, ty 
m= p— (p—1)/t= (p+1)/2, since th 22. Again, every element of B 
is represented by a scalar multiple @,(V) of the unit matrix. In Case IV, 
we must have zp = (p—1)f)/t; Case V is not possible. Hence 

7If the character (€) is chosen in a fixed manner, then this formula holds for a 
character chosen suitably from the exceptional family of B). 
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Corotiary 2. If the degree zy, of the irreducible representation 8» of 6 
is smaller than p, then we have one of the following cases: 


Case I. 2u=fyt/t. The element P is represented by the wnit matric J. 


CasE II. The elements of are represented 
by scalar multiples of I; 


Case III. (p+ 1)72, h=t=2. Th 
elements of & are represented by scalar multiples of I; 


CasE IV. (p—1)f)/t. 
The expression S in Theorem 1 vanishes in all these cases. 


4. A formula for the multiplication of certain characters. Let w be 
an irreducible character of © such that » possesses a p-conjugate character w’ 
with wo’ ~w. Then o will belong to one of the 7 blocks B), of type 0. We must 
have ¢, = 2, and w must be a member of the exceptional family of B). Clearly, 
we have 
wo(G) =o’ (G) (for p-regular elements G of @), 


Consider a character £, belonging to the same block B, as the character 
{,=1. Since 0,—1, t, —t, the formulae (2) of § 2, applied to fu, yield 

TV. Sfo(G) = 8, | (for p-singular elements of ), 
where the sum is extended over all the characters {¢ which are p-conjugate to {. 
Accordingly, we have 

Cases I, II. (w(G) —o’(G)) (fn(G) — 8.) = 0, 

Cases III,IV. (o(G) —o’(G)) (3fo(G) — 8.) = 0, 
for every G in ©. 

In Case I, we have 8, = 1, 

wlp +o +o. 

This implies wf, Consequently, > (cf. Lemma 1). Similarly, in 


Case II, we have 8, = —1, 


Hence wly =) = Cu. 
In Case III, we have 


+ = Slo + o. 
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For at least one {¢ belonging to the exceptional family of B,, wfo contains o, 
and hence wo fo. 
Similarly, in Case IV, the product o’6 contains at least one member of 


the exceptional family of B,;. This now gives the following result: 


THEOREM 2. Let w be an irreducible character of © which possesses a 
p-conjugate character vw’ Aw. Then we have one of the following two cases: 

Case wo x + 3a, wo SB; 

CasE B. wo > wd x + SP. 


UllU 


I| 


Here a ranges over the characters €y of By, for which 8. 1 and which do not 
belong to the exceptional family; B ranges over those fy in By, for which 
§,=— 1, and which do not belong to the exceptional family. Finally, x is a 
character fu, chosen suitably from the exceptional family of B,; we have Case 
if for this fu, and Case if = —1. 


5. Representations of a degree n < (p— 1) /2. Preliminary remarks. 
We now state 


THEOREM 3. Let & be a group of order g = pg’, with (p, 9’) =1, which 
has no normal subgroup of the prime order p. The degree n of any (1—1)- 
representation. 3 of G is not smaller than (p—1)/2. 


Proof. (a) We first show that it is sufficient to prove the theorem in the 
case where the representation is irreducible. Let us assume that the theorem 
is correct for irreducible 8. Suppose now that 8 is a (1 —1)-representatiqn 


of of a degree n <(p —1)/2, which is reducible; let 31, be the 
irreducible constituents of @, and set 
Or 


Each of the %p forms a (1 —1)-representation of a certain factor group Up 
of ®. Since the degree of %p is certainly smaller than (p—1)/2, Theorem 3 
holds for %p, if the order of Up is divisible by p. Consequently, Up contains a 
we : Up 
normal subgroup of order p. If Yp is a matrix of %p representing a generatin 
element of this subgroup, then 


Yp, 


are the only matrices of order p appearing in %p. The groups %p which 


ed 
w! 
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represent factor groups Up of an order prime to p do not contain matrices of 
order p; set here Yp —1. Any element of © of order p then is represented 


X= 3 


r 


where the hp are integral rational numbers. Any two matrices Y of this type 
commute. It follows that all the elements of order p in & together with the 


in 8 by a matrix 


l-element form a subgroup which is necessarily normal. The order of this 
subgroup must be a power of p, and since g #0 (mod p’), the order must be p. 
Hence © contains a normal subgroup of order p, as was to be shown. 


(b) Suppose that 8 is an irreducible (1—1) representation of the 
group © of order g = pg’, (g’, p) =1. We have to show that if the degree n 
of 8 is smaller than (p— 1)/2, then & contains a normal subgroup of order p. 
We may assume that Theorem 3 is true for groups of smaller order than 4. 

If & contains a normal subgroup § C © whose order is divisible by p, 
then 8 induces a (1 — 1)-representation of . Theorem 3 applied to § shows 
that § has a normal subgroup $ of order'p. Since $ is necessarily a charac- 
teristic subgroup of §, it is a hormal subgroup of G, and the theorem is proven 
for this case. In particular, the theorem is true for &, if for the commutator 
subgroup W’ of G, the index (G:’) is larger than 1, but different from p; 
under these conditions © clearly contains normal subgroups § C © whose 
order is divisible by p. 

(c) Assume next that (G: G’) = p. Then W’ cannot contain an element 
of order p. It follows from (1) that P’‘ = P, since PV"! = P*M"PM isa 
commutator element. As y was a primitive root (mod p), we find that 
t = p—1 and hence t, = p—1 for A=1,2,---,l. The block By, which 
contains the character w of the representation 3, consists of the p— 1 char- 
acters which are p-conjugate to » and one further character ¢,; for the latter 


we have = 1. Further,® 


(5) o(G) = (for p-regular elements (@). 
In particular, taking G—1, we see that ¢, has the same degree n as 3. 


Now, Corollary 2 of § 3 can be applied. Since the character does not belong 
to the exceptional family of B,, we must have Case I, if n <(p—1)/2. The 


® Cf.-[4], Theorem 6. 
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representation %, corresponding to {, represents P by the unit matrix. On 
the other hand, 8 is a (1 — 1) representation, and hence o(G) ~n for G1. 
For p-regular elements G, (5) yields .(G) An. The elements of ©, which 
in Bu are represented by the unit matrix, form a normal subgroup ¥. It now 
follows that % consists of all the conjugates of P?, (i =0,1,2,---,p—1). 
Then <3 must have the order p, and Theorem 3 is true for the group © in 
this case. 

Consequently, Theorem 3 will be proved completely when the following 
lemma is proved : 


LemMA 2. Let & be a group of order g = pg’, with (p,g’) =1, which 
is identical with its commutator-subgroup. The degree of any irreducible 
(1—1)-representation of & is not smaller than (p—1)/2. 


6. Continuation. Proof of Lemma 2. Let & be a group of order 
g=pg' with (p,g’) =1. If © = &, then & has no linear character except 
t, = 1; we shall use only the fact that the block B, contains no linear character 
except £,. Suppose that % has an irreducible (1—1) representation 3 of 
degree n =(p—1)/2.° Theorem 1 and the corollaries can be applied to 
8,.=8. For the character » of 3, Case IV must hold. We certainly have 
t> 1, and hence > 1, 


(6) 


If w belongs to the block B,, the value of w for elements of 3 is 


(7) = FA (G in ®), 
p 


K=0 


where p ranges over the g, values between 0 and p, whose q)-th power is con- 
gruent (mod p) to the q)-th power of = (p—1)/h, n= 
Let w’ be the p-conjugate character obtained by replacing « by ¢«Y%. For 
elements of Mt, we have 
' 
(8) => (G in MN). 
K=0 p 
No term (¢)°Y appearing in (8) can also appear in (7), since for the exponents 
p we have 1, (yp)4=y1¥ 1 (mod p), because = (p—1)/t < p—1. 
Using the formulae (7) and (8), we find 


p 


* We include the equality sign in order to avoid a repetition further on. 
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for elements G belonging to N%. Expressing 6,6, by the irreducible char- 
acters of &, the product aw’ can be written as a linear combination of the 
irreducible characters of 9. Since pys£o (mod p), every term is of the form 
- (e)”, with vs<0 (mod p). 

On the other hand, dw’ contains =f in Case @ and X + 38 in Case B (for 
arbitrary elements G of G). Again, we restrict ourselves to elements: G 
belonging to Jt and express all the characters by the irreducible characters of 9. 
It follows that every 8 can contain only terms 6;‘/) - (e)” with v4 0 (mod p); 
in Case @ this will also hold for x. Consequently, if Theorem 1 is applied to B 
(and also to x in Case B), it follows that ‘t expression S vanishes. Since 
and x belong to B,, and ¢, = t, we then have 


(10) B= 6, 
(10,8) x= 4 d(e)?, (in Case 8), 


where p ranges in (10, 8) over the values between 0 and p, for which p?=1 
(mod p), (¢g = (p—1)/t). The character 6, is the 1-character of B; hence 
B has degree p — 1, and x degree (p—1)/t —q in Case 6. 

The character 6,6, in (9) does not contain 6, if «4 «; if «=x, the 
product 8,6, contains 6, exactly once. It now follows from (9) that o's 
contains exactly r,q,? terms 6,° (€)”. Let w be the number of characters £. 
On comparing (10) and (9), we find 


(11) Case @. u(p—1) Sng? = (p—1)?/ttr; 
Case u(p—1) + (p—1)/t S = (p—1)?/th. 


The total number of characters a and 8 together is g = (p—1)/t, (cf. $2), 
and we have, therefore, g—wu characters « One of them, the character 
a=, —1, is linear. As assumed above, all the others have a degree larger 
than 1. Corollary 1 then shows that Dg(«#) = p+1, where Dg(@) denotes 
the degree of a character ©. We now treat the cases @ and @ separately, 


using the same method in each case. 
Case We have? 
Dg (x) +E Dg(2) = 
and Dg(x) = p—(p—1)/t=—p—y, according to Corollary 1, since we 
have Case III for x. Consequently 
(12,4) p—q+1+(q—u—1)(p+1) S3Dg9(8) =u(p—1), 


10 Cf.-[4], Theorem 6, (49). 
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and hence gp S 2up, g S 2u. However, (11) implies wu (p—1)/tt, = g/t. 
Combining these two inequalities and using (6), we obtain 


(13, Z) == 2, w=(p—1)/4. 


In particular, p==1 (mod 4). Further, in (12) the equality sign must hold, 
i.e. We have 


(14,4) Dg(x)=(p+1)/2, Dg(a)=—p+i1 for 
The number of characters a of degree p+ 1 is 
q—u—1— (p—1)/2— (p—1)/4—1 = (p—5) /4. 

From (7), we obtain 
(15) Dg(o) = frrrgn = fr(p — 1) /t = fr(p — 1) /2. 
This shows that Dg(w) =n < (p—1)/2 is impossible. If n = (p —1)/2, 
then f, Dg(@,) = 1. 

Case @: Here 

Dg(«%) = Dg(x) + & Dg(8), 
(12,8) 1+ (¢q—u—1)(p+1) SDo(x) + XDg(8) 
= (p—1)/t+u(p—1) + u(p—}). 


Hence pS 2up, (¢—1)/2 Su, whereas (11) gives uS q/t,—1/t. 
Combining the two inequalities, we have gt, — t, S 2q — 2m, i. e., g(t, — 2) 
S th — 27, St,— 2. Now th 22 by (6) and g = Dg(x) = 2, since = 1 
is the only linear character of B,. Thus 2(t,—2) St,—2. Again, we find 
ty, = 2, which implies t = 2. The two inequalities for wu now have the form 
(g—1)/2 9q/2—1/2. Corresponding to (13, @) we have here 


Since wu is an integer, this gives p==3 (mod4). In (12,@) the equality 
sign holds. Consequently, 


(14, B) Dg(«a)=p+i1 for 
The number of characters « of degree p + 1 is here 
q—u—1— (p—1)/2— (p—3)/4—1— (p—3)/4. 


The equation (15) holds as in Case @. Again, it follows that Dg(w) =n 
< (p—1)/2 is impossible. If n= (p—1)/2, then f,—1. This finishes 
the proof of Lemma 2 and of Theorem 3. 
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At the same time, we obtain 


Lemma 3. Let & be a group of order q=pg’ with (p,g’) =1 and 
assume ** that {, is the only linear character in the block B,. Suppose that 
© has an irreducible (1—1)-representation 3 of degree n= (p—1)/2. 
Case A: If p=1 (mod 4),-then the first block B, of characters consists of 
(p—5)/4 characters a of degree p+ 1, two conjugate characters 
x, x of degree (p+1)/2, and (p—1)/4 characters B of degree p—1, 
Case B: If p=3,(mod 4), then B, consists of £,=1, (p—3)/4 characters 
a of degree p+ 1, two conjugate characters x, x’ of degree (p—1)/2, and 
(p—3)/4 characters B of degree p—1. In either case, we have t = 2, and 
ty = 2, if the character of 8 belongs to the block By. 


7. The case n—(p—1)/2. Preliminary remarks. We now state 


THEOREM 4. Let be a group of order g=pg’ with (p,g’) =1, 
which has no normal subgroup of order p. If ® has a (1 —1)-representation 
8 of degree n = (p—1)/2, then the factor group of ® modulo the center € 
of & is isomorphic with LF(2,p). In other words: 3, considered as a col- 
lineation group, represents LF(2,p) isomorphically. 


Proof. (a) If 8 is reducible, the argument in § 5 (a) can be applied. 
It follows from Theorem 3 that this case is impossible. We may, therefore, 
assume that 8 is irreducible. 

(b) We next deal with the case where the block B, of characters 
contains a linear character besides £; —1. We first assume that this linear 
character is one of the characters « Theorem 1 and Corollary 2 show that 
a(G) =1 for all p-singular elements of @. If © is the normal subgroup 
consisting of all elements of © with «(G@) —1, then © contains P and all 
other elements of order p; further, it contains PV for any V in &, and hence 
it contains V, i.e., 

(16) §= {P} xX B=MNR. 


The representation 8 of © induces a representation 3* of degree (p—1)/? 
of §. If 8* is reducible, the remark in (a) shows that § contains a normal 
subgroup $% of order p. According to Sylow’s theorem, this subgroup is char- 
acteristic, and hence it is a normal subgroup of , in contradiction to the 
assumption. 

Suppose now that 8* is irreducible. We may assume that Theorem 4 is 
true for all groups whose order is smaller than g. Then the theorem holds 
for §. The factor group §/€, modulo the center ©, of § is isomorphic with 


11 Cf. the remark at the beginning of § 6. 
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LF(2,p). Since in LF(2,p) every element of order p is congruent to its 
j-th power (where y again is a primitive root mod p), we may find an 
element H in § and a center element (Cy such that 


= 


But then PC, is an element of order p, and since it commutes with P, it must 
be a power of P. Consequently, Co also is a power of P. However, the center 
€, of § cannot contain a subgroup of order p, because any normal subgroup 
of § of order p is a normal subgroup of &. This shows that C, cannot have 
order p; we have, then, Cp) —1, and P and P” are conjugate in §. The 
elements ? and P” are not conjugate in G, since this would mean ¢t — 1, 
and Theorem 1 and the corollaries show that then © cannot have a (1 —1)- 
representation of degree < p—1. The elements of order p form two classes 
of §, which also are two classes of conjugate elements in ®. For any G in &, 
the element G-'PG must be conjugate to P in §. Then G is congruent to an 
element of modulo 2(P?) Because of (16), belongs to §, and 
@ —. Then the character « is the 1-character ¢,. A linear character + ¢, 
of B, cannot be one of the characters «. 

(c) According to Corollary 2 (§ 3), a linear character of B,, which is not 
cne of the characters a, must belong to the exceptional family of B, and we 
must have ¢ = p—1. Now the argument in § 5 (c) can be used. It shows 
that @ would have a normal subgroup of order p, which contradicts the 
assumption. 

Hence £, is the only linear character of B,. We see that & satisfies the 
assumptions of Lemma 3. The degrees of the characters of B, will therefore 
have the values given in Lemma 3. The proof of Theorem 4 is based on a 
further investigation of these characters of B,. In § 8, we shall show that all 
the characters « are real. In § 9, the degrees of the modular characters of B, 
are obtained. One of these degrees is equal to 3. In § 11, the corresponding 
modular representation is used for the proof of the isomorphism of 6/€ and 
LF (2, p). 

(d) We add a few simple remarks. Let » be the character of the repre- 
sentation 8 of degree n = (p—1)/2. In the notation of § 4, we must have 
Case TV and (2) takes the form 

wo (for elements of 9), 
p 
where p ranges over the n= (p—1)/2 quadratic residues (mod p), and 
where 6, is a linear character of 8. In particular, for elements V of B we 
have »(V) —6,(V)n, which shows that V is represented by @(V)J in 8. 
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Since 8 is a (1 —1)-representation, all the elements V belong to the center 
© of G. Conversely, any element of € belongs to 9. No element of © can 
have order p. Hence € S &, i.e., 


(17) 


The representations 8 X 3 and 3’ x 3’ will represent every V in & by the 
unit matrix, when 8 is the conjugate complex representation, and 8’ the 
representation with the p-conjugate character o’. Then Theorem 2 shows 
that every representation of the first block B, represents the elements of 8 by 
the unit matrix. Actually, the relations of Theorem 2 are equalities in our case. 


Case wo= x + 32, wd = SB, 


(18) CasE B: Xa, + 


since both sides have the same degree on account of Lemma 3 (cf. (12) which 
‘turned out to be an equality in our case). If, therefore, an element G of & 
is represented by the unit matrix in all representations of B,, then (18) shows 
that 8(G) x 3(@) =I. This implies that 8(@) can have only one charac- 
teristic root c, i.e., 3(G) —cl, and & belongs to the center B of ©. 

On the other hand, every irreducible representation of G/% defines an 
irreducible representation of @. If { is the corresponding character, we have 
fy (PIV) = &(P) =a (mod i—e) for V in We see easily’? that ¢, 
belongs to B,, provided that its degree z is prime to p. 


8. The characters of the group {P,M, 8}/%. According to Lemma 3, 
we have ¢ = 2 and (1) thus has the form 


For n = (p—1)/2, the n-th power of M belongs to ¥. The elements M, P 
(mod %) generate a group W — {P, M, B}/¥ of order np. Let é be a primi- 
tive n-th root of unity. Then 


M—>é, 


defines a linear representation of YW. If (é) is its character, every linear 
character of is of the form Besides, has 
two conjugate characters'* XY and X’ of degree n. These characters vanish 
for the elements M* (x —1,2,---,n—1), i.e, 


12 We may apply the condition [1], (27) to ¢, and t, 

18 This can either be seen directly or as a special case of the results of [4]. For the 
group 9%, we have 1=1, t= 2. Since we have n = (p—1)/2 linear characters, the 
two p-conjugate characters X, X’ must have degree n as n + 2n? = np is the order of JQ; 
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X(1) = X’(1) =n, X(M*) =X’ (M*) =0 for (modn). 
After interchanging XY and X’, if necessary, we may assume that 
X = (ce)? (for the elements of {P}), 


where p ranges over the n quadratic residues (mod p). In the representation 
corresponding to X, the element P is represented by a matrix with the char- 
acteristic roots «’, while M is represented by a matrix whose roots are the 
n-th roots of unity. The determinant of the former matrix is 1 and that of 
the latter is (—1)"*". 

From Theorem 2, applied to the group W, it follows that XX contains 
all the characters (€)”. Clearly, XX > 2(&)” is impossible, since it would 
imply that X(é)”~ 2X (cf. Lemma 1), and the left side has a smaller 
degree than the right side. 

The representations of & of the first block B, represent the elements of . 
% by the unit matrix (cf. § 7). Consequently, these representations of & 
induce representations of YW. Restricting ourselves to elements of {P, M, B}, 
the characters a, 8, x, x’ can be expressed as linear combinations of XY, X’, (€)’; 
the coefficients are rational integers = 0. On comparing the characteristic 


roots, we see easily that for elements of {P, M, B} 
(19) B=X+NXN; + (E)4+ (€)” for 


where p,v are two of the numbers 0,1,2,: - -,2—1. The character x con- 
tains one of the characters XY, X’. It is equal to this character in Case 8 
where Dg(x) = Dg(X) =n, while in Case @ one of the linear characters 
(€)* must be added, since Dg(x) =n +1—Dg(X) +1. 

The representations of © belonging to B, are all unimodular.’* Indeed, 
the determinants of the matrices of such a representation form a linear char- 
acter A of ®, and A(V) —1 for V in B. Then A itself belongs to B, (cf. 1*), 
and hence A = £, = 1. On comparing the determinants of the matrices repre- 


senting M, we'see that »==—v in (19) while x = n/2 in Case GQ, i.e., 
(20) X + + 

(21, x= X+ (€)"? or yx =X’ + in Case 

(21, B) x=X or x =X’ in Case B, 


no character of type II occurs. For p-regular elements G@, the value X(@) is the sum 
of the n linear characters, which gives X¥ (Mk) = 0 for k =« 0 (mod 2), while the value 
of X(P) is obtained directly from [4], Theorems 4 and lI. 

14 That is to say, all the elements of @ are represented by matrices whose deter- 


minant is 1. 
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for elements of {P, M,¥}. On forming xx for the elements of the same sub- 
group, we obtain the same linear characters (€)” as are contained in X¥X* 
in Case @, while a further character (€)° 1 appears in Case Q. Using a 
remark above, we find 


(22,8) (Case B), 


where the characters, not written down on the right side, are not linear. 

On the other hand, Theorem 2 applied to the character x of © shows 
that xx contains all characters a, and also one of the characters x, x’ in Case @. 
In Case C, one of the « is £, = 1 —= (€)°. According to Lemma 3 (§ 6), we 
have (p—5)/4 = (n/2) —1 further characters 2 of degree p+ 1. The 

é 


formula (22) now shows that no two of these a can contain the same (é)é4, 


’, contains only 


Furthermore, xx, which (as a character of ©) contains x or x j 
one such constituent. In Case ®, we have (p—3)/4 = (n —1)/2 charac. 
ters a of degree p+ 1. Again, (22,8) shows that no two of them contain 
the same (€)”’. 

Consider « again as a character of &. The conjugate complex character 
% also belongs to the first block.'® According to (20), the same linear charae- 
ters (€)“ appear in @ and %, if considered as characters of YW. As we have 
seen, different « never contain the same (é)#. Hence aa. The character 
xx is real. Since it contains exactly one of the characters x, x’, this constituent 
is real. The p-conjugate characters x, x’ are either both real or both not real. 
Hence we have 


Lemma 4. Under the assumptions of Theorem 4, the degrees of the 
characters of B, have the values given in Lemma 3. All the characters a are 
real. In Case (, the characters x, x also are real. 


9. The degrees of the modular characters of B,. We separate the two 
cases @ and ®. The methods applied will be essentially the same in both cases. 


CasE @: The subset B*, of characters {) of B, with 8. —1 consists of 
¢,=1, x,x’ and (p—5)/4 characters a of degree p+ 1 (0 1,2,: °°, 
(p—5)/4). The block B, contains (p —1)/2 modular characters ‘7 ¢, and 
each of them appears as a modular constituent in exactly one of the characters 
f:, x, %. On the other hand, each ¢ appears as a modular constituent of 


18 ¥X¥ and X’X’ contain the same linear characters (&)”. 
16 This can be seen easily from § 7(d) and also by means of *. 
17 Cf. [4], Theorem 3. 
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exactly one of the (p—1)/4 characters B of degree p—1. This shows that 
Dg(?) =p—1. Furthermore, it follows that we have at most (p—1)/4 
modular characters ¢ in B, with Dg(¢) > (p—1)/2. In the modular sense, 
each of the (p—5)/4 characters % must be reducible. The constituents of 
the % account for at least (p—5)/2 modular characters of B,, the consti- 
tuents of x and the character ¢, for at least two further modular characters. 
Since (p — 5) /2 + 2 = (p—1)/2 is the full number of modular characters of 
B,, it follows that every % has exactly two modular constituents, while x is 
modular-irreducible. One of the constituents of %o has at least the degree 
(p-+1)/2, and x also has the degree (p+1)/2. This gives (p—1)/4 
characters @ of a degree > (p—1)/2. As a remark above shows, the other 
(p—1)/4 modular characters of B, necessarily have a degree = (p—1)/2. 
In particular, every « splits into two modular constituents of different degrees. 
Since « is real (Lemma 4), and the modular constituents cannot be conjugate 
complex, both constituents are real. The character x also is real (Lemma 4). 
Hence all the modular characters of B, are real. 

Now Theorem 14 of [3] can be applied, which shows that the tree corre- 
sponding to the block B, is an open polygon. The two end points correspond 
to the modular-irreducible characters 1 and yx. If the notation is chosen 
suitably, the polygon has the following form (h = (p—1)/4): 


The sides of this polygon correspond to the modular characters of B,. The 


sum of the degrees of the characters corresponding to adjoining sides is either 
p—1 or p+1, according as the common vertex is associated with an & or 
with a Bo. The side 1 8, corresponds to the modular character 1, and we find 
successively, that the degrees of the modular characters of B, are given by 


(24,2) 1,p—2,3,p—4,- -,(p+5)/2, (p—3)/2, (p+ 1)/2. 


Case ®: Here, the decomposition of £,—1 and the (p—3)/4 char- 
acters a (o =1,2,---,(p—3)/4) of degree p+ 1 into modular consti- 
tuents gives all the modular constituents ¢ of B,;. Each of these constituents 
also appears either in x or in one of the (p—3)/4 characters Bo of degree 
p—1 (o = 1,2,---, (p—3)/4). This implies Dg(¢) p—1, and shows 
also that at most (p—3)/4 of the @ may have a degree > (p—1)/2. 
Since B, contains (»—1)/2 modular characters ¢, it follows as in Case @ 
that each ao splits into two modular-irreducible constituents, one of which 
has a degree = (p + 1)/2, while the other must have a degree = (p —1)/2. 
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Again, it follows that all the modular characters of B, are real. Therefore, 
the tree corresponding to the block B, is an open polygon. 

According to Theorem 2, the character xx of @ contains all the char. 
acters a Since Dg(x) = (p—1)/2, no other character of @ can appear 
(cf. (18,8). Hence 

xX = + Sao. 


This shows that xx contains the modular 1-character once only. Consequently, 
x is modular-irreducible.** This shows that £, 1 and x correspond again to 
the end points of the polygon. Here we have for p> 3 (h = (p—3)/4) 


(23, B) amie’ 
1 


Oy B2 Bn ah Xx 
The degrees of the modular characters of B, are given by 
(24, B) 1, p—2, 3, p—4,---, (p+3)/2, (p—1)/2. 


The case p = 3 is without interest, as the assumptions of Theorem 4 cannot 
be satisfied. We have therefore the result, 


Lemma 5. If © satisfies the assumptions of Theorem 4, then the first 
block B, contains exactly one modular character of degree 3. 


10. The modular representation of degree 3. Let % be the irreducible 
modular representation of @ of degree 3, whose character ¢ belongs to the 
first block B, (cf. Lemma 5). We can easily show that % can be written with 
coefficients in the Galois field GF'(p) with p elements. Indeed, if this were 
not so, the traces of the matrices §(G), representing G, could not lie in GF(p) 
for every G in 1° Then we could find a representation %* which is alge- 
braically conjugate to % without being similar. It would belong to B, and 
have the degree 3 which contradicts Lemma 5. 

Since # was seen to be real, it follows further that % is similar to its 
contragredient representation %*. If 

— 
where M is a non-singular matrix with coefficients in GF(p), we conclude 


easily that 1/M’* commutes with every matrix of . Hence MM’ =d 
with in GF(p), M = cM’, M’ = cM, and consequently c? = 1. On the 


18 The product of two contragredient modular characters contains the 1-character, 
as in the ordinary theory. Hence if xx contains {, exactly once in the modular sense, 
then x is modular-irreducible. However, if x is modular-irreducible, xx may contain {; 
(modular) more than once. 
19 Cf, footnote 12 of [3]. 
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other hand, on forming the determinants of M and M’, we find c’ =1. This 
gives C= 1, i,e., M’ M. Consequently, § has a non-degenerate quadratic 
invariant. We may, therefore, assume that the matrices of F are orthogonal 
matrices of GF'(p). 

The group of all orthogonal matrices of degree 3 with coefficients in 
GF(p) has a normal subgroup 0,(3,p) in Dickson’s notation,?° consisting 
of the unimodular orthogonal matrices. The factor group is cyclic of order 
p—1. The elements of &, which are represented in % by matrices belonging 
to 0,(3, p), form a normal subgroup §. This group § contains ¥; the factor 
group @/%§ is cyclic. If 3 C G, we may construct a linear character ** Cy of 
@ such that but —1 for V in B. Then would belong to B, 
(§7 (d)), while £, was the only linear character in B,. Hence all the matrices 
of §} belong to O,(3, p). 

The group 0,(3,p) has a normal subgroup FO(3,p) of index 2; 
we conclude in the same manner that the matrices of % belong to FO(3, p) 
= LF(2, p). 

Let B* be the normal subgroup of & consisting of the elements G which 
F represents by the unit matrix J. Obviously, 8 C B*, and G/¥* is isomorphic 
with a subgroup of LF(2, p). 

The modular representation % appears as a constituent of at least one 
ordinary irreducible representation © of G©/¥*. Then Dg() is prime to p, 
since otherwise would be modular-irreducible,”* i. e., Dg(X) = Dg(F) = 3 
and hence p = 3, while we could assume that p > 3. 

Every representation of G/¥* yields a representation of con- 
sisting of the same matrices as Z and representing all the elements of B* by 
the unit matrix. It follows from a remark in $7 (d) that © belongs to the 
block B,;, since the elements of B are represented by J, and since Dg(Z) 
#0 (mod p). If we let be the character of we certainly have fu ~ 
The formulae (2) in § 2 show that {.(P) +z, which implies that P cannot 
belong to B*. The order v* of the normal subgroup B* of & is not divisible 
by p. Consequently, the order g/v* of G/¥%* is divisible by p. Hence the 
modular representation % appears as a modular constituent of two ordinary 
reducible representations &,,&_ which are not p-conjugate.** Each of these 
two representations T; can be taken for Y above. The characters of the 


*°L. E. Dickson, Linear Groups, Leipzig (1901), Chapter VIT. 

* The modular character corresponding to f, can be taken as the determinant of 

*2 Cf. [1], Theorem 1. 
*°Cf. [2], Theorem 9. 
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corresponding representations of G are a, for p>? (ef. (23), 
(24) €,B). For p=7, the characters are a, and x; for p= 5, they are 8, 
and x. It follows that the order of ©/%* must be divisible by (p—1) (p+1)/2 
for p> 7, since the group has irreducible representations of degree p—1 
and p-+- 1. The conclusion is also correct for p= 7, where we have irreducible 
representations of degrees 8 and 3, and for p= 5, where we have irreducible 
representations of degrees 4 and 3. Since G©/¥* is isomorphic with a subgroup 
of LF (2, p), and since its order is divisible by p and by (p—1)(p+1)/2, 
it follows now that 

(25) = LF (2, p). 


The group LF(2,p) has two classes of conjugate elements which contain 
elements of order p. Hence ** LF(2,p) has (p—1)/2 + 2 irreducible repre- 
sentations of degrees which are not divisible by p. This is the full number 
of ordinary representations of & belonging to B,. Consequently, every repre- 
sentation of B, represents the elements of 8* by the unit matrix. According 
to § 7 (d), we then have B* C %, and hence 


(26) B*. 
The equations (17), (25), and (26) contain the proof of Theorem 4. 
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INDEFINITELY DIFFERENTIABLE FUNCTIONS IN SEVERAL 
REAL VARIABLES.* 


IRWIN PERLIN. 


1. Introduction. Let us consider a real single-valued function F(z) of 
asingle real variable z, defined on the intervala=a2=b. We assume further 
that F(x) is indefinitely differentiable on that interval. Let M;=—1.u.b 
on In 1912 Hardy and Littlewood * initiated the 
problem of finding the relationship existing between the positive numbers M;. 
landau,? Hadamard,‘ Neder,’ and Carleman® contributed to this problem. 
Recently Ore,” Kolmogoroff,’ Gorny,® Perlin,’® and Cartan ** published papers 
on this problem. Kolmogoroff solved completely for the infinite interval 
<2 < the problem initiated by Hardy and Littlewood. He proved 


* Received May 23, 1941; Presented to the American Mathematical Society, Decem- 
ber 30, 1940. 

1By we mean F(a). 

*G. H. Hardy and J. E. Littlewood, “ Contributions to the arithmetic theory of 
series,’ Proceedings of the London Mathematical Society, Ser. 2, vol. 11 (1912), pp. 
411-478. 

*E. Landau, “ Einige Ungleichungen fiir zweimal differentiierbare Funktionen,” 
Proceedings of the London Mathematical Society, Ser. 2, vol. 13 (1913), pp. 43-49. 

‘J. Hadamard, “ Sur le module maximum d’une fonction et de ses dérivées, Comptes 
Rendus des Séances de la Societé Mathématique de France (1914), pp. 68-72. 

5 L. Neder, “ Abschiitzungen fiir die Ableitungen einer reellen Funktion eines reellen 
Arguments,” Mathematische Zeitschrift, vol. 31 (1930), pp. 356-365. 

°T. Carleman, Les fonctions quasi-analytiques, Paris (1926). 

70. Ore, “ On functions with bounded derivatives,” Transactions of the American 
Mathematical Society, vol. 43 (1938), pp. 321-326. 

*A. Kolmogoroff, “ Une généralisation de l’inégalité de M. J. Hadamard entre les 
bornes supérieures des dérivées successives d’une fonction,’ Comptes Rendus de 
PAcadémie des Sciences de Paris, T. 207 (1938), p. 764. 

*A. Gorny, “ Contribution 4 l’étude des fonctions dérivables d’une variable réelle,” 
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1°T, E. Perlin, “Indefinitely differentiable functions with prescribed least upper 
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1H. Cartan, “Sur les inégalités entre les maxima des dérivées successives d’une 
fonction,’ Comptes Rendus de VAcadémie des Sciences de Paris, T. 210 (1940), pp. 
431-434, 
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that a necessary and sufficient condition that the triple of positive numbers 
Mo, Mx, and My (0 < k < n) be the least upper bounds-of | F(x)|, | F®(2)|, f 
and | F(")(z)|, respectively, of an indefinitely differentiable function F(z) 
is that 


where 0 
4 co (-- 1)/ I 
4X 1 
= (n odd). 
T 
For a finite interval Gorny *? proved that dl 
Mi < 4e7*(n/k)* M’,*/, M’, = max (My, Mon! &"), 
where 6 is the length of the interval. : 
( 
In this paper we consider real single-valued indefinitely differentiable 
functions F' (2, %2,° - of several real variables (2, 2%2,: defined 
on a; p=1,2,---,n. Let 
on 0S Sd; p=1,2,---,n. We shall establish sufficient conditions that 
there exist an indefinitely differentiable function F'(2,,%2,---,an) of then 
real variables (2, defined on 0 = 2% Say; such 


that the positive numbers M,, ;,,...,r, be the least upper bounds of 


F (21, Xo, ° . In) 
on p—1,2,---,n for 1, %2,° °°, tm = 


2. Polynomials in several real variables. In a previous paper’ We f 9. 
showed that if {M,} is a given sequence of positive numbers such that the 
sequence {M,a*} is monotonically decreasing, then there exists a real single 


12 A. Gorny, loc. cit., p. 326. 
137. E. Perlin, loc. cit., p. 273. 
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valued indefinitely differentiable function F(z) of the single real variable 
defined on 0 = =< aa such that 


M, =1.u.b. | (2) | 


m0=2=a. We wish to state here a condition equivalent to the preceeding. 


Let 


j=0 7! 


Then the condition that the sequence {Mj,a*} be monotonically decreasing is 
obviously equivalent to the condition that > 0,7 —0,1,:--,n;n=0,1, 

‘0. It is this latter condition that we are able to generalize to secure 
sufficient conditions for the existence of a real single valued indefinitely differ- 
entiable function of several real variables with prescribed least upper bounds 


for the various partial derivatives. 


Let Me, 0,1,° +, mp; p= 1,2,- --,n be a set of positive 
constants. Let 


My,Mo,...,My 
mn-Tn M; j 
i=0 j=0 k=0 


We can establish the following theorem. 


THEOREM If Sr, Tn} Me, ...,My 0, = 0, Mp3 P 1, 2, 
then there exists a polynomial of degree mp in 
% p=1,2,- --,n such that 
M,,, Uu. b. ( n) 
OS = ay; = 0,1,° +, p= 1,2,-° 


Let us consider the polynomial 


0="2 
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Since tn) >0 0S Say; p—1,2,---,n, and 


0x2" 


OS Ap; = 0,1,- -, mp; p—1,2,: - -,n, it follows that 


= 1. u. b. 


0S =a); tp = 0,1,- mp; p—1,2,° 


3. Indefinitely differentiable functions with prescribed least upper 
bounds. In this section we shall establish sufficient conditions that there exist 
indefinitely differentiable function of several variables with prescribed least 


upper bounds. Let My, 0; be an 


infinite set of positive constants. Let 


i=0 j=0 k=0 -k! 


°°, mp; m=0,1,--:0; p=il,2,---,n. We prove the 
following theorem. 


THEOREM 2. If Sr, re My, Me, Mn 0, 0, 1, 0, 


p=1,2,:--,mn, then there exists an indefinitely differentiable 
function F(a, %2,° *,%n) such that 


1. u. b. 
OS S a; 7p = 0,1,- 0; p= 1,2,°--,n. 
By Theorem 1 there exists a sequence {Pm(%, >In) } of poly- 


nomials in the variables (2, %2,° * *,@n) of degree m in each variable such that 


1. u. b. | 


| P (2, *, In) | 
| 


052, Sap; p=1,2,---,n. Since the sequences 


are uniformly bounded on 0SaSa; p—1,2,:°-,mn, the sequence 


{Pm(@1,2%2,° *,%n)} is equi-continuous on 0S p—1,2,---,n. 
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Hence, there exists a subsequence {Pm, %2,° which converges 


uniformly to a function F'(2,,%2,- - +,%n,).1* Since the sequences 


are each uniformly bounded on 0S a Say; tp=0,1,---,m; m=0,1, 
p=1,2,: - we can select a sequence of subsequences 

{Pm,')) (41, Ze, ° j= 1, 2,- 
such that { Pm," (21, isa subsequence of { (21, tn)}, 
(21, %2,°**,%n)} converges uniformly to and the 
sequences of the various partial derivatives of order = j —1 of {Pm, (a, 
Z2,* * *,%n)} converge uniformly to the corresponding partial derivatives of 
*,%). By selecting the diagonal sequence 


we obtain a sequence of polynomials converging uniformly to F'(21, , 
and such that the sequences of the partial derivatives of all orders of this 
sequence converge uniformly to the corresponding partial derivatives of 
F (2%, +,%n). It follows then that 


...,%, = 1. u. b. 
0S = Oy; = 0, 1,- pol, 2,- 
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A PROBLEM IN HEAT CONDUCTION AND AN EXPANSION 
THEOREM.* 


By R. E. GASKELL. 
J 


1. Introduction. Consider a uniform, isotropic, right-cylindrical bar 
with plane faces, whose lateral surface is thermally insulated. Suppose that 
this bar has an initial distribution of temperature depending only on the 
longitudinal coordinate, x. Let the ends of the bar be placed in contact with 
fixed quantities of well-stirred liquids which are in contact with external media 
which are maintained at constant temperatures. The problem is: given the 
initial temperatures of the bar and of the liquids, with the physical constants 
involved, to find the temperatures of points in the bar or of the liquid at any 
subsequent time. 

Some cases of this problem have been treated by Langer [6],? Lowan [7], 
March and Weaver [8], Peddie [9], Peek [10], and Schumann [11]. In this 
paper the theory of the Laplace transformation will be used not only to obtain 
the solution of the problem, but also to establish that solution rigorously and 
to examine its uniqueness. 

Let the faces of the cylindrical bar be at re = —1, r=—1; and suppose 
the unit of time so chosen that the diffusivity is unity. The boundary value 
problem for the temperature function, U(z,t), is the following: 


(1.1) Uer (2, t) = U:(z, t) (t>0,—1l<2#<1) 
(1.2) U.s(—1+0,t) =K,U(—1+0,t) + ¢,U:(—1+0,t) (#> 0) 
(1.3) U,(1—0,t) = (1— 0,2) 0 
(1. 4) U(z,+ 0) =f (zr) (—1<2<1) 
(1. 5) U(—1+0,t) =S, 
(1. 6) lim U(1—0,?t) = S82. 


In this statement of the problem, C; = M,q,/KA, and K, = k,B,/KA; where, 
for the liquid on the left, M, is the mass, qg, the specific heat, S, the initial 
temperature, B, the area of liquid exposed to the external medium on the left, 
and k, is the external conductivity constant (4; = 0); and where K is the 


* Received February 19, 1941; Revised July 24, 1941; Presented to the American 
Mathematical Society, April 12, 1940. 
* Numbers in brackets refer to the bibliography at the end of the paper. 
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conductivity of the bar and A its cross-sectional area. The constants C:, K, 
and S, are defined analogously for the right end of the bar.” 

Both C, and C: are either positive or zero. If both are zero, the problem 
can be solved by the classical method of using the orthogonal functions gen. 
erated by a Sturm-Liouville system ([5], Chapters 10, 11). Hence, in the 
rest of the discussion, let us assume that C, > 0 or C, > 0. 


2. Application of the Laplace transformation. The Laplace trans. 
formation, applied to (1. 1)-(1.6), leads to the system 


Ure(x,8) —su(z,s) + f(x) =0, 
Uz(—1,s) = K,u(— 1, s) + C,su(— 1, s) — C18;, 
— Uz(1,s) = Kzu(1,s) + s) — C82; 


u(z,s) being the Laplace transform of U (2, t) ; i.e., 


u(z,s) f, (a Hat. 


The solution of this system is found to be 


(2.1) u(z,s) = g.(1+és) f ((é)dé/Vs] 
+ + x, s)}/G(s) + v(2,8), 


where 


gi(z,s) = (Cis + Kj) sinhaVs + VscoshaVs = 1, 2) 
hi(z,s) = (Cis + Ki) coshaVs + VssinhayVs (4 = 1, 2) 


v(z,s) = sinn (x —é) |/vs, 
G(s) = h,(1,s)g2(1, s) + 9:(1,s)h2o(1, 8). 


The inverse Laplace transformation cannot readily be applied to the 
solution (2.1), so an alternative expression will be found. Let us assume that 
f(x) is piecewise continuous when —1 = 21, and that f’(x) is bounded 
and integrable. For convenience, take =a as the only point of discontinuity 
of f(z), and let J, = f(x+ 0) —f(xa—0), so that Jc = 0 when After 
integration by parts, we arrive at another expression for u(z,s) which lends § 


itself more readily to inversion, 


*If the temperatures of the external media are not. zero, addition of the propet 
linear function of # to U(a,t) will give a function, V(a#,t), which will satisfy cor 
ditions (1.1)-(1.6). 
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(2.2) u(2,s) —f(z)/s = [1/s@(s)] {J (2, s) + 8) 
+ [ho(—2,s)sinh Vs + g2(—z, s)cosh Vs —f(—1) (Cis + K:)] 
+ [hi(2, s)sinh Vs + g,(2, s)cosh V's ][C2S2s —f (1) (Cos + K2)]}, 


where 


I(z,s) =4 s)h2(— é, s) — hi (2, 8) 8) ]f’ (€) dé 


f(x) 0) + f(e—0)], 


and 


J(z,8) = + | c—a|,s) + | x—a|,s)] 
— (1, 8)g2(1 + $J2G(s). 


In the definition of J(x,s), the upper sign is to be used when z < a, the lower 
sign when x= a. 


3. The solution in integral form. We shall first make several observa- 
tions concerning the order properties* of [u(z,s) —f(z)/s]. Writing 
s= re’, we see, for example, that when — 0 [0S @ <7, 


[cosh a V/s cosh yVs] /G(s) = O(s* exp{(|z|+]|y|—2) Vs}). 


Because the integrands occurring in J(2,s) contain such functions, it is easy 
to see how order properties can be developed for them. In particular, for 
—1sSéS7=1, 


[gi(1,s)ho(1 é, s) é, (1, s) ]/G@(s) 
= O(exp {— («—€) Vr cos 0/2}) when 0S (x—é) 
= O(exp {x — é— 2) Vr cos 6/2}) when 15 S2. 


Using this result, we can find the order of the last of the integrals occurring in 
I(z,s); and eventually this process shows that I(z,s)/[s@(s)] = 
when — 6, —1 S221. 

For any fixed value of x such that —1< 4 <1, it can be seen that 


*If there exist positive constants, M and R, such that, for every s for which 
|s| = R, | skF'(s)| =M, then F(s) is of order (s-*), written F(s) = O(s-k). 


= 
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J (x, 8)/[sG@(s)] = O(s*/*). Since all other terms of the right member of 
(2.2) are of order (s-*/), 
u(x, s) —f(x)/s = O(s*/2) 

With this information we can make use of a known theorem ([3], p. 612, 
Theorem 10), and write the inverse of [u(z,s) —f(x)/s] in integral form, 
If we denote L“{u(z,s)} by U(z2,t), then * 
(3.1) U(a,t) = f(z) + Lir{u(2,s) —f(x)/s}. 

4. A general expansion theorem. In Article 5 we shall develop an 
expansion of L;-!{u(z, s) — f(x) /s} in series by using the following expansion 


theorem: ° 
5 Due to Prof. R. V. Churchill. 


THEOREM A. Let f(s) be analytic in each finite region of the complez 
plane except for simple real poles, s; (j =0,1,2,-- +) so distributed that a 
real constant P eatsts such that P>s>8,>°++:>8n>°°+. Also, for 
some fixed integer no and positive constants M, ro, A, let f(s) satisfy the 


conditions: 


(a) for each 6, < xa constant M,(6,) exists for which | s*f(s)| <M, 
when —0, S058, and |s|=r% (k>1); 


(b) | sf(s)| <M when s is on any of the parabolas 
(4. 1) r= H,, csc? 0/2 (n = No, no + 
where the real constants Hy are determined so that snr << — Hn < Sn. 


Then the inverse transform of f(s) ts given by 


(4.2) F(t) =3 Aje's' (t=0), 


j=0 
where A; is the residue of f(s) at s;; and F(0) = F(+ 0) =0. 

Proof. Under the preliminary conditions and conditions (a) it has been 
shown ([3], p. 612, Theorem 10) that the inversion integral along the line 
R(s) =P converges for t= 0 to the inverse transform of f(s), that F(t) is 
continuous for each ¢=0, and that F(0) 0. Furthermore, under the 
additional conditions (b), it is known ([4], p. 745, Theorem 1) that for 
each ¢ > 0, 


*L;-1{6(8) } is an integral form of the inverse of the Laplace transformation; 


: q+ico 
= f etep (2) da 


q-ico 
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F(t) = Ls{f(s)} = 3 Aye’. 
j=0 


So the theorem will be proved if it is shown that this series converges to the 


inversion integral at ¢t = 0. 
Since the poles at s; are the only singularities of the function f(s), 


where An is ag are of a parabola (4.1) to the left of the line R(s) = P, and 
P+ Qn, P —1Q» are the points of intersection of the same parabola with the 
line R(s) ce We can take no large enough so that |6| > 7/4 on the 
arcs An, and so 


-1/4 
+ f- M\s*||ds|+ f M, | s*| | ds|. 
-b; 


On An, | ds | = 1 | csc 0/2 | d6; hence, 


A, 

<2 ( MH, do +2 f M esc 6/2 dé. 
e w/4 6; 

It follows that for any « > 0, (*—6,) and 1/n can be chosen so small that 

|S «. Returning to (4.3), we have 


(4. 4) lim sds /2ri=lim > Aj. 
j=0 


Since the infinite integral here is [Z4*{f(s)}]+-0, the theorem is proved. 


5. A series expansion for the solution, U(x,t). The inversion integral 
solution (3.1) can be expressed in series form by using Theorem A. To show 
that this is possible, the roots of G(s) —0 must be investigated. In this 


equation, written in the form 


(5.1) 
Vs(C,s + + K, + cosh + [(C.s + (Cos + Kz) + s]sinh = 0, 


substitute Ys —a-+ Bi. Separating the resulting equation into its real and 
imaginary parts, we obtain 

A cosh 2a cos 28 — B sinh 2a sin 28 + C sinh 2a cos 8 — D cosh 2a sin 28 = 0, 
and 

Bosh 2a cos 28 + A sinh 2a sin 28 + D sinh 2« cos 28 + C cosh 2a sin 28 = 0, 
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where A, B, C and D involve a, 8 and the constants of the problem. The 
determinant of this homogeneous system of equations in sin 28 and cos 28 
must vanish because sin 28 and cos 28 cannot vanish simultaneously, so 


(A? + B? + C? + D*)sinh 2a cosh 2 
+ (AC + BD) (cosh? 2a + sinh? 2a) = 0. 
But (AC + BD) can be reduced to a quantity which is of the same sign as a, 


Consequently, « = 0, and all non-zero roots of equation (5.1) are real and 
negative. If we substitute i@ for Vs, (5.1) becomes 


(5. 2) 
(— — + + Kz) B cos 28 + [(— Cif? + K,) (— + Kz) — p*]sin 


A similar process, applied to (5.2) and its derived equation, can be used 
to prove that (5.2) has no non-zero double roots. Therefore all non-zero 
poles of [w(x,s) —f(2)/s] are simple, real and negative. It is clear that 
(5.2) has an infinite number of roots, Bn, and that sin 2B, = O(Bn"') ; hence 
these roots lie, for sufficiently large 8», in the intervals —8 Bn | S 
+ 8, k being an integer which may differ from n, and 8 being any positive 


number. This shows that the poles of [u(2,s) —f(«)/s] are separated by 
parabolas with vertices at $(k + 3)z: 


(5. 3) r= + 4) 2x? esc? 6/2. 


On these parabolas, [w(z,s) — f(x)/s] =0(s"). This can be seen by 
substituting sre, where 7 is given by (5.3), into the formula for 
[u(x,s) —f(ax)/s]. From this order property and with the results of Section 
3, [u(x,s) —f(x)/s] is seen to satisfy the conditions of Theorem A. It is 
easy to find that = f(x) and Aj = dj¢;(x) (j ~0), where ° 

$i (2) = (Ky — + + By cos(1 + x) = — ig, (1 + 2,5)) 
yi = — 192(1 — 2, 8;) 

and 


— K2) (1+ C1) + — K1) (1 — Kz) ]sin 28; 
— 4$8;[0.8;? + + Ki — — C2B;?) (Ki — C1B;?) + 00s 


+h, (1,8;)¥; (2) = 0. 
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Therefore, the solution of the boundary value problem (1. 1)-(1. 6), expressed 
in series form, is 


(5. 4) U (a, t) — (2) (—1<2<1,t20). 
j=0 


6. An expansion theorem for the initial temperature function. It was 
shown in Section 3 that [w(z, s) —f(x)/s] = O(s*/2) where 
and — 0. =0=46,. Therefore, for any fixed x in that interval, Li*{u(z, s) 
—f(x)/s} is a continuous function of ¢ and vanishes at t= 0. This shows 
that + 0) —f(x) =U (a, 0) —f(x) =0, or 
(6. 1) U(«, +0) =f(zx) 1), 
and condition (1.4) of our boundary value problem is satisfied. Further, we 
see that the series (5.4) must reduce to f(a) when t = 0; and this fact gives 
us an expansion theorem for f(x). : 

THEOREM B. Let f(x) be a piecewise continuous function, and let f’ (x) 
be bounded and integrable. Then, when —1 <2 <1, f(a) is represented 
by the series in (5.4) with t=0. 

We may note here that the functions, i¢;(a), are characteristic functions 
of the modified Sturm-Liouville system obtained from the transformed system 
of Article 2 by placing f(z) = 0 and 8; = 8S, = 0. 

7. Verification of the solution. The integral form of solution, (3.1), 
will be used to prove that the solution satisfies some of the conditions of the 
problem, while the series form, (5.4), will be used for the others. The initial 
temperature condition is already established (see (6.1)). 

In the interval $(a +1) S71, 


u(x,s) —f(r)/s — p(2,s) = O(s*/*) SOS 6) 


uniformly in 2, where 

p(,8) — {[Se—f(1) ][ (a, 8) g2(1, 8) + gs (a, 8)ha(1, 8) ]}/[s@(s)]. 
Hence ([3], p. 612, Theorem 10) L;-"{u(z, s) —f(x)/s — p(a, s)} exists for 
any x in this interval and when t= 0. Further, 


(7.1) lim lim s) — f(x)/s — p(a,s)} =0. 


t-0 
Since p(a,s) O(s* exp [(2e—2) Vreos6/2] when a 
theorem of Carslaw and Jaeger ([1], p. 401, Theorem 2) may be applied to 
show that L;{p(a,s)} is uniformly convergent with respect to « when z = 1, 
and when ¢ > 0. Hence lim Li{p(a,s)} = Lit{p(1, s)}, and by (7.1) 


(7.2) lim U(1—0,¢) —f(1) = S.—f(1). 
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The function U(z,t) satisfies, therefore, the boundary condition (1.6). In 
the same way, by using the interval — 1 = «<= 4(a—1), condition (1.5) is 
shown to be satisfied. 

That U(z,t) satisfies the three remaining conditions, (1. 1)-(1.3), can 
be seen by consideration of its series form, (5.4). For sufficiently large values 
of Bj, Aj = O(f;"'). Since each term of the series, (5.4), contains a factor 
e-8s*t, the series converges uniformly in z when t >0. Likewise, the series 
(obtained by termwise differentiation) for Us(z,t), Usa(z,t) and U:(z,t) 
are uniformly convergent when ¢ > 0, showing that termwise differentiation is 
permissible. Rather lengthy, but straightforward, computation will now show 
that the conditions (1. 1)-(1. 3) are satisfied by the series form of the solution, 
thereby completing the verification. 


8. Uniqueness of the solution. The method used here in proving the 
uniqueness of the solution is the same as that employed by Churchill ([2], 
pp. 659-664). Suppose that the boundary value problem, (1. 1)-(1. 6), has two 
solutions, U,(z,t) and U2(2,t). Then if we set V(z,t) = U,(2,t) —U,(z,?), 
V(2z,t) will satisfy conditions (1.1)-(1.6) with 8; S.—f(r) =0. For 
certain conditions on V(z,¢), the only solution of this system is V(a,t) =0. 

THEorEM C. Let the solution V(z2,t) of the homogeneous boundary 
value problem described above be required to satisfy the following conditions: 

(a) For each t >0, V, Vc and Vt exist and are continuous in (z,t) 
when —1 


(b) . For each ty) > 0, | V | is uniformly bounded when 0 =t S ly and 


—1S2r21,and | V; | has the same property for all x in each closed interval 


to 
containing none of the points x = — 1, a, 1; also f | V. | dt converges for 
0 


each x and vanishes as tp > 0, uniformly in x when —1 Se. 
Then V(x, t) =0 for allt >0. 


The proof of Theorem C follows closely that of Churchill’s theorem and 
will not be given here. The task remaining is that of showing that, under 
certain conditions, the value of U(z,t) we have found satisfies the conditions 
of Theorem C; and, as a result, that it is unique. 

Conditions (a) of Theorem C are satisfied because U(x, t), Uo(«,t) and 
U;(2, t) may be expressed as series which are uniformly convergent when ¢ > 0 
and Assume that f(x), and f’(x) are piecewise con- 
tinuous and that f’”() is bounded and integrable. For convenience, let 2 =a 
be the only point of discontinuity of f(x) and of each of its first two derivatives. 
This allows us to integrate I(x, s), defined in Article 2, twice by parts. After 
these integrations by parts, it becomes apparent that [u(2,s) —f(z)/s 
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—f’(x)/s?] = O(s*/*) uniformly in z, when z is in any closed interval not 
containing any of the points = —1,a,1. Since f(x) and f’(z) are bounded, 
| U:(z,t)| is uniformly bounded in any such interval. 

When —1 2721, 
(8.1) u(x,s) —f(x)/s + {D, exp [— (1+ 2) Vs] 

+ Dz exp [—|«—a| Vs] + Ds exp [— (1 —2) Va ]}/s = 
where D;, D, and Ds are constants. The inverse transform of (s"te¥V*) is 
uniformly bounded when 0 S t S ¢o, so we conclude from (8.1) that | U(z, t)| 
is uniformly bounded when 0S Similarly, it can be 
shown that | U.(2,t)| + Vt, BE, and being constants. Hence, 
with the stated restrictions on f(x), any solution of the boundary value prob- 
lem, (1.1)-(1.6), satisfies the conditions of Theorem C and is therefore, 
unique. Our results are stated as 

THEOREM D. Let f(x) and its first two derivatives be piecewise con- 
tinuous, and let f(x) be bounded and integrable. Then U(a,t), as defined 
by (38.1), ts a solution of the boundary value problem, (1.1)-(1.6); and at 
is the only solution of the problem which satisfies the conditions of Theorem C. 
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CORRECTION. 


CORRECTION.* 


By H. A. RADEMACHER. 


Professor D. H. Lehmer has brought to my attention a mistake on pp. 242, 
243 of my paper “The Fourier series and the functional equation of the 
absolute modular invariant J(r),” this JouRNAL, vol. LXI (1939). It can 
be corrected as follows: C, the last letter on p. 242, has to be replaced by 
O{k(7* + (k —j7)*)}. With this estimate we obtain on p. 243 


e2Tijm/k 


— + (k=). 


kr—m 


This leads to 
k-1 
j=l 
= 0(k-***K" log k), 


which justifies the estimate given for T;,‘*). 
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VALUATIONS AND INFINITELY NEAR ALGEBRAIC LOCI.* 
sy H. T. MuuHty. 


Introduction. In his paper “ Polynomial ideals defined by infinitely 
near base points,” Zariski has shown that the geometric notion of “ infinitely 
near” base points on an algebraic surface can be succinctly expressed in terms 
of ideals associated with valuations of the field of rational functions determined 
by the algebraic surface under consideration. By studying the properties of 
the valuation ideals (v-ideals) in the ring K[z,y] (where K is algebraically 
closed and of characteristic zero and x and y are indeterminates) which belong 
to valuations of the field K (x,y), he exposed powerful arithmetic methods for 
treating questions which arise in connection with base conditions. 

In this paper we obtain a generalization of Zariski’s results to certain 
types of higher dimensional base conditions. The central part of the investi- 
gation involves proving theorems analogous to those of Zariski, but without the 
assumption that the ground field K is algebraically closed. Our field .K is of 
characteristic zero, but otherwise arbitrary. 

The first four sections of the paper are devoted to a study of the decom- 
position of the valuations of K(2z,y) and of the v-ideals in K[z,y] which 
occurs when we pass from K to a normal algebraic extension field K* of K 
(in particular K* may be the algebraic closure of K). The fundamental result 
is given in Theorem 4. 4 and states that Q, the simple ideal of kind h belonging 
toa valuation B of K(z,y), becomes the product of the distinct conjugate 
simple ideals of kind h which belong to the extended valuations {B*,} of B to 
K*(z,y). By virtue of this result, most of the theorems valid in K*[z, y] 
(when K* is the algebraic closure of K) carry over to K[2z,y]. Section 5 is 
devoted to overcoming the few minor difficulties which arise in this connection. 

In Section 6 we study a plane Cremona transformation of the de Jon- 
quiéres type which behaves with respect to the v-ideals in K[z, y] exactly as 
would a quadratic transformation if K were algebraically closed. In fact, this 
de Jonquicres transformation is, in a sense, compounded of a set of “con- 
jugate ” quadratic transformations. 

In the concluding sections we point out the geometric significance of our 
results. After certain preliminary remarks about the simple subvarieties of an 
r-dimensional variety V,, we show that the conditions imposed upon systems 
of (r—1)-dimensional subvarieties of V, by requiring them to pass through 
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(r—2)-dimensional base loci (which are themselves simple subvarieties) 
either proper or “infinitely near” a proper base variety, can be expressed 
arithmetically in terms of v-ideals. The de Jonquiéres transformations of 
Section 6 are used to construct birational transformations which will separate 
infinitely near (7 — 2)-dimensional loci into proper varieties. 

For the sake of clarity we list below a few definitions and theorems which } 
we shall take for granted in the remainder of the text: 


a) By a valuation, B, of a field = is meant a homomorphic mapping of 3 
(the element 0 excluded) upon an ordered abelian group I given by a function 
v(a), ae &, v(a) eT which obeys the axioms 


(1) v(a-b) =v(a) + 0(d); (2) v(a+b) = min (v(a), v(5)); 
(3) wv(a*) 0, for at least one a* in %. 


b) The elements a of & for which v(a) = 0 form a ring in &, called the 
valuation ring of B, which is usually denoted by 8. The elements a of B for f 
which v(a) > 0 form a prime ideal $8 in 8 which consists of all non-units in 9, 
The residual ring 8/§ is a field and is referred to as the residue field of B. 


c) If K is a subfield of & such that a(0) C K implies v(a) = 0, then 
%8/ contains a field K, simply isomorphic with K. The degree of transcen- § 
dency of 8/$ over K, is called the dimension of B relative to K. 


d) If o is a subring of & and if 8 ~ 0, then an ideal & in o of the form 
Y — Mi-o, where Mt is an ideal in B, is called a v-ideal for B ino. A v-ideal 
M for B in o is characterized by the property that if a=0(%) and D is a 
element of o such that v(b) = v(a) then b==0(2%). An ideal M is referred 
to simply as a v-ideal if it is a v-ideal for some valuation of &. 

If Hilbert’s base condition holds in 0, then, as a varies over the element 
of an ideal Mt in o, v(a) assumes a positive minimum. This minimum i 
spoken of as the value of Yt, in symbols v(MP). 

e) Under the hypothesis that Hilbert’s base condition holds in 0, the 
v-ideals in o for a given valuation B form a well ordered sequence, the firt§ 
element of which is o itself, and the successor of any element q consists df 
those elements a in o such that v(a) > v(q). 

For further properties of valuations and of v-ideals we refer to Krull! 
and Zariski 2. 


1. Normal ground field extensions. Let & be a field, and let K be 
subfield of 3. We assume only that K is of characteristic zero and that it i 
maximally algebraic in 3. Throughout our considerations, K will be thought 
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of as the ground field or field of constants. We consider a normal algebraic 
extension field AK* of K and we construct the field 3* — K*S as described in 
Zariski 1.' 

Let B be a valuation of & of dimension zero relative to the ground field K, 
j.e., if B is the valuation ring of B in & and § the ideal of non-units in %, 
thn 8 K and B/$ is algebraic over K.2 We observe that the ring 
D* = K*® in &*, is integrally dependent on 8. Hence, if B* is a valuation 
of 3* which coincides with B on & (an extension of B to %*) and if B* is 
the valuation ring of B*, then 8* D D*, (Krull 1). 

Let us assume for a moment that K* is a finite normal extension of K. 
If this is the case, then the relative degrees [K*: K] and [3*: 3] are the same, 
as are also the Galois groups @(K*: K) and @(3*: 3%), (Zariski 1, Lemma 1). 
If n is the relative degree [3*: 3%] then by a well known theorem (Krull 1) 
there exists at least one, and at most n, distinct extensions, B*,,- - - B*,, of B 
to 3* (gn). Moreover, if B*; is the v-ring of B*; in 3*, then the inter- 
section B*, B*,o- - - B*, is equal to D*. In fact, we have already seen 
that D* C B*,0- - To prove the opposite inclusion, let be 
an element of B*,«- - -* B*, and let 6 be a primitive element of K*: K. As 


an element in S*, 5 can be written in the form 
a_,6"", aes 
and the conjugates of 8 over & are 


where 0) (= 6), are the conjugates of 6 over K. Since the deter- 
minant | | 540, and since each 8) is in - it follows that 
| is also in B*,%- - 1 =—0,:--,n—1. Thus, since a is in 3, we 
have a; and D*. 

If %*; is the ideal of non-units in $*;, and if p*; — $*,;« D* then it is 
known (Krull 1) that the quotient ring D*p*, coincides with B*;. 

We now return to the general case (K* an arbitrary normal extension 
| of K) and we assert 


*3* is the collection of all finite sums ¢*=a* a, +.--+ a* a,Cs, 
K*. Two such sums &* = 3 a* a, => b* are identified according to the 
following rule. If Cy: ++,¢, is an independent base of the field K(a*,, b*;) over K, 


and if y c,\;, n* = then &* = if and only if A; = i= 1,2,-.-,n. 


=1 
? Strictly speaking, B/B contains a field isomorphic with K. We identify this 
field with K. 
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THEOREM 1.1. If B* is any extension of B to 3* with valuation ring $* 
and prime ideal %*, and if p= D* » 8*, then the equality B* = D* p« holds, 


Proof. That 8* > D*y* is evident. Let é* be an arbitrary element of 8°. 


Let K be the least normal extension of K that contains the field K (a*,, 
-+,a%). Let 3 = KY, D = KB, B = B*aS. Obviously, we have é* C 
On the other hand, since K is finite over K it follows by the preceding remarks 
that 8 = Dy, where p = Ba Dp, (® is the ideal of non-units in B). Hence 
é* C Dy, and since obviously Dp C D* yx we conclude that B* = D* px. 
Letting Kg denote the residue field 8/, and K*9* the residue field 
B*/PB* we obtain 


1.2. The field ts obtained from Kg by the extension 
K K*, i.e. 
K* = K*- Kg, 


Proof. We know, by Theorem 1.1, that K* B*/P* D* px/p* 
* D¥ yx = D*/p*. By applying an analogous theorem proved for ideals by 
Zariski (Zariski 1, Lemma 2) we conclude that K* yx = K*- Kg. 


TuHeEorEM 1.3. If 8/$ —K, then the valuation B has a unique exten- 
sion to &*. 


Proof. The existence of at least one extension of B to &* can be estab- 
lished by a standard well-ordering process (see e.g. Krull 1). We prove the 
uniqueness. 

The conditions Kg = $/f = K and K C8 are sufficient to insure that 
the extended ideal $3 - D* is a prime ideal p* (see Zariski 1, Theorem 3). On 
the other hand, it is obvious that p* > 8 = § and since D* depends integrally 
on %, this implies that p* is maximal in D*, (see Krull 2). If b is any 
maximal ideal in D*, then is maximal in and therefore p> 
It follows that p* is the only maximal ideal in D*. (By Zariski 1, Theorem 2, 
% - D* is the intersection of all those ideals in D* which lie over $3). This 
implies, in view of Theorem 1.1, that there is only one extension of B to >; 


its valuation ring is D* p+. 


Remark. Let A be a field of characteristic zero, and let B be any valuation 
of A. It has been proved by Krull (Krull 1) that if A* is a finite normal 
extension of A and if B*, and B*, are any two distinct extensions of B to 4’, 
then there exists an element 6 of the Galois group @(A*: A) such that @ X BY 
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= B*,, This result can be extended to the case in which A* ig an infinite 
normal extension of A by a simple well-ordering process. In our case then, 
any two members of the set {B*} of all extensions of B to &* are conjugate 
over &. 


2. Sequences of valuation ideals. We now restrict ourselves to the case 
where = K(z,y), A is a field of characteristic zero, and x and y are inde- 
pendent indeterminates over K. In this case the condition that K be maxi- 
mally algebraic in & is obviously satisfied. 

Let us consider a valuation B of & which is zero-dimensional with respect 
to the field K and which is such that its valuation ring contains the ring 
o=K[z,y]. Let QoQ: Q2>--- be the sequence of valuation ideals 
ino for the given valuation B. We have Qo = 0, Q; = P, where P=o0°X. 
is the ideal of non-units in 8. It is well known that for every integer i, Q; is a 
primary zero dimensional ideal with P as its associated prime ideal. Moreover, 
if the entire sequence of valuation ideals is transfinite, it is completely deter- 
mined by the simple sequence Qo, @Q1,° -,@Qn,° In fact, only two cases 
are possible ; either the infinite intersection [Qo, Q1, Q2,° * *] is the zero ideal, 
or else it is a prime one dimensional ideal P;. In the first case, all v-ideals for 
B occur among the zero-dimensional ideals. In the second case, the v-ideals 
are of the form P,”- Qn, m,n = 0,1, 2,- --, and Qn, precedes Qn, 
if m, < mz, or if m; = mz and n, < ne. (See Zariski 2). 

We consider the residue field Ky = %/$ of B. This field is an algebraic 
extension of the field K. We let K* be any normal extension of K which 
contains Kg. In this case, the field 3* = K*% is simply the field K*(z, y). 
Our interest centers on the class of valuations {B*,} of =* which induce the 
given valuation B on 3. We can associate with each valuation B*, a sequence 


of valuation ideals in the ring 0* = K*[z,y]. Let qao (= 0*), dai; 
be the sequence of primary zero-dimensional valuation ideals associated 


with the valuation B*,. If « is fixed, and if we consider any ideal qan, then 
there are in o* only a finite number of ideals conjugate to dan with respect 
to (or K). This is an immediate consequence of the fact that qan has a 
finite base, each element of which is a polynomial. Obviously, each of the 
conjugates of gan is a valuation ideal belonging to one of the valuations {B*,}. 
More precisely, if @ is any element of the Galois group of %*:%, then 
9X dan == Gpn for a suitably chosen 8. Conversely, if qan is the n-th ideal 
in the sequence for B*,, ggn the n-th ideal belonging to B*g, and if @ is an 
element of the Galois group 6(3*: 2) such that 6X B*, = B*g, then clearly, 
9X Gan = gn. We thus conclude that even though there may be infinitely 


* 

ks 
nce 
eld 
lon 

p* 

by 
en- 
ab- 
the 
hat 
ally 
any 

his 
jon 
mal 
A*, 

Dt 
D1 


H. T. MUHLY. 


many extended valuations B*, (and hence infinitely many sequences {qan}), 
there are only a finite number of distinct ideals qan for any integer n, and all 
of them are conjugates. 

Let Q be any ideal in the sequence {Q;} in the ring 0, and suppose that 
for a fixed a, say a—1, the integer n is such that 0*Q@=0(qin), 0*Q 
If Qin, *;Qgn are the conjugates of qin, then it is clear 
that 0*@ = 0(qin) and that o*Q is not contained in any of the ideals which 
succeed Qin in the various sequences to which it belongs. 


THEOREM 2.1. The extended ideal 0*Q is equal to the intersection 

Proof. Let = [qin,- We have seen that On 
the other hand, the ideal &f is invariant under all permutations of the Galois 
group of %*:%, so that %& is the extended ideal of its contraction with 0, 
W—o*(Mo0). (Zariski 1, Theorem 2’). If f is any element of Uo, then 
since f C qin, we have v,(f) = vi(Q).° (v; denotes the value in the valuation 
B*,). Since f is in o and since B*, coincides with B on %, we conclude that 
v(f) =v(Q) and hence that f=0(Q). Thus (20) =0(Q), so that 
o*(% 90) =0(0*Q). It follows that 0*Q = [qin,- Gon]. 


THEOREM 2.2. Let Qin, * *,Qgn be a complete set of conjugate ideals 
belonging to the sequences {qan}. If there exists an ideal 
Q in the sequence {Qi} such that 0*Q = Y. 


Proof. The contracted ideal qin“ 0 is a v-ideal for the valuation B, since 


the valuation B*, is an extension of B. Thus qin%o0 —Q, a member of the FF y 
sequence {Q;}. Since the ideals qin,- -,Qgn are conjugate over we have 
Q=0(qin), t—=1,---,g. Hence On the other hand, W is an 
invariant ideal so that 
o*(Mo0). ic 
Hence = - Q. 
Remark. In the special case 8/$3 = K, we have seen that if K* is any F h 
normal extension of K, then the valuation B has a unique extension, B*, to 3*. F ~ 
If {Q:} is the sequence of v-ideals for B in 0, and if {qi} is the sequence for F 
B* in o*, then as a consequence of Theorems 2.1 and 2.2 we deduce the F jj 
existence of a 1:1 correspondence between the ideals Q; and the ideals of q. 
This correspondence is of such a nature that if Q and q are corresponding rf 
ideals, then q 0*Q, Q = q 
It 
* Since 9*Q = (9) 2%, (qin)- On the other hand since 
0,(9) < and hence v,(Q) = ,(q,,)- 


‘In the course of the proof of Theorem 2.1 we showed that Q=9[%9=q%o0- 
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3. A preliminary lemma. In this section we impose two restrictions. 
We assume that the extended ground field K* is the algebraic closure of K. 
We use the notation K instead of K* to emphasize this fact. Our second 
assumption is to the effect that the center P, of the valuation B (of %) in the 
ring 0, is such that 0o/P = K. We may therefore assume that P = 0(z, y). 
This second assumption implies that all of the valuations {Ba} (the extensions 
of Bto 3 (— K-S)) are concentric in 5 (= K[z,y]). Their common center 
is p = 0(z, y). 

Let q be a zero dimensional v-ideal in 6 belonging to one of the valuations 
Ba, let us say B,. Let qi: (=), be the distinct conjugates of q in 
If 6; is an automorphism of over such that 4,1 = 2,° -,g, and 
if Bs = By, i=2,- -,g, then clearly q; is a v-ideal in 0 for B;. We 
denote the intersection [q:,- --,q ] by 2%. The ideal 2, as well as each of 
the ideals q:,- is a primary ideal with as associated prime. 

It may be assumed that in each of the valuations B,,- - - , By the condition 
u(y) = vi(z) is satisfied. With this in mind, we consider the quadratic 
transformation 7’: a2’ =x, y’ =y/z, which extends the ring 6 to the larger 
ring o’ = K[a’,y’]. If p is that integer such that M=0(p°), WU 0(pt*) 
then the extended ideal is of the form =40(2’) (Zariski 2). We 
let q’; be that ideal of the sequence of v-ideals for B; in 0’ which is such that 
= vi (W’), —1,---,g. Since is invariant under the Galois group 
of K over K, we conclude that the ideals q,’,- - -,q’, are conjugate ideals.® 
We let A’ denote the intersection [q’1,- - -,q‘9]. 


The Lemma of this section is to the effect that W = A’. 


Proof. Let h be the smallest integer such that (2’)"A’ is the extended 
ideal of an ideal in 0; (2’)"A’=0’A, where we may assume that A 
=049(2z’)"A’. The ideal A is a complete ideal, and since it is the inverse 
transform of A’, its system of subforms, 2(A), must be of dimension zero.° 


*It is conceivable that some of the ideals g’,,- - -,q’, may coincide. However we 
assign them distinct subscripts so as to associate them with the valuations to which they 
belong. 

*If M is any ideal in 5, such that M = 0( pe), M = 0(pe+), then any element f 
of M is of the form f = fn ao Fass +..., where fu is a form of degree uw in w and y. 
Moreover, there exist elements f in M for which the subform f,, is not zero. As f varies 
over the elements of M, its subform f,, generates a linear K-module of finite dimension. 
It is this module which we call the subform system of M and denote by Q(M). 

For the properties of complete ideals and their behavior under quadratic trans- 
formations the reader is referred to Zariski 2, particularly Sections 4 and 12. These 
properties will be used in the present section without further reference. 
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Let qi = and let A; be an integer such that ==0(p'), 
gi £0(p). Since the ideals Gi’ are conjugate so also are the ideals qi, 
so that we have A; =A, =+ - -—Agy. Let A denote this common value. It js 
not difficult to see that A Sh. If A >h, we would have 0’(p"A) = (2’)\4’ 
C (2’)*q’;. Hence on passing to the contracted ideals we find pA = 0(q,). 
Now A=0(p"), so that f*-A=0(p*), A 
Hence the system of subforms 2(p\"- A) is contained in the system (jj), 
This contradicts the fact that dimQ(q:) —0. ThusaASh. 

The inequality h = p can be demonstrated in a similar manner. Assume 
that h>p. We see that (2’)"M’ =0((2’)"A’). Hence 
= 0((2’)"2’-0). In other words we have 


(1) pre W==0(A), 


since (z’)*A’"9 =A. Now Q(p"?-%) and Q(A) both consist of forms of 
degree h. The congruence (1) therefore implies that Q(p*?- 9%) C Q(A). 
If h > pp, this contradicts the fact that dimQ(A) = 0. 

Since h S p, we have that (2’)’- A’ is the extended ideal of an ideal in 6, 
Now, (2’)°-@i:70—p*-qi. Moreover, if q; is that v-ideal for B; ini 
such that =vi(qi), then peq; = We have 
(2’)®- = +, 9, )°]. On the other hand, we see that v;(q) 
= vi = vi((2’)") + vi = vi( (2’)") + = 
% <q: Cas, and since =0(p") the equality [q:,° - -, Go, = holds, 
Since (z’)*- A’ is an extended ideal, and since (2’)’- A’" 0 = , we see that 
(2’)*- A’. Hence (2’)?- A’ = (2’)°%’, and A’ = W’. 

We conclude this section with a remark concerning the second assumption 
which we made at the outset. We drop the assumption for the moment, and 
consider an arbitrary zero-dimensional valuation B of = with origin P in o. 
The extended ideal 5P is equal to the intersection [p,,- - -, Pm] where }, isa 
prime zero-dimensional ideal in 0. If o/P = K,, then the number m is the 
relative degree [K,: K], (Zariski 1, Section 17). The various extensions {Bi} 
of B to & have their origins among the ideals py. If we let pi —0(«c#—4, 
y — B,), then the elements @,- - - , %m, are conjugates, as are also the elements 
We may identify the field K, with the field K(a,,8,). The 
conjugate fields of K, over K are then Ki=—K(ai, Bi), 1=1,2,-* 
We consider the field 3; = K,(x,y). This field is a subfield of 3. It is not 
difficult to see that all of the valuations of the set {B.} which have origin at p, 
induce the same valuation on the field 3,. In fact, if Ba and Bg are two of the 
valuations of § with origin at p,, and if 6 is an element of the Galois group 
(3:3) such that 6X Ba = Bg, then 6X =p, and hence 0X a 
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6X 8B: =f. Thus 6 leaves each element of K, invariant, so that B, and Bs 
induce the same valuation on 3,. Let B, denote their common contracted 
valuation of =,. It is clear that the set of those members of the class {Ba} 
which have origin at p, constitutes the totality of extensions of B, to 3. 
Similar considerations, applied to the conjugate fields Ke,- - -, Km, yield the 
conclusion that the set {B} may be divided into m subsets each of which 
satisfies the second assumption of this section. 


4, The simple ideals and the fundamental lemma. A valuation ideal 
¥ in a ring % is said to be simple if it cannot be written as the product of 
two ideals both different from the unit ideal; i.e. 2 is simple if and only if 
Y= B-C, implies In the contrary case, is said to be 
composite. It has been proved by Zariski (Zariski 2, Section 5) that a com- 
posite v-ideal can be written as a product of two v-ideals both different from 
the unit ideal. Although this theorem was stated for the case in which the 
coefficient field is algebraically closed, the proof makes no use of this assump- 
tion, and is valid in all cases which come under our consideration. 

We again consider the sequence {Q;} of all v-ideals for B in 0. According 
to Theorem 2.1, the extended ideal 0Q; (Qi is any element of the sequence 
{Qi}) is of the form [qin,- * -,Qgn]. The ideal 0Q; is therefore a complete 
ideal in the sense of Zariski (Zariski 2, Section 12), i.e. 0Q; can be written as 
a product of simple v-ideals in 0, say 


where ; is a simple v-ideal in 0 belonging to some valuation of 3. If @ is an 


automorphism of = over = which sends ?, into one of its conjugates then 
since 0Q; is invariant under @, we have 


k 
(2) I] Pi = (8X 


By the unique’ factorization theorem for simple v-ideals in 0 (Zariski 2, Section 


6), we conclude that the product P.%-- - -- contains together with 
each factor ?;** all of its conjugates over 3. Hence we have 


where each parenthesis encloses a complete set of conjugate ideals over %. 
The ideal is an invariant ideal (invariant under all automor- 
phisms of so that Por, = where is an ideal in o. 


(Zariski 1, Theorem 2’). Hence, = 0( Since the relation 
y=1 
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of 9 = YW holds for any ideal % in o (Zariski 1, Theorem 1) we conclude 
that Q = II Wr. 
The remarks above establish the following 


Lemma 4.1. The v-ideal Qi in 0 is simple if and only if the complete 
ideal 0Q; involves one and only one complete set of distinct conjugate simple 
v-tdeals in its unique product decomposition, each occurring to the first power 
only. 


In Zariski 1, a simple v-ideal is said to be of “kind n” if it is the n-th 
simple ideal which occurs in the sequence of v-ideals to which it belongs. If 
_ Qi is a simple v-ideal in 0 then the conjugate simple ideals which occur in its 
product decomposition in 0 are all of the same kind, say h. We shall say then 
that the ideal Q; in 0 is of kind h. In the light of later theorems it will be 
seen that this definition of “kind” is the same as that of Zariski. 


THEOREM 4.2. If Q ts a simple v-ideal for B of kind h in o, then 
09 = - -- DP, where ,---,P,™ are the distinct conjugate 
simple v-ideals of kind h which belong to the valuations of the set {Ba}, the 
extensions of B to 3. 


Proof. We use an induction with respect to the kind, h, of Q. The 
theorem is obviously true for kind 1, for then Q is the origin, P, of B, and 
OP =},-p2::- -*Pm. As was pointed out at the end of Section 8, the ideals 
p; are the origins of the various valuations {B,}. 


By Theorem 2.1, 02 = [qin,* -,Qgn] where qin,- is a complete 
set of conjugate ideals. Now in general we shall have g > m, so that we 
contract those ideals among the qin which belong to the same prime. We let 
Q» denote the intersection of those ideals among qin,* - - , Ggn which belong to 
the prime py, v= 1,2,---,m. We then have 


(3) 02 = 


This is the normal primary decomposition of 0Q. Since the ideals Q; are two 
by two relatively prime, the equality 


(4) [Q1,° Qm] =Q1°Q2" Qm 

holds. Hence it is sufficient to prove that =P, -----P,, where 
P,(h)-- - -»D,™ are the conjugate simple ideals of kind h belonging to those 
members of the set {B,} which have origin at ,. (By an obvious Galois argu- 
ment a similar statement is then true of the ideals Q2,- - -,@m). Using the 
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notation of Section 3, we pass to the fields K, and 3,. We are then free to 
use the second assumption of that section. 

We prove our assertion by means of the induction assumption that 
Theorem 4. 2 is true for simple v-ideals of kind h —1. By Theorem 2.2 (and 
the remark at the end of Section 3), the ideal Q, is the extension to 0 of a 
y-ideal Q, in the ring 0; = K,[z,y]. By Lemma 4.1, the ideal 0Q involves 
one and only one complete set of conjugate simple ideals in its decomposition. 
Hence the ideal 0, involves one and only one complete set of conjugates with 
respect to K,, in its decomposition. Thus 


where P*,),- - -, P*, are simple, conjugate v-ideals in 0. 
We now apply the quadratic transformation 7: 2’ = a, = y— Bi 
L— 


which has its fundamental point at p,. T, extends the rings 0 and 0, to the 
tings 0’ = K[2’, y’] and 0’, = K,[2’,y’]. By the Lemma of Section 8, we have 


where are a complete set of conjugate v-ideals in belonging to 
those valuations {8} with origin at },. On the other hand 


(Zariski 2, Theorem 11.1, Corollary 11.2). We therefore conclude that 


By Theorem 2. 2, the ideal [q’1,- - -,q’;] is the extended ideal of a v-ideal in 
0’, belonging to the valuation B, of 3;, say 


(9) 54/7] = 


Since 0’Q’, involves only one set of conjugate simple ideals in its decomposition, 
we conclude that @’, is simple, necessarily of kind h—1. By the induction 
assumption (and the unique factorization theorem in 0’) we conclude that 


P’,(1) belong to valuations of the set {B,}. This is then true 
of their inverse transforms P*,,- - -, P*,*), 
THEOREM 4.3. If A=—P,™--- --P\™, where Pi™,---,P»™ are 


the distinct conjugate simple ideals of kind h belonging to the extensions {Ba} 
of Bio then X= gn], where qin is that v-ideal for Ba, (one of 
the extensions of B to which is such that va,(qin) = and Qin, 
are the conjugates of Qin. 


= 


~ 
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Proof. The proof is again carried out by means of an induction with 
respect to the kind, h, of the ideals ?;). The theorem is obviously true for 
simple ideals of kind 1. We assume that the theorem is true for the simple 
ideals of kind h’ =h—1. We remark here that by reasoning entirely analo- 
gous to that used in Theorem 4.2 we may assume in addition that all of the 
ideals P,,---,P\ are primary ideals belonging to the same origin 
Pi = (tT — y— 

For the first part of our proof we refer to Zariski 2, for the considerations 
needed here are almost precisely the same as those which Zariski used to prove 
that a power product of simple v-ideals is an intersection of v-ideals. The 
only difference is that we make a stronger induction hypothesis and arrive 
thereby at a stronger conclusion. 

On pages 194 and 195 of Zariski 2, an ideal & — %, -M.-- - -- Wm is con- 
sidered, where Yj is a simple v-ideal of kind h, and all of the ideals I; belong 
to the same prime p. Zariski proves that Wf is an intersection of v-ideals by 
means of an induction with respect to h = max(hi,- - -,hm). His reduction 
in kind, from h to h —1, is achieved by means of the quadratic transformation 
a’ =z, y =y/z. This procedure leads to the conclusion that the ideal ¥ 


can be written in the form 


== - Cx, pr] 


where ©; is a v-ideal, and p= Eps (p; is that integer such that 2; = 0(p”), 

If we follow this same procedure using the induction assumption that 
our Theorem 4. 3 is true if each of the conjugate factors P; is of kind (h —1), 


then we reach the conclusion that 
(10) [ Gum, Qgmy p] 


where Qim,° °°, Qgm are conjugate v-ideals belonging to the valuations of the 
set {B,}, and p is that integer such that M4 From 
this point, our proof can be easily completed. In fact if im: is that v-ideal 
for Ba, such that vq, =Va,(2) then and since 


necessarily 
[Gum's Gam: | 0( om] ) 


we must have 
(11) [Qim’s 5 Qgm’s p,°]. 


Our theorem is thus equivalent to the assertion that 


Com’ | = 0(,"). 
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Suppose that a,)“(y— B,)” is an element of 0 such that 
Ya, (€) = Va, (WU), & =1,2,---,g. We propose to prove that under this 
condition £=0(p,°). We apply the transformation T,, 2 =r—a, 
¥ = (y—f:)/(x«©—a,), thereby extending the ring o to the ring 
K[2’,y’]. 0’: is then of the form (2’)°%’, where = P’,%-- -- 
DD), — T,(P;™).7 By the induction assumption, W’ = [q'1;, 

-,Q9i], where q/1;,° are conjugate v-ideals in o’ belonging to the 
valuations Ba, and v;.(2’) = vx (q’xj). In the polynomial we replace + — a, 
by 2’, and y — by and we obtain 


f(z’, = (y’)” = (27) y’) 
where 7(2’, y’) 0(2’). If o>p, then £=0(),") and we are finished. In 
the case o = p we have 
Va, (¢) Va, Va, (7) 
and Vq, (2) = + va,(2’) whence we have va,(7) = va,(M’). Since 
= we conclude that 7» =0(Y’). Since p =o, is an 


‘lement of 0. Moreover, so that (2’)'=0(0'% 9d), 


(2’)'n = 0(%). As an element of 2 we can write 


Since the subforms of %& are of degree = p we haveA=p. Dividing by (z2’)? 
we obtain 


n= {or(1, 9) + (2) 


and since »5£0(2’) we conclude that A=-p and that ¢(1,y/) #0. Thus 
y’) = y’). On the other hand 


so that 


1=fo(l,y) + +: 


Hence y’) =7(0, = fo(1, y’), and this implies =p. 

As an immediate consequence of Theorem 4.3 we conclude that if 
?,™,- + are the distinct simple ideals of kind h which occur among 
the v-ideals for the valuations By, then their product P,™ -- - -- P, is the 
extension to = of a v-ideal for B in 0, say Q. By Lemma 4.1, Q is necessarily 
simple. We see, incidentally, that a simple ideal in o is of kind h if it is the 
h-th simple ideal in the valuation sequence to which it belongs. Theorems 4. 2 
and 4.3 can be formulated as one theorem: 


‘For the definition of 7, (P ,(")) we again refer to Zariski 2. See °. 
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THEOREM 4.4. If Q is the simple ideal of kind h for B in 0, then 
00 = PW Py 


where P,™,---,P\ are the distinct simple v-ideals of kind h occuring 
among the valuations By, and conversely. 


We point out that Theorem 4. 4 is also true if instead of extending the 
ground field to K we extend K to K*, where K* is any normal extension of K 
which contains the residue field of B. This most general form for Theorem 4, 4 
(i.e. with K replaced by K*) is proved in the following manner. [If 
o* — K*[z,y], then since 09 = 0-0*Q, we have, by Zariski 1, Theorem 1, 
that 0*9=—0-Qo*. If {B*,} is the class of extensions of B to 3 
(= K*(z,y)) then by Corollary 1. 2, the residue field of each of the valuations 
B*, is K*. Theorem 1.3 therefore implies that there is a 1: 1 correspondence 
between the valuations of the class {B*,} and those of the class {Bg}. The 
correspondence is such that if B, and B*, are a pair of corresponding elements 
then B, is the unique extension of B*, to 3, and B*, is the contraction of B, 
with =*. Applying Theorem 4.4 to the rings o* and o we conclude that if 


Pre - - -,P*,™ are the simple ideals of kind h in o* for the valuations 
{B*,}, then » =A, and for a suitable choice of indices we have oP *;™ == P,"), 
PW) o* 1,2,---,A. Hence 0(P*,-- — 09 
and therefore P -- (Zariski 1, Theorem 1). 


This theorem is most useful in studying the properties of v-ideals in a 
ring K[z,y], with an arbitrary coefficient field K. 

5. Properties of v-ideals. As immediate consequences of Theorem 4.4 
we obtain the following three theorems. 

THEOREM 5.1. (Unique factorization theorem for simple ideals in 0): 
simple v-ideals in 0, then k = m and for a suitable choice of indices Ui = %i, 


Proof. By Theorem 4.4, 0%; = Wig, 0Bi — 
where the %;; and 8j; are simple v-ideals in 0. Since we have 


our theorem follows by the unique factorization theorem in o (Zariski 2, 
Theorem 7.1). 

TueEorEM 5.2. If Q is a simple v-ideal of kind « for a valuation B 
of &, and if B’ is any other valuation of % for which Q™ is a v-sdeal, then 
Q™ is also the simple v-ideal of kind « for B’. 


ng 
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Proof. Q‘® is a simple ideal for B’, and since its unique decomposition 
in 0 involves simple ideals of kind 2, Q‘) is a simple ideal of kind @ for B’. 


THEOREM 5.3. If {Q'™} and {Q’™} are the sequences of simple v-ideals 
in 0 belonging to valuations B, and B’ of &, and if for some integer 1 we have 
Q’"), then also Q™ = Q’™, 


Proof. Since Q'? = Q’™, we have 09) = 0Q’“ so that by the unique- 
factorization theorem in 0, the simple ideals of kind 1 belonging to the extended 
valuations {Bq} coincide with those belonging to the valuations {B’a}, the 
extensions of B’. By Theorem 6.1 of Zariski 2, it follows that the simple 
ideals of kind n < 1 among the two sets {Ba} and {B’,} must also coincide. 
Our theorem then follows by Theorem 4. 4. 

Our Theorems 5.1 and 5.3 are the direct analogues of Theorems 7. 1 and 
6.1 of Zariski 2. The next two theorems are analogous to the Lemma of 
Zariski 1, Section 12. 


THEOREM 5.4. Jf UW=Q,%-- - --Q,* is a power product of simple 
v-tdeals in 0 belonging to valuations B,,--- , By of &, then 
where Q’,,: Q’m are v-ideals in o. 

g vi Vj 

Proof. By Theorem 4.4 we have 0% = [[ [] where 59; = Pj. 

j=1 i=1 
The ideal of is therefore a complete ideal in the sense of Zariski so that 
[q1, Gm | 
where qi is a v-ideal in 0 belonging to a valuation B; of 3, i=1,2,---,m. 


Since 52 0 = M (Zariski 1, Theorem 1), we have 

— [q:% 0,° 0}. 
If Q@’:=9i°%o then clearly Q’; is a v-ideal for the valuation B; which B; 
induces on 

THEOREM’ 5.5. Jf -,Q’m] where Q’; ts a v-tdeal in o then 
Y= - where +, Qs are simple v-ideals in o. 

Proof. We first show that 0% is an intersection of v-ideals in 0. Let 
B,,- + -, Bm be valuations of & for which the ideals Q’;,- - -, Q’m are v-ideals, 
and let {Ba‘)} be the class of extensions of B; to 3. Finally, let B“ be a 
particular member of the class {Ba‘*)}. If qi is that v-ideal for B™ such that 
(qi), denotes value in and if qi =i, 5 Vig 
are the conjugates of qi, then clearly 0% ==0(A) where 
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Moreover, it is immediately evident that A* 0 —Y, for an element wo of 9 
is an element of Ao if and only if vj(w) 2 vj(M), 7 = 1,2,° - m 
denotes value in B;). Since A is an invariant ideal, we conclude that 
oW— A. Thus 0% is a complete ideal so that 


where ?; is a simple ideal in 0. Since 0% is invariant, it follows as in the 
proof of Lemma 4.1 that the product P,%-- - -- P,%* is of the form 


where each pair of parentheses enclosed a complete set of conjugate simple 
ideals. By Theorem 4. 4, the equality 


Pi Diy, = 00; 
holds, where Q; is a simple v-ideal in 0. We thus have that 
= 
i=1 


so that by Zariski 1, Theorem 1, we conclude that 


%— 
i=1 


THEOREM 5.6. If B and B’ are two valuations of & and if Q°? = Q’™ 
where QO‘) (Q’"™) is the n-th simple v-ideal in o for B(B’), then the v-tdeals 
in 0 which belong to B and precede Q™ coincide with those of B’ which 
precede Q’™), 


Proof. Let Q> Q™ be a v-ideal in 0 belonging to B. We can write 


where Q, Q°),---,Q( are the simple v-ideals for B and B’ which 


precede QQ‘). On extending to 0 we have 


where P;;,° - -, Pir, are the simple v-ideals of kind which occur among the 
valuations of the set {B,}. If {Bq} is the set of conjugate extensions of B’ to 
3, then since = Q’), 1,2,- - -,n, the ideals Pi,,- -, Pir, are the 
simple v-ideals of kind i which occur among the valuations B’g. An obvious 
modification of the proof of Theorem 4.3 leads to the conclusion that oQ cal 
be written as the intersection of a complete set of conjugate v-ideals belonging 
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to the valuations B’,. The ideal 02 0 is therefore a v-ideal for B’, i.e. Q is a 
y-ideal for B’. 


6. Quadratic and de Jonquiéres Transformations. In this section we 
investigate certain Cremona transformations of the plane associated with the 
ring K[z,y]. These transformations are of the de Jonquiéres type, having 
only a finite number of fundamental points at finite distance and behaving in 
their vicinity as would a quadratic transformation. We find, in fact, that one 
of these transformations affects a sequence of v-ideals in K[x, y] (K-arbitrary) 
exactly as a quadratic transformation affects a sequence of v-ideals in K[z, y], 
where K is algebraically closed (Zariski 2, Sections 4 and 5). 

Let P be the origin of the valuation B in the ring 0. By means of a non- 
singular linear transformation in 0, we can choose the independent variables 
zand y in such a way that if c— a and y—>8 in the mapping of 0 upon the 
field 0/P, then both a and B are primitive elements of o/P over K.° After 
embedding o/P in the algebraic closure K of K and forming the ring 
d= K[z,y], it is clear that the ideal is a prime ideal 
in 6 lying over P. The conjugates of p are ai, y— Bi), where 
a (=a), and (= £8), +, Bn are the conjugates of a and 
Bover K. We then have 

The integer n is the relative degree of 0/P over K. 

We can assume, without loss of generality, that if B is any extension of B 
to with origin at ),, then =t(y—£,). A similar statement is 
then true of the extended valuations with origin at pj, i= 1,2,---,n. 

We define the two polynomials f(z) and g(x) in 0 as follows 

f(v) = (@— ae) + (1 — ay) 


(2) g(t) => 


The coefficients of both f(x) and g(z) are in K. The polynomial g(z) is such 
that g(ai:) = Bi, i= 1,2,--+,n. Consequently it is clear that f(x) and 
y—g(zx) are both divisible by P. Moreover, a simple calculation will show 
that P= o(f(x),y—g(zx)). Our assumption that a,) = B:) 
implies that v(f(x)) S v(y— g(x) ), where v denotes value in B. Hence the 
quotient (y— g(x) )/f(x) is in the valuation ring of B. 

The de Jonquiéres transformation, J, in which we are interested, is defined 


by the equations 


x t= 2’ 


= (y—g(«))/f(*) y= f(x )y’ + g(x’). 
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It is clear from the equations of the transformation that if o’ = K[2’, y’), 
then 0’ 00 = K[z,y]. The equations (3) also define a transformation 
between the planes associated with the rings } = K[2,y] and 0 = K[2’,y’). 

Before investigating the relations between the rings 9 and o’ we study 
those which exist between 0 and 0’. For this purpose we introduce the 
following succession of quadratic transformations. We let 7, denote the 
transformation 

T;, has a fundamental point at the point corresponding to the ideal 
= Moreover, if is any prime zero-dimensional ideal 
in 0 which does not divide 2, — «, and if 0, = K[#,,y,] then 0,) is a prime 
ideal in 0, and the equality 
= 01 (5,5) 
holds (Zariski 3, Section 18). The extended ideal 5,p is defined to be the 
transform of p by 7,, =0,p. We let T,(p2) = = 
y: — B2®)). We observe that a) Sv(y,— B2")) where v denotes 
value in any one of the valuations Ba. In fact, 
— Bo = — + (y: — B2™), 
and since we must have v(y,— 
= v(y— Bs) =t(x,— a). The transformation is defined by the 
equations 
T 21, Y2 = — — 

If 02 = K[22, y2], then we have 0 C 0, Coz. 

Suppose that we have defined step by step the transformations 7), 7:, 

-T;. Associated with 7; is the ring 0; = K[a;,y;], 7 =1,2,- - -.%, and 
the relations 


hold. We operate on Dis. by each of the 7’s in turn, and we obtain 


i+1? 


pl? 04 (25 — Yi — Bi). Again, by Zariski 3, Section 18, we have 


4+1 

By a straightforward calculation we find that 

(5) Y — Biss = bi yi + ; = Vi — Gir 

where ¢; (ai) and ¥i(xi) are polynomials in and i (Gin) 40. We must 
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then have — Wi Equations (5) therefore show that in 
any of the valuations Ba, S (yi — Bi). We then define 
Tis. by the equations 

Lin = Vi, Yin = (Yi— )/ — 
and we let 0;,, denote the ring K[2;.,,yi,,].. We have thus defined the suc- 
cession of transformations 7',, -. Tn. 


LemMA 6.1. The ring D0, coincides with the ring 0’. 
Proof. From the definition of y, given above it follows immediately that 


(6) = Ynf + 
where h(x) is a polynomial in # of degree [n—1. Since y=; when 
t= and since f(a;) = 0, we see from (6) that h(a;) = Bi, 1 = 1, 2 
We conclude that / (2) =g() since g(x) is the unique polynomial of degree 
<n—1 which takes the value Bj when «= Hence y = ynf(@) + g(2), 
so that by (3), yn = y’. 

We have already observed that the origin P of B in o is of the form 
P=o(f(x).y—g(a)). If A is any ideal in 0, and h is an integer such that 
A=0(P"), Ax0(P""), then any element a in-A is of the form 


(7) = af" + +: a(y—g)". 


Since y— g(x) = f(2’)y it follows that a is divisible by (f(a’))* in o’. 
Hence 0’A = f"A’ where A’ is an ideal in 0’. Moreover, if as40(P**) then 
it is not difficult to see that a is not divisible by f**? in 0’. In fact, since 
not all of the coefficients a, are in P. If we let 
= ai(7,g(x)), and if we put 


then a= da(P"') ahd a—4 is divisible by f"*! in 0’. In 0’ we have 


Since 2; is a polynomial in a’, it follows that if % + ay’ +---+ ay’ is 
divisible by f(a’), then &==0(f), i=0,1,2,---,h. This would imply 
that 2; =0(P), i= 0,1,2,- + -,h, and this is not the case. Hence a is not 


divisible by f'*' in o’ and consequently neither is @. We conclude that 
A = fh4’, A’s£0(f). The ideal A’ is defined to be the transform of A by 
the de Jonquiéres transformation J; in symbols, A’ = J(A). 


THEOREM 6.2. Jf Q is a v-ideal in o for the valuation B, then its trans- 
form J(Q) is a v-ideal in o’ for B. 
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Proof. We pass to the rings 0 and 0’. It is easy to see that 0’Q 0’ = 0'Q, 
In fact, it is obvious that 0’Q%0’ > 0’Q. On the other hand, if a is any 
element of 0’Q 0’ then we have : 


brgr 


where q:,° gr are in Q and b,,: - -,b, are elements of 0’. If +, 
are those elements of K which occur as coefficients among the polynomials 
b,,: -,b,, and if @ is a primitive element of K(c,,: over K, then we 
can write 

bs =bi(2’,y’3 0), i=1,2,°- 


If 6,,- - 0m (0, == 96) are the conjugates of we have 
(8) a= b, b-(2’, y’ 3 qr. 


On adding the equations (8) we have 


ma = B,(2’,y’)g:. +: + B-(2’,y’) qr 


where B; = b;(2’, y’;6:). Obviously the polynomial Bj; is in 0’, and con- 
i=1 


sequently we have a=0(0’Q). This proves that = 0'Q. 

To determine the behavior of Q as it is extended to 0’, we note first that 
by Theorem 2.1, q2,° *,Q9] where q1,q2,° *, 4 comprise a com- 
plete set of conjugate v-ideals belonging to the extensions {Bz} of B to 3. 
We can write 4] = [@1, *;@n] where Qi is a primary ideal 
with pj; as its associated prime ideal. Q; is the intersection of those ideals 
among q:,° * *, 4 which belong to valuations with center at pi. We thus have 


(9) 00 = 


We can obtain the extended ideal 0’Q by extending 0Q step by step through 
the sequence of rings *,0n. If h is that integer such that Q =0(P*), 
Q~0(P"*) then obviously, =0(pi"), By the Lemma of 
Section 8, we have that 0,0, = (2, — 2,)"Q,, where Q,"”) is an intersection 
of conjugate v-ideals belonging to those valuations in the set {Ba} which have 
origin at $;. On the other hand, 0,0; = Qi", i= 2,---,n. Since p; is not 
a fundamental point of 7’, if i= 2, the ideal Q;" is also an intersection of 
conjugate v-ideals in 3, and Q;"? induces the same ideal in the quotient ring 
Dip, (1) = Dp, as does Qi. 

As we continue this process, it is clear that when the prime ideal associated 
with Q;‘/) is not a fundamental point of T;, then Qi‘ is essentially unaltered 
as it is extended from 0, to d,.,. Again, if Q,{*-” is associated with the prime 
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in the ring oj, then Qi) = (x; Thus, in n steps 
we conclude that 


(I —ai)")A = 


where A is an intersection of sets of conjugate v-ideals, each set consisting of 
ideals belonging to valuations with a common center in 0. Since A is obviously 
an invariant ideal thesé various sets must also be conjugate, one to another. 
By Theorem 2.2, A is therefore the extension to 0’ of a v-ideal Q’ in 0’ 
belonging to the valuation B, and 0’ = Q’. Hence we have f*A = 
and consequently = f"Q’, J(Q) = Q’. 


THEOREM 6.3. If Q“ is the simple ideal of kind k in o for the valuation 
B, then J(Q)) = Q’*, the simple ideal of kind k —1 for B in 0’. 


Proof. Theorem 6.3 is proved in much the same way as was Theorem 6. 2. 
By Theorem 4. 4, 


where P,),- - -,P, are the distinct conjugate simple ideals of kind k 
which occur among the valuations {B,}. As we extend 5Q) step by step 
through the sequence 0,;,00,: *,0n each ideal i=1,---,r, either 
remains of kind & or is transformed into an ideal of kind k—1. In n steps 
we find that 


where are the conjugate simple ideals in 0, (= 0’) 
which occur among the valuations {Ba}. By Theorem 4.4, we have 
OnQ®) where is the simple ideal of kind in 0’ 


belonging to B. Hence J(Q™) = 


THEOREM 6.4. Jf Q’ is a v-ideal in 0’ belonging to the valuation B, then 
there exists an integer h and a v-ideal Q in 0 such that the relations 0’Q = f*Q’, 
and 9 hold. 


Proof. The proof is more or less a reversal of that of Theorem 6.2. We 
can write 


where q’;,- - -, q’y are conjugate v-ideals in 0’ belonging to the valuations {Bg}, 
and Q’; is the intersection of those ideals among q/;,: - «,q’7 which belong to 
valuations which have center at p; in 0. Evidently, the relation 0’g, = Q’; 
holds, where g, = Q’,°0,. By Zariski 2, Theorem 4. 3, there is an integer h 
such that (x, — a,)"g, is the extended ideal of an ideal in 5. Assuming that 
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h is the smallest integer with this property, we let @, denote the ideal 
0 (4, — @)"q,. We then have 0’Q, = — a,)"Q’;. If - +, Qn are the 
conjugates of Q; it is immediately evident that 


By Theorem 2. 2, the ideal Q,°- - -* Qn is the extension, to 0 of a v-ideal Q in o, 
It follows at once that 0’Q = f"Q’, f'Q’20=@Q. 


Remark. One can verify in a similar manner that if # is an integer and 
k = h, then f*Q’ = Moreover, 0’ (P*¥"-Q) = f*'Q’. However, the 
ideal P*"Q need not be a v-ideal. 

Theorems 6. 2, 6. 3, 6.4 show that the behavior of the v-ideals in v under 
the transformation J is in all respects exactly like the behavior of the v-ideals 
in a ring with an algebraically closed coefficient field under a quadratic trans- 


formation (Zariski 2). 


7. The simple subvarieties of an algebraic variety. Let J’ be an 
irreducible 7-dimensional algebraic variety in the affine space S,. We assume 
that the underlying field of constants, K, is algebraically closed and of char- 
acteristic zero. If (&,°--°*,é&:) is the general point of V, in S,, then 
x= K(é,° én) is the field of rational functions on V,. With the particv- 


lar model V, of we have associated the ring & J. It is 
permissible to assume that é,- - -,&,- are algebraically independent and that 
depend integrally on - -,é&- This we do. 


With each subvariety of V (not on the hyperplane at infinity) there is 
associated an ideal in ¥ and with each ideal there is associated a subvariety 


of V,. In particular, if V’, is an irreducible subvariety of V’, it is associated 


with a prime ideal in ¥ of dimension s, and conversely. Zariski calls a variety 


V.(ps) a simple subvariety of V, if there exist r— s algebraically independent 
elements 7;,° *, 9r-s In such that 


where Sp, denotes the quotient ring of J at p, (Zariski 1). He also proves 

that in order that V.(p.) be a simple subvariety of V, it is necessary and 

sufficient that there exist an element » in & such that a s£0(p,). where 

f(é, w) yy” (é,,° av (é,,° ér) =() is the equa- ( 

tion expressing the integral dependence of w on It follows readily 


from this last condition that on every simple subvariety of V, there is at least 
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one simple point of V,. Elements such as , defined above are called 
uniformizing parameters along Vs. 


LEMMA 7.1. Jf § defines a simple subvariety of V,, and if Po Pg is a 
zero-dimensional prime ideal in % which defines a simple point of Vr on Va, 
then it is possible to find elements m,° +, nr in satisfying the conditions 


a) are unformizing parameters at po. 
b) Po= De). 
c) Every element of is integrally dependent on K[m,* nr]. 


Proof. We may assume that é,- --,é- are uniformizing parameters at 

and that (Zariski 4). We let +: 
+ Winén, 1, where the w’s are indeterminates. Since s < r, it is 
clear that for generic values of the uj; the ideal Ps) will be 
zero dimensional. Hence for generic values of the ui; the ideal 3 (*;,° ‘+, *;, 
p,) will not be divisible by a prime ideal in ¥§ other than p>. On the other hand 
it is known that for non-special values of the u;;, conditions a) and ¢) will be 
satisfied by »*,,- - -,7*,. We can therefore choose constant values for the u;; 
say so that the quantities m,° obtained from 7*,,-° by putting 
uj; = Ui; Will satisfy conditions a, b, and e. 

We consider any ideal p, which defines a simple subvariety of V,, and we 
fixa simple point Po on Ps, Po O Px. We assume that the independent variables 
&,' °°, &- satisfy conditions a, b and ¢ of Lemma 7. 1, and we denote the ring 
by R. Since depends integrally on R, the ideal P; R 
isa prime s-dimensional ideal in R. We let Yt and 9 denote the quotient rings 


Rp, and Sp, respectively, and we put P* = M- P,, p* = M- pg. 


THEOREM 7.2. There isa1:1 correspondence between the primary ideals 
Q* in WM which belong to P* and the primary ideals q* in N which belong to p*. 
The correspondence is of such a nature that if Q* and q* are a corresponding 
par, then Q* q*¥ g*¥ —=N- Q*. 

Proof. Let p* be a primary ideal in % belonging to p*, and let q*¥ 9 J = q. 


The ideal q is primary, and px is its associated prime. It is clear that 


(1) Po = (é,,° q), 


for any prime ideal which divides (€,,- --,&-,q) must divide (&,-- Ds) 


Moreover, no primary ideal belonging to po divides (é,,- -,&-). If 
(6° °°. de] and if is the zero-dimensional prime 


ideal to which q; belongs, then q0(p'), i=1,2,---.hk. This follows 
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immediately from (1). If then for non-special con- 
stants u;, the quantity wo, +--+ --+ wan is not divisible by any one of the 
ideals i= 1,2,---+,k. We are therefore justified in assuming that the 


base elements ; of q satisfy the conditions 
j==1,2,---,k If = + +° din =0 (aij = ij 
‘+ +,&,)) is the equation which expresses the integral dependence of «; on 
then the fact that o;0(p) implies that 
(Zariski 4). If we write Fi = -,é 301) + Ai(&,° é&) =0, 
then = + Gi. Since 0F,/00; #0(po), we conclude that 
Gi5£0(po). Consequently, Gi +40(p.), and the quantity o; = — Ai/G; is 
in On the other hand, A; =0(Q*), where Q* = q* 9M. Hence we have 
wo; =0(9-Q*), 1,2,---,h. Since = M-q=—M- +, on), we 
have q* =0(9- Q*), and hence q* = N- Q*. 

The converse will follow immediately from the part of the theorem already 
proved provided we prove the following 

Lemma. If Q* is any primary idea’ in Mt belonging to the prime P*, then 


there exists a primary ideal q* belonging to p* in MN such that Q* = q* aM. 


Proof. If A is the quotient field of Mt, then %, the quotient field of MN is a 
finite algebraic extension of A. We let 2 denote the least normal extension 
of A which contains =. We assert that if 5 is the integral closure of Mt in Q, 
then the relation 
(2) am — 
holds for any primary ideal in Mt with P* as its associated prime. If 7 is any 
element of 09* 9 M, we can write 

O17 +: wo; C 0, gi =0(Q*). 
If 6,,- - -, 0, are the elements of the Galois group q(Q: A), then since 7 is in 
A we have 


py = ~ (6; X) = (36: X (326i X 9) 


The quantities > 6; X o; are elements of A and since QM is integrally closed 
i 


in A they must be elements of Mt. Hence p:»==0(Q*) and consequently 
7=0(Q*). 

Any prime ideal P in 0 which is such that Po 9 = P* must be maximal 
in 6 (Krull 2). Moreover, it is proved in Krull 2 that since Mt is integrally 
closed in A any two prime ideals in 6 which lie over P* are conjugate. Hence if 


(3) 6Q* = 


| 
4) 


n 
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js the normal decomposition of 0Q*, and if ); is the prime ideal associated 
with qi, then the ideals p,,- - -,$, form a complete set of conjugate maximal 
ideals lying over P*. 

Let 6; be an element of Q(9:A) such that 6; X pi=—;. The ‘deal 
qi; = 9; X g, is a primary ideal belonging to p;. If qi were not divisible by q’i, 
we would have q; [q/i, qi] qi ~[0’i, qi]. This contradicts the fact 
that (3) is the normal decomposition of 5Q*. We thus have qi =0(q‘i). 
Similarly we see that q, =0(@" x qi). We therefore have q,; = 6" X 
X qi 2%. Accordingly, we conclude that any two of the ideals 


are conjugate. This proves that qi Mt Q*,i—1,2,---,k, 
for if qi 9M were a proper divisor of Q* then [qi,- - -,q.] Mt would bea 


proper divisor of Q* also. This is not the case. 

We now put 0, = +, é J. It is clear that 0, CN and o, Co. 
One can see immediately that if p= p*o, then o,yp—%. Since 0 depends 
integrally on 0, there is at least one prime in 0 which lies over p. This prime 
is obviously one of the ideals $,,---, x say $:. The ideal q=q.%o, is 
primary, with p as its associated prime. Moreover, qo ¥t—Q*. If then 
q* = N-q. q* is the desired ideal. 

Theorem 7.2 enables us to extend the results on v-ideals which we have 
thus far obtained to the more general case of v-ideals of dimension r— 2 in a 
ting of the type § = K[&,---+,&:], of degree of transcendency r over K, 
provided the v-ideals belong to valuations whose centers define simple sub- 
varieties of the V, associated with §. This is discussed in the next section. 


8. V-ideals in rings of algebraic functions. We consider a field 
Y= K(é.- - -,&,) of algebraic functions of degree of transcendency r over K. 
The rng = A defines a model V; of the field 3. Let B be an 
(r—2)-dimensional valuation of % such that its valuation ring contains %. 
We assume that the center of B in & is a prime r— 2 dimensional ideal p 
whose associated variety is a simple subvariety of V,. We suppose that the 
non-homogeneous coordinates &,- - -,én of the general point of V; have been 
selectec! so that if R= K[&,---,é], P=poR, — Rp and N— By then 
the relations between the primary (r— 2)-dimensional ideals in 9 and M 
described in Theorem 7.2 hold. It is permissible to assume that é,,- - - , &-2 
are algebraically independent modulo P. We denote the field K(&,° - +, &-2) 
by A, and instead of é-., and & we write x any y. It is evident that the ring 
0=A[z,y] is between the rings Mt and R, RC oCM. It is well known 
that the ideal P = oP is a prime ideal in o of dimension zero with respect to 
the field A. Moreover, it is easily seen that the quotient ring op coincides 
with M. 
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Together with the valuation B we consider all r— 2 dimensional valua- 
tions of = which have the ideal p in YJ as center. The ring M is then contained 
in the valuation ring of any such valuation. Each valuation B of this set 
induces a valuation By on the field A= K(&,- + -,&,). 
are algebraically independent modulo P, we conclude that o is contained in the 


valuation ring 8) of By) Moreover, the center of By in o is P, and By is of 


dimension zero with respect to the field A. 
If q is an (r—2)-dimensional v-ideal in MN for the valuation B, then 
Moreover, 
To see that 
qoW and 


Q=qo is a zero-dimensional valuation ideal in o for Bo. 
M-Q=—q. The fact that Q is a v-ideal for By is obvious. 
M-Q—q we need only note that since Yt = op we have M-Q = 
hence by Theorem 7.2, Q = 

It is a well known fact that if By is any valuation of A which is of dimen- 
sion zero with respect to the field A, and has its center at P in 0, then there 
exists at least one valuation B of & whose valuation ring contains 9 which 
induces the valuation By, on A. Moreover, this valuation B has its center at p* 
in 9, and it is of dimension r — 2. We conclude that tf Q is a zero-dimensional 
v-ideal in 0 belonging to a valuation with origin at P, then there is an r—2 
dimensional valuation ideal q in : such that ga0—Q. By our previous 
remark we must then have q = %- 

We thus see that there is a bt correspondence between the (7 — 2) 
dimensional v-ideals in Jt and the zero-dimensional v-ideals in 0 which belong 
to valuations with center at P. The correspondence is such that if q and Q 
are a corresponding pair, then q is the extension of Q, Q the contraction of 9. 
In view of this fact, the results which we have previously obtained for the zero- 
dimensional y-ideals in 0 carry over automatically to the r—2 dimensional 
of the theorems of Section 5 are true if 


v-ideals in 9%. More precisely, all 


instead of reading “ v-ideal in 0” we read “ v-ideal in 9.” 


9. V-ideals and birational transformations. In order to expose the 
geometric significance of the simple v-ideals in 9, it is necessary to have some 
type of birational transformation of V, which will reduce a given simple ideal 
in kind. We can construct such transformations by slightly modifying the 
de Jonquiéres transformations studied in Section 6. 

As a base for the ideal P we have the quantities f(a), y— g(r) defined 
in Section 6. The coefficients of f and g are in A. Since M 
that P* = M- (f(x), y—g(x)). We must then have p* = N(f(x). y — g(2)). 
The functions f(r) and y— g(x) are, therefore, uniformizing parameters 
along the r — 2 dimensional subvariety V... of V, defined by p(p = p* 9%). 
If B is an r —2 dimensional valuation of = with center at p* in 9, we 


= op we conclude 


is 
| 


la- 
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may assume that va(f(x)) =ve(y—g(x)). (If the opposite inequality 
holds, we may reverse the roles of x and y). The quantity y’ = (y — g(z))/f(«) 
is then contained in the valuation ring 8 of B. We consider the ring 


¥=Slv]—Kléd.---,&,y]. Since both & and y’ are in B we have 
OY. Associated with is the algebraic variety V’, in whose 
general point is (é,,° -+,&,y’). The varieties V’, and V, are birationally 
equivalent. 


If & is an ideal in ¥, and W’ an ideal in Y we shall say that the sub- 
varieties V(%) C V, and V’(%’) C V’, correspond to one another in the bi- 
rational correspondence between V, and V’, if Yo 3—W. (This simple 
definition is made possible by the fact that the ring Y’ contains §. A more 
general definition due to Zariski says that Vo C V, and V’p C V’, are corre- 
sponding irreducible subvarieties provided there exists a valuation of = which 
has center at Vo on V, and at V’p on V’,). Any prime ideal p’ in 3’ such that 


rreater than or equal to r—2 


p'*%}—=p must obviously be of dimension g 


Moreover, for any such ideal p’ we have 
V (f(z). y—9(2)) = (Ly) = SF. 

It follows that every subvariety of V’, which corresponds to the subvariety 
V,2(p) on V, must be on the variety defined by Y’f on V’,. In particular, 
the center p’ of the valuation B has the property p’ * j= p, and yp’ is of dimen- 
sion r—2. Since this is true of the center in Y of any r— 2 dimensional 
valuation B (with center at p in ¥) which satisfies the condition vg(f) 
<= vzs(y—g), it is obvious that there are infinitely many 7 — 2 dimensional 
ideals p’ in { which contract to p. In this sense, the variety V;-2(p) is 
fundamental in the correspondence between V, and V’,. 

We fix our attention on a particular valuation B with the above property. 
We denote the quotient ring Y’y by N’. It is evident that B > I MN, where 
¥ is the valuation ring of B. We apply the de Jonquiéres transformation 


J:a’ =x, y’ = (y—q(xr))/f(x) to the ring o. This extends o to the ring 
‘== A[z’, y']. If By is the valuation of A which is induced by B, and if P” 
is the origin of By in o’, then we denote the quotient ring o’p by VY. It is at 
once clear that QC WM’ CRN’. The relation between the v-ideals in Yt and 
WY are the same as those which hold between the v-ideals in o and those in 0’ 


which were described in Section 6. 


THeEorEM 9.1. Jf a is an r—2 dimensional v-ideal in MW, then 
Conversely, 


= Q’ is a zero-dimensional v-ideal in WY’, and WQ’ 


if Q’ is a zero-dimensional v-ideal in WY, then N’Q’ = is an (r—2)- 


dimensional v-ideal in RN’, and = Q’. 
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Proof. The fact that q’ QV is a v-ideal Q’ in WV is evident. To prove 
that = q’ we need only show that q’ Let h be an integer 
such that f*Q’* Mt is a v-ideal Q in Yi. (By Theorem 6.4 there exists an 
integer h such that Mt—Q, and f"Q’.) We suppose that h is 
the smallest integer with this property. It is easily verified that f'q’ 9 DY 
= f"Q’. As a consequence of this, f"q’ 9 Mt—Q. If q denotes the ideal 
fro’ then Mt—Q. The ideal q must divide NQ. Since N-Q is a 
primary ideal belonging to p*, the congruence JQ = 0(q) implies that q is a 
primary ideal belonging to p*. By Theorem 7. 2, we have %-Q—q. We note 
that if k=h, then Mt — P**"Q. Since f*q’ M — f*Q’ we conclude 
that f*q’ Mt — P**"Q. Hence if fq’ then Wo Mt — P**"Q and 
— Q) — g, 

Let a be any element in q’. Since a is in J’, we can write a = $/y, where 
¢@ and y are in 3, and y+£0(p’). Now as an element of 9, we can write 


= ay’ + + any”™ 
Consequently, 


ya = [dof” + af" (y—g) ++ 


If o is the larger of the two integers h and m, then we have fa 
= 0(f%q Hence f*ya=0(p**"-q). We thus see that 


where are elements of Q, and are in This 
follows from the fact that q = In MY, we have qi = f"q’i, =0(Q’), 
and in Qt’, we have pi = f%"n’;, where n’; is an element of J’. Hence, in 9, 
we have 

frya +: + 0'rq't). 
We therefore conclude that ya = 3n’iq’; is in ¥’Q’. Since y is a unit in the 
quotient ring 2’, a=0(N’Q’). This proves that — 

Conversely, let Q’ be a v-ideal in Mt’, and let Bo be a valuation of A for 
which Q’ is a v-ideal. Let B be an extension, of By to & whose valuation ring 
contains 9’, and let q’ be that v-ideal for B in 9” which satisfies the condition 
vp(q’) = ve(N’Q’). We must then have q’° 9’ —Q’. By the first part of 
the theorem this implies that 3”Q’ = q’. 


CoroLuary. The subvariety V’(q’) of V’, which is associated with y’ 
is a simple r—2 dimensional subvariety of Vr. 


Proof. Our theorem implies in particular that p*’, the origin of B in ¥” 
is the extended ideal of the ideal P*’, the origin of By in DY’. Now P* *0’ =P 
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js a prime zero dimensional ideal in 0’ = A[a’,y’]. Just as the ideal P ino 
has as basis the two elements f(x) and y— g(z) so also P” has a basis con- 
sisting of two elements. These two elements will serve as a basis for p*’ in 
since p*” The two elements are therefore uniformizing parameters 
at p*’. Hence V’(p’) is simple. 

The question of the behavior of the v-ideals in 9t under the birational 
transformation 7 between V, and V’, can now be quickly settled. In fact, 
it is essentially the same as the behavior of the v-ideals in Yt under the trans- 
formation J. 


THEOREM 9.2. /f q isan r— 2 dimensional v-ideal in N for the valuation 
B, and if h is that integer such that q =0(p*"), q 4 0(p*"**), then Wq = fra’ 
where q’ is a v-ideal for B in W. Moreover, fq’ — q. 


Proof. Let Q@=q*M. Obviously, Q=0(P*"), Hence 
M’O = f'Q’, where Q’ is a v-ideal for the valuation By which B induces on A. 
By Theorem 9. 1, 9t’(f"Q’) = f"q’ where q’ is a v-ideal for B in 9”. We thus 
have 2’Q f"q’. Since q=MNQ, we have fq’. Since fq’ Q, 
it follows immediately that f*q’ « 2 —"q. 

In exactly the same manner, one can prove the following two theorems. 


THEOREM 9.3. Jf q’ is an r—2 dimensional v-ideal for B in W then 
there exists an integer h such that f'q’ is the extended ideal of a v-ideal q 
for B in N, and fro If k is any integer larger than h, then fry N 
9, and - (p***-q) = fra’. 


THEOREM 9.4. Jf Pn is the simple ideal of kind h for B in N, then 
WP, = where is the simple v-ideal of kind h —1 for B in W. 


We say that if 9’q = faq’ then q’ is the transform of q by the birational 
transformation 7 between V, and V’,; in symbols T(q) =’. 


10. Geometric interpretation of the results. The results which we have 
thus far obtained run parallel to those obtained by Zariski in his paper “ Poly- 
nomial ideals defined by infinitely near base points.” As is to be expected, 
an entirely analogous geometric interpretation can be given to them. 

Let 9 denote the quotient ring along a simple r— 2 dimensional sub- 
variety V of an algebraic variety V,. Let Pi,; be a simple v-ideal of kind 
k+1in &. We associate with P;,, an dimensional subvariety 
infinitely near V and in the k-th neighborhood of V. The base locus 


of P,,,, and the effective multiplicity s; of Px, at Vi are defined by induction. 
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We define B(P,) to be V; = V. By Theorem 5. 6 the v-ideals which precede 
Pi. are uniquely determined by ?,,,. Let q, be the v-ideal which is the 
immediate predecessor of P;,,, and suppose that q, = Pi%- Pyae 
is the unique product decomposition of q,. B(Px.1) is defined by the relation 


B( Piss) = [B(P1) (BC Px) 
It is postulated that if 


B(P iv) = Vins 

If V,_. is an (r —1)-dimensional subvariety of V, which corresponds to an 
ideal 9% in %, we shall say that V,_, passes through the base locus B( P41) with 


virtual multiplicities s,,s.,- 8,1 if 


MN - = O(Px,,). 


The following two properties of the base locus B(Px,,) can be proved on 
the basis of our results in exactly the same way as the analogous properties are 
proved in Zariski 2 (Section 12). 

1) If B( Piss) V,%-- - then Pass = 0(P,*), Press 
(P,%*!). Geometrically speaking, a on which passes through B( 
must have V, = V as an s,-fold subvariety. 

2) If PP’. = T (Pi) where T is the birational transformation studied in 
the preceding section, and if B( = Vit: then 
= V’,2---V%,%V%. Property 2) shows that the base locus B(Px.1) behaves 
under the transformation 7’ in exactly the same way as a set of points infinitely 
near a simple point of an algebraic surface behaves under a birational trans- 
formation which is locally quadratic. 

The definition of the base locus can be extended to any power product of 
simple ideals by requiring that B(%-B) = B(%) -B(B) for any two ideal 
and B. If YM is a power product of simple v-ideals in M, and if A is any 
7 — 1 dimensional ideal in then the condition A =0(M) is the arith- 
metic equivalent of the geometric condition that the variety V(A) pass through 
a certain cluster of varieties infinitely near V with certain effective multipli- 
cities. 

As a final remark we point out that inasmuch as the transformation T 
reduces the kind of a simple ideal by one, it is always possible to “ resolve” 
a given base locus by the successive application of a finite number of these 
transformations. In other words, after applying a finite succession of these 


VALUATIONS AND INFINITELY NEAR ALGEBRAIC LOCI. 487 


transformations one obtains a variety V’, birationally equivalent to V,, on 
which all of the varieties in a given cluster of varieties infinitely near V,_2’s 
appear as proper subvarieties at finite distance from one another. 
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PROPERTIES OF THE COEFFICIENTS OF THE MODULAR 


INVARIANT J(r).* r(h 
By D. H. Lenmer. (3) 
Per 

(4) 


Introduction. The fundamental modular function J(7), defined by (6), 
and known as Klein’s absolute invariant, has been investigated for rather more § wh 
than half a century. It is only in recent years, however, that some attention f an 
has been paid to the coefficients in the Fourier series for J. These coefficients f ter 
become integers on multiplication by 12* and so it is customary to deal with f the 
the function (5. 

j(r) =1728 J(r) 


whose Fourier development is pri 
tru 
(1) f(r) = 4 744 4 196884 4+ 21493760 + 
Introducing the variable x by wit 
we may write (1) as? (tl 
: in 

= Dde(k)a*. 

k=-1 

A convergent series for c(k) was discovered by Petersson [1] in 1932 and = 
by Rademacher [1] in 1938. This series is too complicated to use in deriving i 


the properties of c() considered in this paper.? It shows at once, however, 
that 


(2) c(k) ~ 


so that c(k) tends to infinity even more rapidly than the partition function F 


fal 
p(k). 

The function c(k) is, as a matter of fact, more closely related to Rama- 
nujan’s function +(/) defined as the Fourier coefficient of the fundamental 
elliptic modular function 

(6 

* Received July 26, 1941. 

*It has been usual to write c, for c(k). The present notation avoids future typo 
graphical complications and is similar to that used for coefficients of other modular 
functions such as r(k), o,(k), p(k)... .-. 

? It was used by Rademacher [2], however, to show that a function j(7) with these 
coefficients is indeed a modular invariant. T 
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A(1, +) (2a) = h*4 (7) (1 — (1—2*)(1—2*)- — 


r(k) is of much lower order than c(k). In fact Rankin [1] has proved that 


(3) = 
Perhaps the most interesting property of +(X) is its multiplicative property 
(4) 7(m)r(n) = 7(mn), 


where m and n are coprime integers, discovered empirically by Ramanujan [1] 
and later proved by Mordell [1]. This enables one to compute r(k) at once in 
terms of earlier 7’s except when k is a power of a prime. In this case one has 
the formula 

(5) (pt) =1(p)r(p™") — pr (p*”), 


so that the problem of determining r(k) is reduced to the case in which k is a 
prime p. In Section 3 of the present paper we show that precisely the same is 
true of c(k), namely that if / is composite, c(&) may be expressed in terms of 
earlier c’s alone. Such simple formulas as (4) and (5), which are compatible 
with (3), cannot be expected to hold for c(&) in view of its asymptotic formula 
(2). When & is a prime, c(/) is best caiculated in terms of r(n) and o4:(n) 
(the sum of the 11th powers of the divisors of n) by formula (10) derived 
in Section 1. 

In Section 2 part of the theory of the transformation equation of the n-th 
order has been modified to prepare the ground work for the properties of c(k) 
established in Section 8. In Section 4 certain formulas for the coefficients of 
"(r) are derived, the multiplicative properties of which are briefly considered 
in Section 5. 


1. The function c(k) and its congruence properties. Klein’s modular 
invariant j(r) may be defined by any of the following expressions involving 


familiar elliptic functions: 


j(r) 12° (r) — 2°(1 — + (1 — = [12g(1, 7) 7) 
[12g.]* 2793") 25[ 6.8 é,° 6,°|* /0.°0,°0," 


co 
(6) == (12Q)*(Q* — R?)-1 = {1 4 240 > méa™(1 — 8a? 


m=1 


{(1— 2x) (1— 2”) (1—~2*)- - 
-+ 744 + 1968842 + 214937602* + 864299970a° +: - 
a= c(k)a*. 
k=-1 


The functions Q and R are, in the notation of Ramanujan: 
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(7) Q(z) 1+ 240 
(8) R(x) =1— 504 o5(v)a” — — 504 2" 


in which o,(n) is the sum of the r-th powers of the divisors of n, and 
o;(0) — 1/504. 


Comparing the 6-th definition of j(7) with the 7%-th we see that 


— R? 12°x{ (1 — 2) (1 — 2”) (1 — - = 1728 r(m)a, 
m=1 
Hence we have 
fo 
(9) (j(r) — 12°) > t(m)a™ = — os (v) 
m=1 p-0 
254016 


n=0 
where 


= 05(0)0;(n) + 05(1)o5(n —1) +- -+ 05(n)o5(0). 


This numerical function is not one of the 9 functions of Ramanujan which can 
be expressed in terms of o,(k) alone. His analysis, however, may be applied 
with the result that 3;;'") involves both o,,(n) and r(n) as follows: 
65 3 

Substituting this into (9) and identifying coefficients of x” on both sides we 
have 
(10) r(m + 1) + 24r(m) + c(1)r(m —1) + c(2)r(m — 2) + e(m—- 

65520 


(o1,(m) —r(m)) 


a formula from which c(/) may be found recursively in terms ® of r(n). 
Ramanujan’s remarkable congruence 


=a1,(m) (mod 691), 


fellows from this formula. If we were to take c(0) to be 24 instead of 744, 
we could write (10) in the form * 


*A table of r(n) for »=30 appears in Ramanujan [1]. A manuscript table of 
for n= 200 is in the possession of the author. 

* Another reason for setting c(0) = 24 is that this is the result of substituting 
k =0 in the Petersson-Rademacher series for c(k). The invariant properties of J(r) 
are of course independent of ¢(0) and our final formulas of Section 3 do not actually 
involve this additive constant. 
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c(k) = c(v) + 1—yv) + 65520(0.,(k + 1) —r(k + 1)) /691. 


A table of c(k) for k S 24 has been given by Zuckerman [1]. It was 
computed by a formula relating c(k) to p(25m —1) for m Sk, values of the 
partition function being obtainable from tables of p(k) for k= 600. This 
same formula can be inverted to compute values of p(25k—1), beyond the 
range of tables, in terms of c(m) for m=k. For example by (22) with 
k=n-:=5, we readily find that 


c(25) = 12 18832 84330 42251 04333 51500, 
from which it follows that 
p(624) = 15289 37881 138516 82750 63375. 


Zuckerman’s values of c(h) have been recomputed by methods of the present 
paper and found to be quite without error. 
The functions +(k) and c(k) both possess congruence properties with 
respect to small moduli, a few of which we mention here. 
The congruence 
—-1)r(k) =O (mod 24) 
is implied by one of Ramanujan’s formulas for +(k&) and follows at once by 
taking the derivative of both sides of the generating identity 
oO 


1 


An analogous congruence 
(k + 1)c(k) =0 (mod 24) 


follows from the derivative of the identity 


p(v) being the partition function and J (here, and in what follows) denoting 
a power series with integral coefficients. 
For the modulus 5 we have 


(12) ¢(k —i) = p(k/25) 


k—2 k—1 


where the numbers 0, 1, 2,5, 7, 12,--- are the pentagonal numbers (3k? + k)/2 
and where p(x) = 0 if 2 is not an integer. 


$ 
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To prove this we may appeal to the theorem that if ¢(x) is any power 
series with integer coefficients then 
Noting, from (7), that 
Q=1+51 


and writing (11) in the form 


c(k — 1)a* [> p(v) a” + 


k=0 
_ 00 
A=1 


y=0 m=- 00 
the congruence (12) follows from identifying coefficients of 2. If & is not 
congruent to a pentagonal number modulo 25, that is, if 244 + 1 is a non- 
residue of 25, then all the terms on the right of (12) are zero. But if 24k +1 
is a non-residue of 25, so also is k —1 and conversely. Changing / — 1 tok 
we may state that 
(13) c(k) =0 (mod 5) 
for k= 2, 3, 5,7, 8,10, 12, 13, 15, 17, 18, 20, 22,23 (mod 25). The number 
c(k) is divisible by 5 for many other values of k also, as a glance at the table 
or at (12) will show. The first ¢ not congruent to + 1 or 0 (mod 5) is 


c(39) =3 (mod 5). 


For the modulus 7 the congruence analogous to (12) is more complicated: 
If k-~2 
(14) 2e(2k —4) —c(k —2) + c(k/2 —1) 


k k—1 k—2 k—5 
(4 (=) (mod t), 


For proof we may write (9) in the form 
_ 
a(j(r) —12*) = p(v)a’]™. 
y=0 
If we square both sides and use 


(p(x) ]* = + 
and 
41, 
in view of (8) we have 


fe 


(15) + 2) (7) + 1) ( (— 1) + 4. 
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If we borrow the result (29) of Section 4 we obtain 

2¢(2k — 4) + c(k/2—1) + 2(c(0) +1) c(k—2) 
as the coefficient of z* on the left of (15) for k 2. This gives (14) on 
comparing this coefficient with the corresponding one on the right of (15) and 


noting that 
2(c(0) + 1) = 1490 =— 1(mod 7). 


The analogue of (13) is 
2¢(2h) + c(k/2) =c(k) (mod 7) (k¥0) 
if k is a quadratic residue of 49. 
More complicated congruence properties of c(i) exist for higher moduli,° 


but these we omit. 


2. The absolute invariant F,(r). Before deriving the multiplicative 
properties of c(k) we develop very briefly some properties of j(r) which are 
closely allied to its so called transformation equation (invariant equation) 

®,(j (nr), 7 (7) ) = () 
The present treatment is really part of a simplified theory of an equation of 
which ®, is an irreducible factor. 

Let n be any positive integer. In terms of n we define a set = of o,(n) 
triads of all positive integers 

T = (d,h,8) 
for which 
and 0<hSS. 


For each triad 7 of = we define an associate triad 


T’ == (d’,h’,®) 
as follows: 
d’ is the greatest common ‘divisor of § and h, so that 
h = nd’, where » is prime to 8/d’, 
= n/d’ and 


h’ = dy’, where 7’ is the least positive solution of the congruence 


m =—1 (mod 8/d’) 
Since 
0 < h’ = dy S di/d’ = n/d = 8, 
T’ belongs to 
‘For example (10) gives a congruence property modulo 65520. In connection with 
the modulus 23 we note an error in Hardy [1], p. 165 equation (10.4.3): 7(23) 340 
(mod 23). 
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THEOREM 1. The triad associated with T’ is T itself. 1 


Proof. Let T’ = (d”,h”,8&’) be the associate of 7’, then d” is the 
greatest common divisor of & and h’. But 


= n/d’ = (8/d’)d 
and h’ = dy’ and since 7’ is prime to 8/d’, 


a” d. 
Also 
n/d” 


It remains to show that h” —h. Now h” = d'y” where 


=— ] (mod 
But 
so that ; 
(mod 8/d’). 
Therefore 
h” = = h. 
Hence the theorem is proved. We have at once ( 


THEOREM 2. The set of the associates of all the triads T of & is the set i 
> itself. 


THEOREM 3. Let f(r) be any absolute modular invariant so that 


— 


whenever 42a; = 1. For each triad T = (d,h,8) we define 


fr(r) = f((dr +h)/8). 


Then 


fr(—1/r) = fr-(r) 


where T’ is the associate of T. 


Proof. Let 


d(—1/r) +h d's +h’ 
8 


Ti 


Then it may be verified that 


ae 
+ 


494 
7 
t 

2 
= W 
( 
Ww 
e) 
| 


the 


set 


THE COEFFICIENTS OF THE MODULAR INVARIANT J(r). 


where 

, 

m +1 

Moreever the a’s are integers such that a,a, — a.a, = 1. 
Hence 

f (71) f(t2), 
s0 that 


fr(—1/r) =fr(r). 
THEOREM 4. Lef 


Ti = (di, ha, 8;) (i 


1,2,° +, 
be all the triads of = and let 
fr,(t) = f( (dir + hi) /8:). 


Then the set of these o,(n) functions of r is merely permuted when r under- 
goes any transformation of the modular group. 


Proof. Since the group is generated by the two substitutions 
(16) 
(17) —1/r 


it suffices to prove the theorem for these substitutions alone. For (16) we 
have since f(r + 1) — f(r), 
+1) =f( (dir + h + di)/8i) = fr*, (7) 
where 
T*,; = (di, h*,, 8i), 
the numbers h*; being the least positive residues of h; + d; (mod 8;). It is 
clear that as 7 runs over & so also does J7*. For (17) we apply Theorem 3 


s and Theorem 2. This completes the proof of Theorem 4. It follows at once 


that any symmetric function of the f7,(r) is an absolute modular invariant. 
In particular if the symmetric function is the sum and if f(r) = 7(7) we have: 


THEOREM ° 5. The function 


*This theorem is a special case of Theorem 9 of Hecke [1] where the function j, 
which is of “ type (0,1),” is replaced by any modular form of type (—k,1) with k =0, 
(His assumption that k be an even integer 24 may of course be dispensed with here). 
Theorem 5 also follows from the consideration of the roots of the equation 


(j(8r), j(7)) = 0 
d\n 
where #,;=0 is the classical transformation equation mentioned above. (See, for 
example, Fueter [1]). 
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(18) Py(r) = + by). 


is an absolute modular invariant. 


THEOREM 6. There exist n+ 1 integers 


Ay‘), A,™, A,™, with = | 
such that 
(19) Fy, (r) = 
A\=0 


Proof. If in (18) we expand each j in Fourier series we obtain 


5 


5|n m=-1 


The sum over h has the value 8 or zero according as m is or is not a multiple 
of 8. Setting m = ké, and = we obtain 


(20 ) F,,(r) + § c(k8) 


5|n k=0 
Since 
j(r) =a" + 744+ 1968847 +4+--- 
it follows that /,(7) — j"(r) has a pole of the (n —1)-st order at ¢ = 0, and 
has integer coeficients. Hence there is an integer A,‘") such that 


has a pole of the (n—2)nd order at x —0, and has integer coefficients. 


Finally there exists an integer Ay‘ such that 
(21) G(r) = F,(r) — j"(r) —Ai™ (r) — — An™ 


has a zero atz—0. Now the function 


A=0 

is regular and bounded in the fundamental triangle (7, ) of wherever 
j(r) itself is bounded, that is except perhaps at rio. But G(r) is bounded 
there also, and in fact even tends to zero as r—> 10 since x—>0-there. Finally 
G(r) is an absolute invariant since F,(r) and j*(r) are. Hence, by a well 
known theorem, G(7). is a constant, and in fact G(r) =0, since G(ioo) =6. 
Hence the theorem follows from (21). 


3. Multiplicative properties of c(k). Our investigation of the coef 
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cients c(i) of j(r) is closely connected with the coefficients of F,(r). These 
we denote by s,(k) so that 


F,(r) = (k)2*. 


k=-n 
Inspection of (20) gives 
THEOREM 7%. 

1 k=—n 
th 0 —n~Ak <0 
o,(n)c(0) k =0 

n > c(kn/8") /8 k>0 


5| (n.k) 
where in the last case the sum extends over all divisors common to n and k 


Thus 
Sn(1) = ne(n) 
= pe(pk) + c(k/p) 
where p is a prime and c(x2) = 0 if x is not an integer, 
s,(k) = 4c(4k) + [1+ (—1)*] c(h) + c(k/4). 
The following theorem expresses s,(k) in terms of sv(A), with vy < n, and 
is the source of our multiplication formulas. 
THEOREM 8. /f k ~0, and n > 1, then 
k+1 n-1 
(22) sa(k) = — — 1 —p)su(k) + + k—1). 
\=1 
Proof. By Theorem 6 
—j(t)Pra(t) = 3 (Alm) — AM 
y=0 
where we take A,‘""") to be zero. This polynomial in j(r) is really of the 
(n—1)-st degree and may be expanded as a linear combination of F'y(7) for 
y=(),1,2.- -,2—41, where, for sufficient reasons, we define 
Fy(r) =—1. 


Hence we write 
n-1 
—j(r)Fna(t) — Fy(r), 
y-0 


where the coefficients By""?,- - -, B&") are to be determined. If we imagine 
both sides expanded in powers of 2, we find on equating coéfficients of 2* for 


k+1 


(23) Sa(k) — Dd —A)sSn-1(A) Bon 


A=1-n 
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Setting k —— m, where 1 << m <n, and using Theorem 7 we find only a 
single term in each of the above sums different from zero, namely the first 
term of the left sum, and the m-th term of the right. Thus we have 


—c(n—1—m) = B(n-) (m = 


n-1-m 


For k = — 1 we obtain 


c(n 2) — 8n(0) = Bin-1), 


We have thus obtained all the B’s that occur in (23). Substituting their values 
into (23) and recalling that s,_,(A) 0 for A= — 1, — 2,:--,— 2 and 
that sn_.(1—n) —1, we obtain the formula (22). 

It is worth pointing out that (22) does not actually involve c(0). In 
fact s,(0) does not occur and the two terms involving c(0) cancel each other, 

We are now in a position to consider multiplication theorems giving c(nk) 
in terms of previous c’s. These come from (22) on substituting for the s’s in 
terms of the c’s. The simplest of these is the duplication formula (n = 2): 


= e(k—A)s,(A) + +1) 


which becomes 
(24) 2c(2k) = + +1) —c(k/2). 


A=1 
For example for k = 5 and 6 we have 
¢(10) — + c(1)c(4) + c(2)¢e(3) 
¢(12) — + + ¢(2)e(4) + (c(3) —1)/2. 
Similarly for n = 3 the triplication formula is 


Be(Bk) — —A) [2e(2A + c(A/2)] + 2e(2k + 2) + + 1)/2) 
+ +2) —¢e(k/3) —c(1)e(k), 


so that, for example, 


8c(12) 2c(2) [c(4) + ¢(3)] 
+ [2c(6) —c(4) + ¢(2)] + ¢(6) + 2c(10). 


Quadruplication is accomplished by the formula 


4o(4k) — o(k —A) ++ ¢(A/3)] + + 3) + +3) 


+ ¢((k+1)/3) —e(k) [1+ (—1)*] —e(1) [2c(2k) + c(k/2)] 
— ¢(2)c(k) —c(k/4), 


and so on. 
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It should be noted that the first sum on the right of (22) involves thie 
ferm Sn-1(% + 1) and hence c(kn + n—k—1), so that (22) cannot be used 
to compute c(nk) in terms of previous c’s unless n << k +1. This condition 
can always be met by taking n as the smallest prime factor of nk. This also 
insures that the number & + n+ 1 of terms of (22) is a minimum. On the 
other hand (22) may be regarded as a formula for c(kn + n—k—1) 
=c((k-+1)(n—1)). Quite a number of other expressions for c(m) when 
m is composite * come out of (22). Thus if we note from Theorem 7 that 

ksn(k) = ns;,(n) (n > 0) 
the equation (22) has, for example, the alternative form 
k+1 n-1 
Sn(k) = c(k —A)8n1(A) —1/k pe(n—1—p) + e(n+hk—1). 
=1 pal 

4. Formulas for A,‘") and e,(k). Thus far we have used the mere 
existence of the integers A,'") of Theorem 6 to derive our multiplicative 
properties. These numbers are of some interest since they give certain func- 
tional equations of j(r), and are connected with the coefficients of j’(7). 
These latter we denote by cv(k) so that 


Thus 
1 if k=—0 
=1, cv(1—v) = ve(0),- 
v) 1, ev(1 v) ve(0), €o(k) 
By (19) we have 
n 
k=-n v=0 k=-y 
Setting 0,— 1,— 2,- --,—-n and using Theorem 7 we have 
n ( 1 if -p=SnN 
= 4 0 
| o:(n)c(0) if 

These n it equations determine the A‘”)’s once the cv(— ») are known. 
These latter may be expressed in terms of c(— 1), c(0), c(1),- - - (by means 
of the multinomial theorem) so that the same is true of the A’s. Thus we find: 

A,™ 

A, == — nc(0) 


A, is) c?(0) —ne(1) 


"When m is a prime, recourse may be had to the recurrence formula (10), as 
already mentioned. 
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+ n(n — 2)c(0)e(1) —ne(2) 
n }— 2 
A,™ = c*(0) —n ) c?(0)e(1) + (n(n — 3) /2)c?(1) 
+ n(n — 3)c(0)c(2) — ne(3). 
In these formulas for A‘) it is understood that the superscript exceeds the 
subscript. For An‘) one must add o,(n)c(0) to the above value. For example 


A, = c*(0) — 4c?(0)ce(1) + 2c?(1) + 4c(0)c(2) — 4e(3) + %e(0) 
= 85074 30000. 


For n = 2, 3, and 4 equation (19) becomes 


(27) + j(t/2) + (+ + 1)/2) = — 1488 j (7) + 162000 
(26) + + + 1)/3) + ((7 + 2)/8) 
— j?(r) — + 1069956j(r) — 368 64000 
+ + 1/2) + 9(7/4) +1)/4) +5 + 2)/4) 


+ j((7 + 3)/4) 
— j*(r) —2976)*(r) + 2533680j?(r) — 5614 44609) (r) 


+ 85074 30000. 
The coefficients cv(k) of j”’(+) are linearly expressible in terms of s)(k) 
as we see at once from (25). The actual expression is 
(27) cv(k) cv(— A) (k 0). 
In fact from (25) we have for k ~ 0 


These v equations may be solved for the unknown cy(k) (since the determinant 
of the A’s is equal to unity) as follows 


(28) = av(A)sy(k). 


A=1 


To determine the a’s, which do not depend on k, we set k = —p, where 


p= 1,2,3,---,v. By Theorem 7, all the terms of (28) are then zero, except 
that for which 4 = » so that we have 
co(—p) = = 
This determination of the a’s gives (2%). Since cy(—p) is a polynomial 


in the numbers c(0), c(1), c(2),° ; ev(k) may be expressed in terms of 


the c’s as follows: 
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¢2(k) = 2c(2k) + c(k/2) + 2c(0)c(k) 
(29) x(k) 3c(3k) + c(k/3) + 3c(0) [2c(2k) + c(k/2)] 
+ 3[¢2(0) + ¢(1) Je(k) 
c4(k) = 4c(4k) + c(k/4) + 4c(0) [3c(3k) + c(k/3)] 
+ [6c*(0) + 4e(1)][2c(2k) + e(k/2)] + [4c8(0) 
4 12¢(0)e(1) + 4e(2) +14 (—1)¥]e(k). 


In these formulas k 0. For k=O additional terms are necessary; for 
example 
c?(0) + 3¢(2) — 3c(0)e(1) — 4c(0) 
in the case of c,(k). 
5. Multiplicative properties of cy(k). The coefficients cy(k) of j”(7) 
possess multiplicative properties similar to, but more complicated than those 
of c(k). These may be found in quite the same way as in Section 3 with the 


introduction of the function 


(rt) = > jr’(r) = D8 cv(kd) 
T d\n k=-[v/6] 
which is an absolute modular invariant, and hence a polynomial in j(7) of 
degree nv. For example as analogue of (26) 
PLO) (4) = (27) + 1/2) + P((7 +1) /2) = — 29767? (7) 
+ 2535168j?(r) — 5636 58750j(r) + 87480 00000. 


The counterpart of the duplication formula (24) is in this case 


2¢2(2k) = [co(A) — 2976c(A) ] + 2535168¢.(k) 
A=-2 
— 5636 58750c(k) — c2(k/2) (k ~0). 


Substituting for the c.’s in terms of the c’s from (29) gives incidentally 
another quadruplication formula for the c’s, more complicated than the one 


found in Section 8. 
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QUATERNIONS AND SUMS OF THREE SQUARES.* 
By Gorpon PALL. 
1, U. V. Linnik* has given essentially the following result: 


THEOREM 1. Let p be an odd prime. Denote by r(m) the number of 
pure and proper quaternions x = i,2, + tot, + i323 of norm m, where m is a 
positive integer such that 


(1) m 4k or 8k + %, and (—m| p) =1. 


Let x be a solution of the congruence =—m (mod p). For each x con- 


sider the right-divisor (unique up to a left unit factor) of x7» + 2: 
(2) Ly + x = 2t,zand t integral quaternions, Nt = p. 


Then, if m is sufficiently large, every quaternion t of norm p occurs among the 
r(m) equations (2). 


Linnik’s proof is rather ingenious, but contains a serious error, in that 
on p. 377 he states that “the number of representations of a given binary 
quadratic form of determinant D as a sum of three squares does not exceed 
¢,D*,” and “this can be proved by methods similar to those of Gauss.” This 
statement is false for forms of the type kh?(lé* + 2méy + ny?) if h is large 
(see our (41) ) ; and Linnik applies ? it for forms in which kh? may be as large 
as A%, A==/In— m?*. Direct application, in his article, of the true result 
introduces a large factor which would seem to vitiate his proof. 

In this article we shall revise his proof (which covers nineteen pages, and 
contains duplications, misprints, and superfluous details), and apply recent 
results * of our own to complete his demonstration of Theorem 1. 

To facilitate comparison with Linnik’s Russian paper we add the following 
remarks. His result, tantamount to Theorem 1, is stated on page 365. He 
does not formulate it as a separate theorem, but remarks that its proof is the 


* Received June 4, 1941. 

*“On the representation of large numbers by positive ternary quadratic forms,” 
Bull. of the Acad. of Sci. of the USSR, math. ser., vol. 4 (1940), pp. 363-402 (Russian). 

* Ibid., pp. 377 and 382. 

* References will be made to Pall I and II: I. “ On the arithmetic of quaternions,” 
Transactions of the American Mathematical Society, vol. 47 (1940), pp. 487-500; II. 
“On the rational automorphs of 2, + 2,2 + «,?,” Annals of Mathematics, vol. 41 (1940), 
pp. 754-766. 
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chief difficulty. The proposition which he applies our Theorem 1 to prove, and 
which is correct in view of our work, is as follows: 


Let f be a positive ternary form with the invariants Q = p, A = 1, where 
p is an odd prime. Let (—f |p) =1. Then every large integer m prime to 
p and consistent with the generic conditions of f, is represented by f at least 
c,h(— m) / (log log m - log log log m) times. 


On pages 390-401 he somewhat sketchily extends this result (with m prime 
to 2Q) to forms f of invariants (0,1), where Q is odd and contains at least 
one odd prime factor p such that (—f | p) = 1. His proof involves generalized 
quaternions, and contains the same errors as in the earlier case. The correction 


of these errors may be more difficult. 


2. Notations. The letters a,- - -,¢,t,- --,2z, and K, L denote integral 
quaternions of the type @ = dy + 1,4, + tod2 + iza3 with rational integers aj;; 
and i, = — 1, etc. Latin letters f,- - -,s, and letters with subscripts (except 
the quaternion units i.) denote rational integers. The letters denote 
positive constants independent of m, and depending at most on p and e. Here 
e is any given positive number. 

We call a pure, or a vector, if dp = 0; proper if (do, di, dz, 43) = 1, proper 
(mod if (do, d3,k) = 1. The norm 3a,’ of a is written Na; the real 
part do, # (a). Every a has eight left-associates + a, + iga; we may speak of 
these as “ one quaternion ” instead of eight. 

3. By adjusting unit factors we can confine ¢ in (2) to p+ 1 non-left- 
associate quaternions of norm p. Let us assume, for the sake of contradiction, 


that one of these values t is missing among all r(m) equations (2). Then? 


(or its associate) is also missing. For (2) implies 


(3) tot y= Zt, y = — tat, 


where y is evidently pure, integral, and of norm m; also, y is proper, since @ 
prime dividing y would divide m (= Ny) and pu (= — tyt). 
Our assumption implies further that if 29? + m=0 (mod p*), and we 


consider divisors v of norm p%, 


(4) Nv = p*, 
and factor v as (@—=+1 or then neither ¢ nor occurs 


among these factors of norm p. For, from 
(5) +x—atb, Nb=p', r=0, 


follows 2) + bxrb- = bat, where brb- is another z. 
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QUATERNIONS AND SUMS OF THREE SQUARES. 


Linnik has the happy idea of choosing s variable with m: 


(6) mit = < 


where r is the fixed fraction (between 0 and 1/5) 


= — log(1 — p™) /log p. 
Hence p-*7 = 1 — 1/p, and we have 
(8) p(p—1)*? < 2p*(1— 1/p)8 = < 


Hence the number n of distinct divisors v which can occur in the 7(m) 
equations (4) cannot exceed 8«,m*°". For, cannot be ¢ (by our assump- 
tion), and ¢” can be neither ¢ nor # nor ?’, at least two of these being non-left- 
associate, and so on; (if # and ¢” were associates, v would be improper). We 
may observe that, s being variable, p(j—1)** is not of the same order of size 
as the full number p* + p*-? of proper quaternions of norm p; this is the crucial 
point in Linnik’s method. 

Let these n distinct v’s occur, respectively, for a), +,@n distinct 


vectors x. Accordingly, 

(9) a, *+ an = 8r(m), n < 

We shall use the result of C. L. Siegel * that 

(10) <r(m) < 


We shall ultimately prove that (without any assumption ) 
+ - : an? < 


and shall thus obtain the desired contradiction. 

We observe, as in connection with (3), that @ occurs exactly as often as v. 
Let us call (x,y) a conjugate pair if « and y are proper vectors of norm m, 
and any right-divisors of norm p* of 2) + a and of x» + y are conjugates. The 


number of conjugate pairs is a)’. 


4. Pairs (x,y) associated with binary quadratic forms. We formulate 
aresuli from a recent article *® (Linnik uses a similar result due to Venkov).® 


Let m > 1, and let [x] denote a set of four proper vectors 


—, 


*“ Uber die Classenzahl quadratischer Zahlkérper,” Acta Arithmetica, vol. 1 (1935), 
pp. 83-86. 

° Pall I, pp. 495-497. The writer did not then know of Venkov’s result. 

°B. Venkoy, “ On the arithmetic of quaternions,” Bull. Acad. Sci. USSR, VI series, 
vol. 16 (1922), pp. 205-246 (Russian). 
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+ + 4,21, = 1,0, — — 1323, 


of norm m. With every class of properly primitive binary quadratic forms ¢f 
of determinant m is associated a process, expressed by (15) and (16), whereby § 
every [x] is carried into a unique [y], and no two distinct [z]’s go into the 
same [y]. For a fixed [a], as ¢ ranges over the p. p. classes of determinant m, 

[y] ranges over all proper y’s of norm m such that | 


(14) y =z (mod 2), if m= 1 or 2 (mod 4), 
[y] (mod 4), if m=3 (mod 8). 


That is, y runs over 4 or $ of all proper vectors of norm m. 
If ¢ = [k, 2h,1], h? + m = kl, the process is defined by 


(15) h+a2=KL, h+y=LKkK, 
(16) y = LrL" = Krk, 
where K and L are respectively of norms & and 1. 


5. Conditions for conjugate pairs associated with ¢. Besides (1))- 
(16) if (x,y) is a conjugate pair associated with ¢, 


(17) uv, Lo + y = 

(18) ao” + m = gp’, Nu =q = Nu*, 

(19) Le = yL, Ka = yk. 

If we replace 2» by p*, qg becomes q + 2x) + p*. We thus secure 

(20) (q.p) =1. 

We can take ¢ to be reduced, and hence 

(21) Sksl, kl = 4m/3, k? = 4m/3. 
Lemma 1. Let m>m,(p). For any conjugate pair associated with $F 

(22) vK is pure, and p*| R (vL). 


For, + 2) = (to + y) LZ, or Luv = u* dL. Since (q, p) = 1, tL hw 
the same right-divisors of norm p* as u*0L.’ We can set 


(23) 


7 Pall I, p. 488, Lemma 2. 
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QUATERNIONS AND SUMS OF THREE SQUARES. 
Hence v is a right-divisor of the quaternion z= TL, and of 2, and of z+ 2 
=2z. Hence 2z, = ev, p* | 2zo0 where 7 is proper, p* | Zo: 
(24) p?|R(vL), p*| 
Trivially, = R(vK) = R (Kv) = &R (Ke). By (213) and (6). 
(25) | R(vK)| S (Nu: NK)* = (p*k)® < kom". 
Since p* = m3*7, (22,) follows. For vi we have similarly 
| @(vL) | < ; 

and would have (vZ) == 0 if 1 < 2m4*7™ with > 0. Hence: 

LemMA 2. If for y= 7°, or for any fixed y > 0, we have 
(26) k = mi-™*, 
then vL is pure for m > m2(p,7). 


Since v and K are proper,™ we can set 


K = itK’, Ni = p’, Nv’ = p*”, 
-) NK’ = k’ = k/p*, while v’K’ is proper and pure. 


The number of distinct values o cannot exceed x; log m < xgmé. 
From (15)-(19) we obtain 


t+r=—uv't, to ty = u*iv’, h+a—#tk’L, 


9 


Hence x’ = txt-' is a proper vector of norm m, and 
+ a’ = tur’, K’y = 7K’, 2’ = K’Li. 
Now v’K’ = — ed, where e = KR’, d=7’. Hence we have 
(30) — elued = etuv’K’ = e(2 + 2’) K’ =k’(a) + y), or 
(31) k’ | etued. 


Since ed is proper, the greatest common left-divisor of K’ and d is 1, and we 
can solve A’z + dw = 1 in integral z and w. Hence 
k’ | etuedw = etue(1— K’z) k’|etue, or 


R'tu = 7K’, 2’ integral. 


* Pall I, p. 491, Theorem 5. 
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Since K’ is proper, it follows as in (23) that hk’ | ® (etu), or 

(33) R’tu = fk’ + i,b, + isbe + isbs = fh’ +b, 

where f, b,, bo, bs are rational integers. We also s 

(34) = yd, + toa + A303 = A. 

By (30) the real part of (fk’ + b)a= etuv’K’ is k’ro. Hence by forming the 
norm of dé + (fk’ +b)» in two ways we obtain 


(35) + + pean?) — (fk) 29? 
= — bin)” + — ben)? + bsn)*. 
Thus every conjugate pair associated with ¢ leads for some o to a repref 


sentation of k’y as a sum of three squares, where 


(36) = 2x, p°q — fk’). 


However, only those representations in which 

a is proper, and a, b have the same right-divisors of norm 4h’, 
need be considered in connection with conjugate pairs. We have 
(38) the determinant of y is equal to m — p*?f?h’, 
and since this cannot be negative, (6) shows that 
(39) f | S 


Conversely, no particular complex of values f, a, b can arise for a givens 
from more than 64 conjugate pairs. For v’ (and therefore K’) has at mos 
eight values as a divisor of norm p*~? of a; tu is given by (33), and as Ni =f 
is prime to Nu, t has at most eight values; 2’ and y are determined by (29), 


and = 
6. Forms ¢ with large minima. We prove 


Lemma 3. Let m>m.. Let the minima k, k’ of 6 and @q’ satisfy (26), 
and let (a,y) and (x,y') be conjugate pairs associated respectively with¢ 


and Theny=y’. 
For by Lemmas 1 and 2 we can write (temporary notation) 


Kv =a = + + 134s, TL, = b = + + igds, 


Kv = = ic, + + OL’ = d = + tad, + 
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The vector parts of ab and cd are equal: 
Kv- tL = K’v - = p*(h’+ 2). 


Hence, the first equality being determinant for determinant, 


a, As 


| b, b. 


Since ab = p*(h + @) is not real, a and b are not proportional. Hence there 
are real numbers A and p» such that d= Aa + pb, TL’ = AKv + poL = — ATK 
pol, or L’ = — AK pl. By (19), = yL’, = y’. 


CoROLLARY 1. The number of conjugate pairs associated with all forms 


whose minima k satisfy (26) is, for large m, at most r(m) < x,m*¥€, 


7. The number of representations of a binary quadratic form as a 
sum of three squares. Let N be the number of solutions of 


(40) 9g (l& + 2mé€éy + ny?) = (aié + bin)? 


i=1 


in integers a;, bj. Here y= [l,2m,n] may be assumed to be positive, and 
properly or improperly primitive, A = /n— m*, and g > 0. There is a general 
formula of C. L. Siegel * for questions of this sort, by which it is necessary 
only to calculate explicitly the number of solutions of certain systems of con- 
gruences. This was done for (40) (among other examples) by Hel Braun ° 
in the case g?A odd, and our results agree with hers for that case. The general 
result for (40) is as follows: 


(41) N = 24[[ x(p), where 


x(p) =4$[1+ (—o| F)(—ra|ky)] if p= 2, 
(1 + 1)/(p— 1) 


Here the product is taken over all primes p; and for any p, 


= prk, =pE, 7,820, pftkE, o=—4(3— (—1)?7), 
r= 4(3— (—1)®);a=—(—1| F) if p=2; = (— ky | p) and 
n= ((—)*E | p) if p>. 


*“Uber die analytische Theorie der Quadratischen Formen,’ Annals of Mathe- 
matics, vol. 36 (1935), pp. 527-606. 

*“ Uber die Zerlegung quadratischer Formen in Quadrate,” Jour. fiir Math., vol. 178 
(1937), pp. 34-64 (p. 62). 
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In the Legendre symbols y is to be replaced by any number represented by y ani 
prime to p. Note that x(p) —1 if pf 2ga. 

In particular, if g is quadratfrei, so that y is 0 or 1 for every 
x(p) S14+ 8 if y=0, x(p) S2 if y—1, and N/24 does not exceed the 
number of divisors of gA, which is O(gA)¢.'° 
If we consider only the representations in which (4), do, ds, by, be, bs) =1, 


N is not materially reduced ; for x(p) is replaced by 1 
(1 ple} 4 (2— 0) (14. +8) (p—1) ph when 22, 

8. Returning to (35) we write k’ = k”h?, where h? is the largest squar | 
in k’,h > 0. Since v’K’ is proper and pure, k’ #0 (mod 4). 1 

Lemma 4. Every representation (35) satisfying (37) is of the form & 4 

(42) a = b = 2di, 
where z is a proper quaternion of norm h, and c and d satisfy | 

By (37), b4=0 (mod k”’h?). Let z be the left-divisor of norm h (unique @ 
up to a right-unit factor) of the proper vector a = zw = — #2. Since bai=| 
(mod h), Theorem 5’ of a recent article *! shows that b = zw’. Then ww’ (n 
(mod h), w is proper, and h | Nw. The right-divisor of w must be 2, and ® bs 
have (42). By (42) and (35), Nc = (Na)/h? = k’p**, Nd = (Nb)/i 
(k’qp? — (fk’)?) /h? (qp? — f?k’), — Xeidi = (cd) = 
= ® (ab) /h? = xk’ = xk”. 

Since d-may be improper we write k” = k,k., d = k,d’, where d’ is prope (4 
(mod k.). We note that if k”’==2 (mod 4), then 2| (cd), 4| yi 
hence 2| cd. We shall prove that (43) implies 
(44) de= + ky’, y’ pure and integral. 

(4 
For we have k” | Ne, k”’ | Nd, k’’ | Xcidi. Hence k, divides each of Ne, MR. 
and & cid’;, where c and d’ are proper. By Corollary 10,’ k. divides the vecti vk. 
part of d’c; hence k” divides the vector part of de. By (43), : 
if s 
(45) = m— prep 
be 
10 For example see Hardy and Wright, Theory of Numbers, Clarendon Pre If 


(1938), p. 259. 
11 Pall I, p. 492. 
12 Pall I, p. 493. 
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The condition bi =0 (mod kh?) requires that we find the number of 
proper quaternions z of norm h such that zdcz = 0 (mod k”h), that is, by (44), 
such that zy’Z=0 (mod h). Write y’=hy’, h =h,h., where y” is proper 
(mod he). We have to solve 


(46) (mod hz), Nz=—h, z proper. 


By (45) we see that h,? | m and that Ny” = m/h,? (mod hz). 
9. On the congruence (46). We recently proved *° 


LEMMA 5. Lei x be a proper vector of norm n, h be odd and positive. 
The proper quaternions t of norm h such that tat=0 (mod h) are the same 
as the right-divisors of norm h of % + 2, where x, ranges over the solutions 
(mod h) of =—n (mod h). 


Let 7 be an odd prime. Varying our notations somewhat, we denote by 
t, in this section any proper quaternion of norm 2". In Lemmas 6 and 7, x is 
pure, and proper (mod 7). We have first 


LemMA 6. If «| Nx and t,«t,=0 (mod x), where r= 1, then the right- 
divisor of norm x of t, is the right-divisor of norm x of x. 


For we can write ¢, = tt,tg, where r =k +1-+ =0 
(mod x). By Lemma 5, ¢, is the right-divisor of tgrfq of norm 7. This con- 
tradicts the properness of fgf, unless q = 0. 

Let vs be the number of, solutions z) (mod z*) of 2)? == —n (mod z°), 
where n= Nx. The vs non-left-associate solutions ts of 

=0 (mod 
will be denoted specifically by us. We have 
Lemma 7. Let r=s20,r>0. The general solution t, of 


(48) t,at, =0 (mod z*) 


is given by t,_sus with t,.. restricted only by the properness of trsts. Hence 
the number of non-left-associate t, satisfying (48) is if s > 0, + 
if s= 0, 


The case s = 0 is trivial. Proceeding by induction assume the lemma to 
be true with s—k (1k Ss) in place of s. We can factor any f, as tysts. 


If (48) holds, either i) tst?s =0 (mod w*) and t¢,, can be taken arbitrary, 


* Pall II, p. 763, Corollary 6. 
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which is what we wish to prove, or ii) v = (tsat,)/a** is integral, and proper 
(mod +) for some /, 1= ks. By assumption, in case ii), te = tus, 
whence v = w integral. Now (mod x*, hence mod 7), and 
by Lemma 6, the right-divisor of norm z of t,-¢ is equal to that of v, hence to 
that of 7. This implies that ¢, is improper, so that case ii) is impossible. 


Corottary 2. Let rt (¢q=0) be the highest power of dividing 
The number of quaternions t, such that t,y’t, =0 (mod x") is 


(49) rw ifq<r, 
where v is the number of solutions « of a? =— N(y’/r%) (mod x”-?). 


CoroLuary 3. If y’ is replaced by ray’a where (ANa, r) = 1, the number 


of quaternions t, in Corollary 2 is unchanged. 


Write h = in powers of distinct odd primes. Every proper 
z of norm h can be factored (uniquely up to left unit factors) as zp: - - 22%, 


with z; of norm z;"'._ The congruence (46) becomes 
and reduces to the sequence of congruences 
21y’2, = 0 (mod m"), 22(2,y2,) Z2 = 0 (mod ; 


and the numbers of solutions are, by Corollary 3, respectively the same as those 


CoroLiary 4. The number of solutions of (46) does not exceed 2?™hé, 


where é is the number of solutions « of 
(50) a? ==— m/h,* (mod hz). 


Here v(n) denotes the number of distinct prime factors of n, and we recall 
that 2” = d(n) = O(n‘), where d(n) is the number of divisors of 1. 
As for é, we have 2”)h,%, where hs = m/h,*). Hence the 


number of solutions of (46) does not exceed 
(51) (d(h))*- (hi2hs)* S (d(h) )*p%, where p= (m, k’) = (m,k). 


10. We count the conjugate pairs. Linnik classifies the values i not 
satisfying (26) into r intervals B;Bj_, where r < xs log m < Kio mé, as follows: 


A B, B, Bs B 
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Here AB, = = AB, = mb: = - -, AB, = = 


Suppose then that we have 
(52) (S mer), 


Linnik states incorrectly that the number of reduced forms of determinant 
m with a given minimum k (< m%) does not exceed x,, m*&. The following 
example shows that this is false: m = 2-34", k = 3°", and the 2-3" forms 
(37, + 2-3"j, 7? + 2-37] with |j |= 3"/2, The true result is that 
the number of such forms is equal to the number of solutions of «? =— m 
(mod hence does not exceed 2” (k, 

The number of sets of forms with & in (52) having a fixed value for 
p= (k,m) is d(m) < and for a given o (where p? | k), the number of 
values i: with given p does not exceed m*”/pp*. The number of values of f is 
hounded in (39), where we can replace k by 4m*”’. Lastly, the number of 
values a, b does not exceed the number of values c, d satisfying (43) (which is 
24d (gi) < gs = (m — p*?f?k’)) multiplied by the number of 
solutions z of (46), which we bounded in (51). Putting these together we see 
that the number of conjugate pairs associated with all forms not satisfying 


(26) does not exceed 
(mé)* = 


for the least value of v, which is r — y, hence < x,; m*-7*8"€, 
Comparing this with the result of § 6, we have (12). 
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ON BOUNDED ANALYTIC FUNCTIONS OF TWO COMPLEX 
VARIABLES IN CERTAIN DOMAINS WITH DISTINGUISHED 
BOUNDARY SURFACE.* 


By Lipman Bers. 


1. Introduction. In order to generalize certain methods of the theory 
of analytic functions of one complex variable for the case of two variables, 
Bergman introduced the concept of domains with distinguished boundary 
surface (d.b.s). Such a domain is bounded by a finite number of analytic 
hypersurfaces (families of analytic surfaces depending on one real parameter), 
Their two dimensional intersection—the d.b.s. of the domain—plays a rdle 
analogous to that of the boundary curve in the theory of functions of one 
complex variable.’ 

The simplest example of a domain with d.b.s. is a product domain, say 
the unit bicylinder | <1, It is bounded by the two analytic 
hypersurfaces | |= 1, | <1; their intersection (the d.b.s.) is the 
surface 2, == 

A more general class of domains with d.b.s. (the only one we will con- 
sider in this paper) consists of domains Mt? given by the relation: 


z,€B(z.),| 2 | <1, 
where 8(z.) is the interior of a simple closed curve 
C(Z2): Z, = h (22, A) (0=A < 


and h(z2,A) is an analytic function of z. for every fixed value of A.° The 
bicylinder is also an Mt-domain. But it should be emphasized that an W- 
domain is in the general case not a pseudo-conformal transform of the 
bicylinder.* 

* Received May 10, 1941; Revised October 28, 1941. This paper is a modified trans- 
lation of a paper which was accepted by Compositio Mathematica but did not appear 
because of the war. 

1 See Bergman (1)-(8). The numbers in brackets refer to the bibliography. 

2 We denote manifolds by German letters, four dimensional ones by bold face capital 
letters, three dimensional by bold face small letters, two dimensional by capital letters 
and one dimensional by small letters. In operating with sets we use the usual symbols: 
e (element), CC (subset), - (intersection), + (sumset), — (difference set), F[- - :] 
(set of points satisfying the relations enclosed in the brackets), ~ (closed set). 

® Bergman (4), §§ 2, 3. 

* A pseudo-conformal transformation is a one-to-one transformation by a pair of 
analytic functions of two complex variables. 
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In this paper we shall consider analytic and biharmonic functions * defined 
in Mt and satisfying certain additional conditions (e.g. functions which are 
bounded or non-negative).* The theorem we shall prove can be understood 
as a generalization of some classic results of the theory of functions (e.g. the 
Fatou theorem ; a less strong extension of this theorem for the two variable case 
was previously obtained, by an entirely different method, by Bergman and 


Marcinkiewicz) .° 


2. The domain and its properties. Let @(z.) (| <1) bea star 
jomain bounded by the curve 


C(Z2): Z, == h(22,d), OSA < 
where h is a function satisfying the following conditions: 
(a) 4 is a continuous function of its three real variables, an analytic 

function of z2 for every fixed value of A. One has 

§ =0 for \=N (mod 27) 
2.1 h(Z2,) r’) - 
#1) (22, A) (0 for (mod 27), 
(2. 2) 0<1/A < | h(%,A)| < A. 


(b) possesses a continuous derivative of the second order with respect 
to the variable A and 
oh (22, r) | 
aA <A, 
A) 
Or 


(2.3) 0<1/K< 


(2. 4) 


arg h(22, A) 
Or 


> 1/B > 0. 


5A function u (2, 22, = U(2;,2,) is called biharmonic if it satisfies the fol- 
lowing system of differential equations: 

Real and imaginary parts of analytic functions of two complex variables are biharmonic 
functions and vice versa. A function satisfying the differential equations (i) is called 
doubly harmonic. 

* See the preliminary report in Bers (1), (2). 

* See Herglotz (1); Evans (1); Evans and Bray (1), (2); Riesz (1); Fatou (1) 
as well as the chapter on beschraénktartige functions in Nevanlinna’s Eindeutige analy- 
tische Funktionen, Berlin, 1936. 

®*See Bergman and Marcinkiewicz (1). 
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We define the domain Mt as 

M — |z|<1, OSt<1, 0OSAS2w]. 
M is bounded by the two analytic hypersurfaces 


= E[z, =h(z, d), | 1, 0S=AS 2x] 


= H[z,—th(z,A), z2—e% OStH=1, OSAS2r A] 


and possesses the d. b. s. 


To every Borel set sC % corresponds a measurable set of “ parameter points ” 
{0,r}. We shall call the (two dimensional) measure of this set the measure 
of s. 

We shall use subdomains 72) (0 <r, << 1,4 = 1,2) of M which are 
of the same type as Mt. They are defined as 

72) Elz, —th(z,A), |22| <r, O<t<n, OSA< 2]. 
Every point of M8 is a point of the d.b.s. of some M(r1,72) and the sets 
M71, 72) approach M increasing as approach unity. 

Let w = W(2,;22) be the function which maps B(z.) conformally into 
|w| <1, W(0; 22) =0, W[h(z2, 0); 22] = 1. (W is an analytic function of 
z, but, in the general case, not an analytic function of z.). 

Lemma I. For every fixed value of z2, W possesses a continuous derivative 
W’ = 0W/dz, in B and 
(2. 6) 0<1/M<|W’| <M, 

(2.7) | W’(z13 22) << 

We omit the simple proof which consists only of applying some theorems 
of Warschawski.° 

Suppose 

p(z37,A) =| W[rh(22,A) 32] |, 
T (z2317, A) = arg W[rh (22, A) ; 22], 
T (223A) = T (223 1,A). 


For every fixed value of z. and r, T is a continuous ine asing function of d. 


II. p and T possses continuous derivatwe  p’ = and T’ 
= 0T/dr with respect to the variable X and 


® Warschawski (1), p. 82. 
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(2.8) r/AM < p(22317,A) < rAM, 
(2.9) > 1—AM(1—n), 
(2. 10) | p (2231, A)| < eG 
(2. 11) 1/KM <T"(2.;4) < KM, 


KM 


< rAKM 


(C, D are constants). 


Proof. (2.8) and (2.9) follow from (2.6). Since 


(22; r,A)= log [rh (22, Xr) Z| 
p(Z23 r,d) 
(2. 14) = Im (22, A) ; Z2 | Oh 


On the other hand p(z2;1,A) = 1; hence | 


1 3 22] Oh(z2, dr) 
2.1% I" (223;A) == == — 
t W[h (2s, A) ; z2] Or 
whence (2.11) follows. 

(2.12) is an immediate consequence of (2.14), (2.15), (2.3), (2.6), 


(2.7) and (2.8). By (2.12), (2.11) and (2.14) (2.13) is dame We have 


aa Wirh (2s, 
p (22; 1,A) =0, 


p (22317,A) = 


whence (2.10) follows (by (2.3), (2.6), (2.7) and (2.8)). 


Suppose that 
(2. 16) {21, {h(e%?, r), ({21, zo} 


We shall call this approach a sectorial one if 


(2. 17) 2, —Nh(z2,r4) | Ca| a | (0=N 
and 
(2. 18) | 22 | <a(1—|z| ). 


The approach 


{rh(reet® r), — {h(ef, r) 
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is a sectorial one. In fact, suppose that x(%2,A) is the angle between the 
normal to the curve ¢(z2) at the point h(z2,A) and the radius vector. We 


have 


so that, by (2.2), (2.3) and (2.5), 
| x(z2,A) | <are tg ABK < 


whence the existence of an a satisfying (2.17) follows. Obviously (2.9) is 
satisfied, too. 

We shall say that a function U (defined in Mt) possesses the sectorial f 
limit 1 at the point {h(e#, A), e*} « & if lim U =1 for every sectorial approach 
(2.16). 

3. The function Q. Let G(z.;2,,2’,) be the Green’s function of the F 
domain 8(z.) and n(z2,A) the direction of the inner normal to the curve ¢(z.) 
at the point h(z2,A). Write 

1 1—s° 
1— 2s cos(t — ¢) + 8?’ 
1 21, h(22,A)] dh (22, A) 
Q (21, 2250, A) P( 223 21,4) P (22, 8), 
125 215 225 6, d) A) P (22/72, 6). 


The function Q plays a part analogous to that of the kernal of the Poisson 
Integral ; Q (11, 21, 223 is connected with Mt(r,, 72) in the same way as 
Q (41, 22; is with M. 

Obviously, 

(3. 1) P (223 21,4) P[W(213 22), T (223A) (22, A). 

The following two theorems (proved by Bergman *°) are an almost imme- 

diate consequence of the definition of Q. 


A. Suppose that U is biharmonic and regular in M. Then 


2r 27 
(3.2) U(2,%) = f Q (21,223 8, A) U[h(e", 2), ef ]d0da. 
0 0 


B. Suppose that & is a continuous function defined on § and set u(6,d) 
= i[h(e,r), Then 


10 Bergman (5). 
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is continuous in WM and satisfies the following conditions: 


(i) U(4%, 22°) is a harmonic function of 
(ii) U[h(z,A°), is a harmonic function of 2s, 
(iii) r), w(0, A). 


Analogous theorems are true for M(1r,, 72) and Q(11, T2321, 223 9, A). 
LemMA III. For every fixed point {2,, 22} «M(R,, R2), 
lim Q(11, 123 21) 223 = Q (41, 223 9, A) 


1 
(for > Ry, k = 1,2) untformly in 

We omit the very simple proof. 

Corotuary. For sufficiently small 1— 1, (k =1, 2), 
(3. 4) Q (11; 123 215 2239,A) > 22) > 0. 

LemMa IV. Suppose > 0 and 


1 for =: 
0 for >@ or YX >A. 


(3.5) (Ox) = 


For 

(3. 6) 
8 A 

Q[ryh A), ree; — 8, (85 4’) | < 1 — 11,1 — 12), 
0 0 i 


lim 4, e.) = 0. 


5 


Proof. (3.6) is an immediate consequence of the following inequalities: 


8 
f P(re#, 7) < m(7,1—1r) for OS OSH 
0 


1 Sueh functions form the “extended class of functions” (see Bergman (8)) and 
possess many properties in common with harmonic functions, In the case of a bicylinder 
the “ extended class” is formed by the doubly harmonic functions (see footnote 5). The 
extended class of functions has many applications in the theory of analytic functions of 
two variables. It is possible to give another definition of the extended class which fur- 
nished also functions defined only in the interior of the domain. It will appear that 
every function which may be represented in the form (I) (see §4) is a function of the 
extended class and that every non-negative function of the extended class can be repre- 
sented.in this form. We shall discuss this in another paper. 
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8 

(3. 8) 1— f P(re®, dd < m(7,1—r) for? O58 27, 
0 


(3. 9) Pleo; rh(2o,d), < for OS ASN 
0 


| 
(3.10) | 1— P[ 22; rh(z2,A), | < 3(7,1—1) for V+7rS ASH 


with 


lim %(7,¢«) =0 (k = 1, 2,3). 


(3.7) and (3.8) follow from the obvious relations 


1 1—r wal 
P(r,t) P(re‘®, 0) dé = 1. 
For 2’ | > we have by (3. 1) 


1 — p(22, A) 


Pl rh (22,d), < ‘p(22, [1 — cos(T 7, A) — T (22, ) ] 


so that, for sufficiently small 1—r, 
1 A?KM*(1—r) 
2 


whence (3.9) follows. In order to prove (3.10), let us consider the integral 
P[ 223 rh(22,r), A’ 
a7 0 
27 
f P{W[rh (22, A) 3 22], T (22, 4”) (22, dd. 
From (2.9), (2.12) and (3.11) we have 


27 
lim {J (2s, X’) P[p(z2317, A), T (223) —T (2231, A) JdT (22, 7.) } 
r>1 0 
and from (2.10) we have 
rn \ 
lim P[p(22, 17, A), T (22, — T (2, r, A) (22,7, A) = 1 
0 


uniformly in z, and A’. Thus 


(3. 12) lim I(22,7r,d’) =1 


rl 
uniformly in z. and A’. By (3.12) and (3.9) (3.10) is proved and the proot 


of the inequality (3.6) completed. 


4, Integral representation of biharmonic functions. In this section 
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we replace the Riemann Integral (3.3) by a Stieltjes-Radon Integral over a 
completely additive (c. a.) set function »(e) and look for biharmonic functions 
which may be represented in this form.’? By e we denote here and hereafter a 
Borel set of points {@, A}, ® and A being understood as parameters on a torus 
surface (to which % is topologically equivalent), say, 
X = (2 + cos @)cos A, Y = (2+ cos @)sin A, Z = sin © 

(X, ¥, 2—Cartesian co-ordinates). w is thus defined on a torus surface. 

THEOREM. Suppose that U is a biharmonic function defined in M, 
(4. 1) 0 < 1, lim 7,’ — 1, kk = 1,2 


and that 


(4.2) f | rh (rere, Xr), ] | < (v= -), 
0 0 


Then U may be represented in the form 


(I) U (2,22) = 4 Q (21, 22; 8, A) dw (egy) 
0 


where w is a c.a. set function. 


Corottary. Jf U = Vo, Ve (kK = 1,2) being biharmonte and non- 


negative, U may be represented an the form (I). 
Proof. Let us consider the ec. a. set function 
wy(e) = ff |dédd. 


By Theorem A (§ 3), 
(4. 3) U (21, t2) Q(14", 21, 225 8, A) dow 
0 0 


By (4.2), 
dwy | C, 
0 0 


so that there exists a c. a. set function w and a subsequence of {»}—for the 


sake of simplicity we call it {wv}, too—such that 
(4. 4) w(v> 


We have (for a fixed point {z,, z2}) 


“Concerning the theorems of the theory of c.a. set functions, see Radon (1), (2). 
* By “w,, > w” we denote weak convergence of the sequence of c. a. set functions ,,. 
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r2) —Q | doy + any 


The first term on the right hand is not greater than 


max |Q(r,1r2 230,A) — Qiz, 2236,A)|, 
0S\S2r 


hence it tends to 0 as y—» «© (see Lemma III). The same thing is true for 
the second term since Q is a continuous function of 6 and A. Thus 


2r 2r 2r 
lim f Q(r,", 12) doy f Ode, 
0 0 0 0 


whence (I) follows by means of (4. 3). 


Proof of the Corollary. We may suppose that V.—0, i.e. that U > 0. 
We have (see the corollary to Lemma III) 


2r 27 
0 0 


1 (a, 22) 2) 


0=\S2r 


Let us now consider a function U which may be represented in the form 
(1), where » is an arbitrary c. a. set function (see footnote 11). 


THEOREM. Suppose that U(2%, 22) ({21:, 22} ¢ Dt) may be represented in 
the form (1) and set 


(4. 5) = U[r,h (ree, A), 


Then 
(4. 6) © (7, > = 1,2). 


Proof. We may suppose that » = 0 and that 


Set 


8 A 8 A 
or,r,(9, A) = f dwy,r. f U[rih (ree, A), | dédx, 
0 0 0 0 
8 A 
A) f, dw. 
0 0 


| 
if 
| 
| 
( 
be 
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Then (4.6) is equivalent to the assertion: 


lim $rr2(9, A) (9, A) 


1171 
for every point {®, A} satisfying the conditions 


lim ¢(@ —e, =—lim ¢(@+ «, 27), 


€>+0 


lim $(2x7,A—e) =lim $(27,A+.). 
€—>+0 


€—+0 


Suppose that these conditions are satisfied and that e > 0. We may choose a 
+> 0 such that 


O+r A+r 
-T 709 A-r 


By (I), 
| A — $(, A) | 


2r 8 


where 6, is the function defined in Lemma IV and {- +--+} replaces the 
expression 
(rae, ree! ; 6, — 8, (0, 2’). 
By (4.8), 
I, + 
by (3. 6), 
0 0 


(4.7) is thus proved. 
The following are two immediate consequences of our theorem: 


CorotLary 1. Jf U may be represented in the form (1), w is determined 


by U in an unique manner. 


Corottary 2. If U may be represented in the form (1), 


(4.9) (rset, a), | <0 < 


_ 

| 
= 

O+7 A+t 
rm 
in 
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In fact, 


lim f. | U[ryh (ree, A), ree] | = f f | du | 
0 0 0 0 


(4.9) is the necessary and sufficient condition for the possibility of repre- 
senting a given biharmonic function U in the form (1). 


If 
ff | dw,,r, |= v(mese), lim v(e) = 0, 


» is a completely continuous function, i.e. a Lebesgue Integral of a point 
function u. In this case the representation (I) may be replaced by the 


following : 
(IT) U (41, 22) 2236, r)u(O, A) 
0 0 


If U is bounded, u is bounded, too. 


5. Boundary values of functions which may be represented in the 
form (I). In this section we consider an arbitrary function U which may be 
represented in the form (1), i.e. we do not suppose U to be biharmonic. We 


shall prove the following 


THEOREM. Suppose that U(2:,22) ({%1, 22} «Mt) may be represented in 
the form (1). If the c.a. set function w(e) possesses in the point {®, A} a 
finite strong derivative D, i. e. if 


A+r 


U possesses in the point A), the sectorial limit D. 


If 


[eo = f 
0 0 


(5.1) 


F 

U possesses finite sectorial limits almost everywhere on the distinguished bour- 
dary surface (2 
It is convenient to state first the following lemmas. 0 

14 If the conditions (5.1) are satisfied, w possesses almost everywhere a finite strong 
derivative, as was proved by Zygmund, see Zygmund (1). A theorem analogous to ou! W 


corollary was proved by Bergman and Marcinkiewicz under the hypothesis that U i 
biharmonic. Their method is entirely different from the one used here. 
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LemMA V. Suppose that g(@) is a function of bounded variation, 


< 
5.2) <e for f “| sm 


and set 


u(z) = P(z,0)dg(6). 


There exist for a > 1 two numbers 


k(a) and 8(m, 7, a, c) 
such that 


| u(z)| <ck(a) for |z—1| = 8(m,r,ac) 
|}1—z|<a(1—|z]). 


LemMA VI. Suppose that g(r) is a function of bounded variation, 


satisfying (5.2) and 
(5. 4) U(Z1; Z2) P (223%, 4)dg(A). 


There exist for a > 1 two numbers 


k (a) and 8(m, 7, a, c) 
such that 
| w(z1, 22)| < ck (a) 


| z: —h(z2,0)| < 8(m, T, C) 


| —h(z.,0)| <a min | A)|. 
oSAS2r 


Proof of Lemma V. We have 


u(z) = Pag + pig + 


For sufficiently small | 1— | , 
1—|z| 
| z|(1— cos 7/2) 


(5. 6) } I, 1 
On the other hand. 
OP (z, 6) 


l= Plat) — PE ao, 
Write 


rel, — ff a 
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For sufficiently small 1 


(5. 7) |I2| <m 


If z satisfies the condition (5.3) and 1—r is sufficiently small, we have 


| ¢ | and ¢/(1—r) 


where k’ is a constant which depends only upon a. Since 


1 2(1—r’) rsin ¢) 
00 22 [1— 2rcos (@B—¢) + r?]?’ ( 
=0 for 0S0=¢ 
<0 for 0<¢<0<r. 
We may suppose that ¢ = 0 so that , 
— 
0 
—— [6P}2,+ f + — f 
T 0 
h 
Pao <1 + 26P(2, 4) 
1 2k’ 
mip 61428. 
1—r al 
From this inequality our theorem follows (by (5.6) and (5.7)). i 
Proof of Lemma VI. From (5.5) follows: 
| W(41322) —1| << M|a—h(z,0)| fu 
<aM min | 2; —h(z2, A)| < aM?[1— | 22) |]. an 
oSAS2r th 
We may, therefore, apply the identity (3.1) and Lemma V. We get 
k(a) = KMk(aM?), 8(m, a,c) = 8(KMm, r/KM, aM?, KMc). ({ 


We are now in position to prove our theorem. We may suppose that B (6 
®©—A=0,D=—0. Write 


(A 87? 0 70 0 
¥(0,A) = f f dw — f f dw + f f dw — a { dw, lin 
-T -T -T -T -7 


then 
(5.8) U (21, #2) Q (21522; 8, d). 


| 


hat 
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0 0 


{21, 2} — {h(1, 0), 1} 


Set 


If 


js a sectorial approach (see § 2), we may choose a positive + such that 


| ¥(0,A)| < for <7,|A| <r, 


(5.8) may be written in the form: 


U (4, 22) = f P (2, 6) d,6 f P (223 21, A) dyAw (9, A). 


If —h(1,0)| and | z,—1]| are sufficiently small, 


| —h(22,0)| <8 [ 


and 


| 1 | < 8 [ | ? 
hence (by Lemma VI) 


and (by Lemma V) 
| U (a, z2) | < 
Our theorem is thus proved. 

6. Bounded analytic functions. We now apply our results to analytic 
functions of two complex variables. The real and imaginary parts of an 
analytic function f(2,, 22) are biharmonic functions. Therefore the following 
theorem is true 


THEOREM 1. Suppose that f(z:,22) is a bounded analytic function 
({21, 22} Mt). f may be represented in the form 


(6.1) 22) — (21, 223 0,4) A) d0da, 

0 0 
where F is a bounded measurable (complex) function. f posseses the sectorial 
limit F'(0,r) at almost every point &. 


In fact, this theorem is an immediate consequence of the theorems of § 4 
and § 5. 


We are now in position to prove 
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THEOREM 2. Suppose that f(z:, 22) is a bounded analytic function in J. 
If for almost every point {h(e*, d), e*°} of the distinguished boundary surface 
wy there exists a sequence {2,”, z.”} such that 


{21”, Z2”} € Dt, {21”, {h(e", A), (v—> 0), 
| 2.” — h(2o”,A)| min | A)|, 


| 22” e# | < a(1— 


Ze" 
and 
lim | f(2:”, 22”) | 


where ¢ is a measurable function, then 


(6.2) log | f(z: #2)| < ff ee. 2530, (0, ) 
Proof. By Theorem 1 we may suppose ¢ =| F'|. Suppose that {r,’,r,’} f 
is a sequence satisfying the conditions (4.1), « > 0 and 
(6,A) = log max {a, | f[ rh A), | }, 
22) = Q(11", V2” 3 215 223 0, A) (8, A) dOdA. 
By Theorem B (§ 1), ; 
log | (22, A), Z2] | — gv [rh (zs, A), Zo] 


of certain points where this expression is negative infinite. For z2 = | rz | this 


is a regular harmonic function for | z2| < 12”, with the possible exception 


function is non-positive. Hence, 
log | flr"h(z2, A), 22] | — go A), 22] <0. 
In the same way we get 
log | f (41, 22) 
On the other hand, 
lim | 4), | 2) 


gv (2, 22) (v= 1, 2, 


for almost every point {0,A}, for the approach 
X), —> {h(e*, r), 
is a sectorial one (see §2). Therefore, 


lim (6,A) = log max{a, A) } 


18 may depend on {9, d}. 
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(for almost every point {0,A}) and 


2r 2r 
log | f|Slimg,™ = f f Q log max {a, 
0 0 


By a—> 0 we obtain the desired inequality. 


THEOREM 3. If a bounded analytic function f (21,22) ( {21,22} « Mt) possesses 
the sectorial limit 0 on a set EC & of positive exterior measure, f = 0. 


Proof. f may be represented in the form (6.1) and possesses almost 
everywhere on % the sectorial limit F. F is measurable. The set E[F = 0] is 
therefore measurable. By our hypothesis its measure is positive. If we apply 
the formula (6.2) with¢=|F 

If we combine Theorems 1 and 3, we get 


, we get log | f | o, f=0. 


THEOREM 4. Suppose that f(21, 22) ({21, z2} « Mt) may be represented in 
the form f = g/h, g and h being bounded analytic functions. f possesses almost 
everywhere on %& finite sectorial limits. If these limits are constant on a set E 
of positive exterior measure, f is constant. 


New York City. 
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ON SETS OF MULTIPLICITY FOR TRIGONOMETRICAL SERIES.* 


By R. SALEM. 


1. We shall consider, throughout this paper, symmetrical perfect sets 
constructed in the closed interval (0, 27) as follows: We divide the interval in 
three parts of lengths proportional to é,, 1— 2, & respectively. We remove 
the central open interval and divide each of the two remaining intervals in 
three parts of lengths proportional to é., 1 — 2é, 2; we remove the two central 
open intervals, and so on indefinitely, the sequence {&} being such that 
0<é<4. After p operations, 2? — 1 intervals have been removed, which we 
denote by 8 (k = 1, 2,- - -2®—1) and 2? intervals are left, which we denote 
by mw (& =1,2,:--2?) and which are of common length - &. 
When p— © we obtain a symmetrical perfect set P whose measure is 2z. lim 
2°¢,£- - -&. Here we shall consider only sets of measure zero. 

With every set ? we shall associate a monotonic continuous function F(z), 
constant in every interval contiguous to P, but increasing from one interval to 
another, by the following well known process. For every p let F(z) be a non- 
decreasing continuous function defined by the following conditions: F,(0) = 0, 
F,(2r) = 1, = k/2? in 84 (kK =1,2,- -2?—1), and Fp(z) linear in 
each nx (k = 1,2,- - 2”). F(x) will be the limit of as p tends to 
infinity. 


Finally we shall denote by cn the Stieltjes integral f, e"izdF’ (n integral) 
0 


which is the Fourier-Stieltjes coefficient of 2xdF. It is not difficult to show * 
that 


ao 
Cn = TT cosan &1(1— &) 


It is well known that if c,—0(1) the set P is a set of multiplicity for 
trigonometrical series. 


* Received July 21, 1941. 
1 This result has been proved by Carleman, “ Sur les équations intégrales singuliéres 
4 noyau réel et symétrique,” Uppsala (1923); see also Hille & Tamarkin, American 
Mathematical Monthly, vol. 36 (1929), pp. 255-264; and R. Salem, “On absolute con- 
vergence of trigonometrical series,” Duke Mathematical Journal, vol. 8 (1941), pp. 317- 
334. 
531 


en,” 
sce. 
nta 

les 
208 
om- 
vol. 
)42- 
23), 

30 
7 
| 


532 


R. SALEM. 


2. Let us consider now the set of all sets P for which a S & S by {ay} 
and {b} being two fixed sequences such that 0 < ay < bx < 4. If we put 


(1) & = (bx — ax) + 


and if a, by then OS m1. Following Steinhaus? we can map the 
interval 0 = ¢=1 on the “cube” 0S (k—1,2, - -) of a space of 
infinitely many dimensions, in the following way: if 


t = * 


is the infinite dyadic development of ¢ we put 


n2(t) ==" ° * 
nz (t) ==" * 


With the exception of the points ¢ for which one at least of these developments 
is finite (such points form a set of measure zero) the correspondence thus 
obtained is a one-one correspondence. Moreover, it has been shown by Stein- 
haus that if mp) is any measurable function of - ‘np, we have 


whenever either side exists. 


We have thus established a correspondence between the sets P for which 
dy S & S by and the values of the single variable ¢ in the interval (0,1). Ifa 
certain property belongs to all P, with the possible exception of the P corre- 
sponding to a set of ¢ which is of measure zero, we shall say that this property 


belongs to almost all P. 


The purpose of this paper is to prove the following theorems: 


Let us consider all the symmetrical perfect sets P for which a, S & S bx, 
where 0 <a, <b=4 and where the sequences {ax}, {bx} are nol “ too near” 
each other, namely, where bp—dp)=1/w(p), w(p) being an increasing 
sequence such that logw(p) =o(p). Then: 


THEorREM I. lim (a,a2°- - 


of multiplicity. 


= a> 0, almost all sets P are sets 


2 Math. Zeitschrift, vol. 21 (1929), pp. 408-416 and Studia Mathematica, vol. 2 
(1930), pp. 21-39. See also Kaczmarz and Steinhaus, Theorie der Orthogonalrethen, 


Warszowa-Lwoéw, 1935, p. 134. 
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THEOREM IJ. Moreover, on the same assumption, there exists a constant 

s depending only on a, and such that, for every s > s» the series %| cn | * con- 
verges for almost all sets P. 


THEOREM III. Furthermore, on the same assumption, there exists a 
constant 8) depending only on a, and such that, for every 8 < 8, the relation 
Cn = 0(1/n*) holds good for almost all sets P. 


THEOREM IV. Theorem I remains true if instead of supposing lim 
* *Ap)/? =a >0, we suppose only that lim ap)” > 0 
B being any positive number, as small as we please. 


It should be observed that we can always choose the sequence {b,} such 
that all the sets considered are sets of measure zero (provided, of course, that 
the set for which & — a, is itself of measure zero). 


Theorem III is related to a problem which has been solved first by 
Littlewood,* namely the problem of finding a monotonic singular function 
with Fourier-Stieltjes coefficients of order smaller than 1/n°,o>0. Very 
complete results have been obtained further in this direction by Wiener and 
Wintner * for monotonic singular functions, which do not seem, however, to be 


of the Cantor type considered here.*® 


Theorem IV is a generalization of Theorem I which is interesting on 
account of the following fact. It can be proved * that any symmetrical perfect 
set for which 


is such that lim | | = 1. 
3. The proof of the above theorems is based on the following lemma: 


1 being a positive number = 1 and s any positive number, we have: 


* Quarterly Journal of Mathematics, vol. 7 (1936), pp. 219-226. 

‘American Journal of Mathematics, vol. 60 (1938), pp. 513-532, and Journal of 
Mathematics and Physics, vol. 17 (1938), pp. 233-246. See also Schaeffer, American 
Journal of Mathematics, vol. 61 (1939), p. 934. 

5 A singular monotone function is said to be of the Cantor type if it is constant in 
every interval contiguous to a perfect set of measure zero. For the order of the Fourier- 
Stieltjes coefficients of such functions see a paper of the author which is about to appear 
in the Journal of Mathematics and Physics. 

°See the above-quoted paper “On absolute convergence of trigonometrical series,” 
p. 326. 
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fi cos + m)|* dx = (1+ 1/[1]) | cos y |* dy 


where [1] is the greatest integer contained in l. 


The proof is immediate: by putting lrz + m = y the first integral becomes 


1 m+ lar 1 
feos y |* dy | cos y |* dy 
Jm 


}+1 ¢7 1\i(" 
| cos y |* dy. 


We shall put e, = . f. | cos y |* dy. 
T Jo 


e, decreases from 1 to zero, as s increases from 0 to . 


We can now prove our theorems. Let s be a positive number; we have 
oO 
| en = IT | cos &1(1— &)|* 
=1 


II | cos mné,* *&1(1— &) == 


k=1 


The & being functions of the m by (1) and the functions of ¢ as explained 
above, we have, by (2) 


1 
0 0 0 
1 1 . 
= f, | cos mng,* &p-1(1 —&p) |* dy 


The last integral with respect to the variable yp is equal to 
1 
| cos &p-s[1—a@p— (bp — ap) mp] |* dnp. 
0 


Let us remember now that & =a, and bp) —a)>=1/(o(p)) and let us 
suppose that p is so chosen that 


(3) * *Aps1(1/o(p)) = p* 
then, by the lemma 
Jp ZS (14 1/p*)es 


and 


Si, = (1+ fn.p-rdt 
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But if (3) holds good for p=q, it holds good a fortiori for p< q; hence 
applying the same argument we have 


1 
fn,pdt 
0 


A being an absolute constant, and, a fortiort 


1 
(4) | cn |? dt < Ae? 
0 


p being any integer such that (3) be satisfied. 
In the hypothesis of Theorem I we have, # being any fixed positive number 
such that a < a, and p being large enough 


and thus, in order to satisfy the inequality (3), it is sufficient to take p such 
that 
logn + (p—1)log «& — log o(p) = 2log p 


and, as log w(p)/p— 0 it is sufficient to take, when n is large enough 
p= p(n) = [@ (log n/log 1/2’) ] = [6(log n/log 1/a) ] 


# being, like 6’, any fixed number smaller than 1, as we can take @’ as near to @ 
as we please. 
6 being thus fixed we have, by (4) 


1 
f | Cn Ae, <= Ae,? (log n/log t/a) -1 
0 


Now let us take s such that 


that is to say 


6 (log n/log 1/a)log es = — (1+ p)logn 
or 
<= 


which is possible, ¢; tending to zero for s = oo. s being any number thus fixed, 


1 
the series | Cn dt converges so that the series | |* converges for 
0 


almost every ¢. 
It follows, in particular, that cn = 0(1) for almost all sets P, and that 
consequently almost all sets P are sets of multiplicity, which proves Theorem I. 
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Let us now define s, by the equation 


(5) | cos y |* dy = 
0 


Then, as 1 + p and 6 can be taken as near to 1 as we please, we get the following 
result : 


For almost all sets P, in the hypothesis of Theorem I, the series & | cn |* 
converges for S > So, 8 being given by (5). This proves Theorem II. 
In order to prove Theorem ITI, let us choose s such that 
(log n/log 1/a) (p > > 0) 
which is equivalent to S 
s being thus chosen, the series 317 fi Cn |* dt converges, hence the series 


Xn | cn |* converges for almost all P. 
As before, let us define s, by the equation 


(6) y= | cosy dy— 
0 


As 1+ p and 6 can be taken as near to 1 as we please, we get the following 


result: 


For almost all sets P, in the hypothesis of Theorem I, the series Sn | cp |* 
converges for 8 > Sy, 8, being given by (6). 
Hence we have, for almost all P, 
Cn = 0(1/nv/*) 
for every s > Sy. 
Now, when y, which is arbitrary, increases from 0 to «, s, increases from 
So to but by a classical theorem «, = O(1/Vs) for s= hence y/s 


tends to zero when y > o. 
Hence y/sy has actually a maximum, which is the maximum of the 


expression 
(1/s log a) log 1/ax f, | cos y |* dy 
0 


when <s< Let 8 (a) be this maximum; then for almost all sets P 


we have 
Cn = 0(n->) 


for 8 < 8(a), which proves Theorem III. 
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Remark. It is seen immediately that if « increases, 9(a) increases. Let 
us suppose that the {a,} are such that 


Then, by (5), so = 2, the series ¥ | c, |* converges for s > 2 for almost all 
sets P; and 


Tv 
8)(4) = Max (— 1/s log 2) log 2/x | cos y dy 
0 


and it is easy to see, by taking s = 6, that 6)(4) is > 1/9. 
The case (7) occurs, for example, if %(1/#(p)) being a divergent series, 
we take 


— (2/e(k)) = &= 111 


4. Proof of Theorem IV. In the hypothesis of this theorem we have 


(1/p) log ap) + logp > 0 


Bf being a positive number < B. 
Hence, in order to satisfy the inequality (3) it is sufficient to take p such 
that 
log n — (4 — B’) plog p— log w(p) = 2 log p. 


It is sufficient to take, B” being a positive number < B’, 
(4— B”) plog pS logn 


This inequality will be satisfied if we take 
p= p(n) =[(2 + Bo) log n/log log n] +- 1 


By being a positive number depending only on ~”. 
p being thus fixed, we have, by (4) 


| Cn dt S (log n/loglogn) | 
0 


The difference between the argument here and the proof of Theorem I is that 
here we shall choose s as a function of n, increasing indefinitely with n. Taking 
into account that «, ~ (2/s)® for s == oc we can write 
Cn dt=< (1/s) (+81) Cogn log log n) 
70 
8; being a positive number. 
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that is to say 


It is sufficient to take 


6 being a fixed number (depending only on B,) and smaller than 1. 
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Now let us choose s such that 


(1/s) (1+81) (log n/loglogn) < 
(1 + B:) (log s/log log n) = 1+ £B,/2. 


S = S, = s(n) = (log n)? 


Sn being thus chosen, the series 


ar 
1 as 
| Cn dt 
0 in 
will converge, hence the series pa 
| Cn |e he 
se 
will converge almost everywhere. Hence, for almost all sets P by 
(| cn | 8n — 9(1) iz 
nu 
that is to say, as Ss, > «© with n of 
| /38n 
(8) | Cn | 4 1 (1 


But (8:/3sn) log n = (8/3) (log n)*~® increases indefinitely with n, a by 


6 < 1; hence n#:/% increases indefinitely with n, and the inequality (8) show — (* 
that ¢n = 0(1) for almost all sets P, which proves Theorem IV. 
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ELEMENTARY NOTE ON PRIME NUMBER PROBLEMS OF 
VINOGRADOFP’S TYPE.* 


By R. D. James and H. WEYL. 


ization': Let r = 3 non-vanishing integers a,,- and r positive real 
numbers B,,: : -.8, be given once for all. We ask for the number A(N,/k) 


of representations of an integer & in the form 


as} by means of primes 
Ws (2) = = BrN 


formula 
(I) A(N,k) = R(N,k) -S(k) + p 


* Received June 19, 1941. 

*J. G. van der Corput has published a number of results concerning this problem, 
C. R. Ac. Sci. Paris, vol. 205 (1937), pp. 479-481 and 591-592; Nederlandsche Akademie 
tan Wetenschappen, Proceedings, vol. 41 (1938), p. 80. He even imposes upon the 
primes p,; congruence restrictions modulo a given integer. But as he mentions existence 
theorems only, a full account of the asymptotic situation might help “to put the house 
in order.” 
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1. Stating the problem. Vinogradoff’s asymptotic formula slightly 
amended. By his ingenious methods Vinogradoff succeeded in establishing an 
asymptotic formula for the number of decompositions of a large integer NV 
into three primes, V = p, + ps-+ ps. When one follows the exposition in his 
paper, Recueil Mathématique, vol. 2 (44) (1937), pp. 179-195, one finds that 
he introduces another number N, (p. 192), and writing & instead of N, one 
sees that he actually determines the solutions of the equation p, + p2-+ ps =k 
by primes pi S N. In this form the problem admits of an immediate general- 


The problem thus stated makes sense even if some of the coefficients a; are 
negative. The integer & and the real number N = 2 are considered as variables. 
The letter C stands throughout for a positive constant, not always the same, 
which is independent of N and k; if other variables enter, indices attached to 
( will indicate on which of these variables C depends. The main result is a 


in which the relative error p, with N— o and uniformly with respect to k, 
tends to zero faster than any negative power n-? of n=logN. The factor 
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&(N,k) takes account of the “ quantitative ” aspect of k (infinite prime spot) 
in so far as R(N,zx) is defined for arbitrary real values of x, whereas the 
singular series ©() is an arithmetical function of & alone. For any positive 
integer q we set 


and by means of the Mobius and Euler functions »(q) and ¢(q) form 


Then 


(4) S(k) ar) x(q). 
q=1 
We notice that depends symmetrically on 


although it should not be forgotten that & may take the value 0. The 
quantitative factor R may be given the following form. Using the abbreviation 
e*tit — e(x) we introduce the following functions of a real variable z: 


BiN 
(5) Ji{z) _ (e(aizx) /log x) dx (gem +, 
VN 
Then R(N, x) is the Fourier transform of their product, 


+00 
(6) RN, 2) — + e(—22) dz. 
The proof depends on Vinogradoff’s sums extending over the primes 9, 


= S(N, = e(ap) Si = S(BiN, ain), 
ps! 
and starts with the exact formula 


(7) A(N, k) Si = (n)e(— hn) dy. 


Following Vinogradoff’s exposition step by step we call attention to a few points 
where we deviate from him. [1] The lower limit in (5) or in the typical 
function 


BN 
J (2) 


has been set at VN rather than at 2. Looking at the context where this 
function makes its first appearance, one realizes that the results are not affected 
by this change. One immediate advantage is that the estimates 


(8) | J(z)| S2BN/n, | J (z) | S 2/(wn | 
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hold for all z, hence 
(9) | Je(2)| SC -8(2) 
throughout where 
N/n for | z| SN", 
1/(n|2z|) for|z2| = 
A more important advantage will presently become evident. [2] The integra- 
tion in (6) which Vinogradoff restricts within the bounds + n*"/N has been 
extended to + o. Because of the second inequality (8) the value of # is not 
changed thereby by more than CN*™1n-**(r-), Jt is exactly this step which 
makes the main term in the formula (1) independent of Vinogradoff’s exponent 
h and gives a result from which h has vanished altogether. [3] It is not hard 


8(z) = 


to see why in the expression of x(q) the numbers q:,- - -,q, occur. A rational 
point is of the form » — m/q where m is an element of the set Gq of all $(q) 
prime residues mod g. In the reduced form the fraction a,y = a,m/q has the 
denominator g, and hence e(a,np) depends only on the residue class mod q, to 
which p belongs. The following elementary arithmetical observations are to 
the point. gq’ being a divisor of q, g = q’d, the number of elements m of Gq 
which are congruent mod q’ to a given element m’ of Gq has the same value v 
foreach m’. Clearly v Sd and v = $(q)/¢(q’). In case a’/q’ is the reduced 
form of a fraction a/q we therefore have v S (a, q), @ fortiori 


(10) $(q) 


ifa=4 0, and the sum 


e(am/q) =v: e(a’m’/q’) = 


meGaq m’eGq 
The last remark finds application for ~——As. Because of (10), E(k) is 


majorized by the convergent sum 
q 


[4] One crucial point in the estimate for the contribution to the integral (7) 
of part IT of the circumference 0 S y= 1 is the fact that 


1 
SN. 
An equally good result is obtained in our case where all the factors Si(7) are 


1 
different, by observing that f | S,(m)|- | Sz(m)| dy does not exceed the square 


70 


root of 


| |? dy: | S2(n)| * dy = (BiN) S N*. 


| 
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By (9) we realize that 
| R(N,2z)| SC- 


Hence we set 

R(N, 2x) = - R*(N, 2) 
and then find not only | R*(N,2z)| = C but also 
(II) | R*(N, xr) — R*(N,2’)| |/N), 
which indicates that R*(N,2z) varies very slowly over wide stretches of the 
variable z if N is large. Of course C now means constant with respect to V 
and z (or N and 2/N). It seems reasonable to measure zx against N. Let us 
therefore write R*(N,zN) = Ry(x). Then (6) and the inequality (9) prove 
that the first * — 2 derivatives of Ry(2) with respect to x are continuous and 
satisfy relations 
(11) | Rv (z)|=C (u=0,1,---,r—2). 


We have thus arrived at the following two propositions: 
THEOREM I. A formula (1) holds in which the singular series S(k) is 
defined by (4) and the relative error p= p(N,k) satisfies an inequality 
| p(N,k)| 
however large the integral exponent g = 0. 


THEOREM IJ. R(N, 2) is defined for all real x, and if we set 


R(N, rN) Ry(a), 
then 
| Ry(x)| SC, | Ry(z) — 


2. Analysis of the quantitative factor. In this section we give a simple 
interpretation of R(N,2z) which leads to an asymptotic expansion in terms of 
powers of n-*. Since & is not representable in the form (1) under the con 
ditions (2) unless k/N lies between the limits 


A= 4Bi (ai — | i | ) and A’ = Ri (ai 4+ | Qj | ) 


we must expect Ry(zx) to be non-negative for all values of z and to vanish 
outside the finite interval A= 2 A’. Our new representation will put thes 
facts in evidence. 

We introduce a measure do for infinitesimal areas do in any of the paralld 
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of the (%,° - -,2,)-space, such that the volume of a (straight or oblique) 
cylinder erected over do and bounded by the planes E(x) and E(x+ dz) is 
given by dz. The expression 


R(N, 2) e(z(a,2, +: -+ - dix, } e(—ae)de 


B(N) log log Tr 


where B(N) denotes the block 
VNSuS8N, VNS2-S8,N 
suggests forming the integral 
(12) F(x) = f(1/log - (1/log 2,) do 
over the intersection of the plane E(x) with the block B(N). Then 


R(N, 7x) e(za’) F(a’) dr’ e(— xz) dz, 


and by Fourier’s theorem, 


R(N,z) = F(z). 


It is evident that F(x) vanishes outside the interval ANS=2x=A’N. We 
shall show in the next section that it has a continuous derivative, and thus 
justify our application of Fourier’s theorem. We formulate our result as 
follows : * 


THEOREM II]. Jdealize the r primes pj; as statistically independent con- 
tinuous quantities x; such that $i(x)dz, 
(13) =—1/logr for VN BN, 0 elsewhere, 
is the probability of x; assuming values between x and x + dz, then R(N,zx) - dz 
is the probability that ar, +--+ - + ara, lies between x and x + dz. 

This is a familiar device in the theory of probability: The link betwwen the 
densities of the probability distributions of r independent variables x; and a 


linear combination of them is expressed as simple multiplication in terms of 


the Fourier transforms of the densities. 


2 Even before Vinogradoff made his fundamental discovery enabling him to prove 
the 3-term Goldbach theorem without such generalized Riemann hypotheses as Hardy- 
Littlewood had used, H. Rademacher gave this “ probability expression ” of the quanti- 
tative factor occuring in the asymptotic formula for the r-term Goldbach problem. 
Math. Zeitschr., vol. 25 (1926), p. 628. Van der Corput obtained similar integrals in a 
number of related problems, mostly of non-linear character. Nederlandsche Akademie 
van Wetenschappen, Proceedings, vol. 41 (1938), pp. 25-26; 97-107; 344-349; Math. 
Annalen, vol. 116 (1938), pp. 1-50. 
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Using the notation é = — log x we may write our formula in this way: 


n 


$1 


the integral extending over the intersection of E(2) with the block 
By: V*S 2,5 = 


The asymptotic series for Ry(x) is obtained by expanding the individual 


factors of the integrand as power series in n7?: 


= - - & 
In the individual terms we extend the integration down to x; = 0 instead of 
stopping at N-*; the error to be expected will not be appreciably higher than 
O(N-*). We therefore form the integrals 
extending over the intersection H’(x) of the plane E(x) with the block 
B: **, 0=27,=f8,, 
and then arrive at 
THEOREM IV. Ry(x) has the asymptotic expansion 
(17) Ry(2) ~ + yn? 


in the sense that the absolute error committed by breaking off after the g-th 
term yg-.n-9-)) is less than Cyn-, the constant Cg being independent of N andz. 


For A(N,k) we find the asymptotic formula * 


(18) A(N,k) ~ (Nt-*/n")S(k) (yo(x) + +> -), 


5 Vinogradoff has merely the first term of this asymptotic expansion, and the error 
he gives is O(logn/n) instead of O(1/n). In the paper cited above, he follows an 
intricate and indirect approach. Much simpler is the method given on pp. 55-57 of his 


paper in Travaux de UInstitut Mathématique de Tbilissi, vol. 3 (1938). But he uses 
the formula (6) instead of our (12). 
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y: uniformly valid for all /; the letter x stands for k/N. The thoroughly elemen- 
tary proof follows in the next section. Ry(x) and y;(x) vanish outside the 
interval A = x= A’, Ry(x) is non-negative throughout, and the same holds 
for yi(z) provided 8, 

The first coefficient yo is of particular interest. It equals the area of the 
(r — 1)-dimensional convex polygon #’(z). Using the method of convolution 
explained in the next section, we obtain by induction with respect to r this 
al fairly explicit result: Put a; = aj8; and for any function f(x) denote the 
difference f(x) —f(a—ai) by Aif(x). Introduce 

0 it £546, 


U(2) = ort 


(r—1)! for 0. 


Then 


We add a few obvious observations concerning the question under which 
of circumstances some of the inequalities (2) are redundant. 

in If all a,,- - -,a, are positive, one will ask for the number of represen- 
tations of a large integer NV in the form 


by means of 7 primes p;, without introducing any upper bounds for the pi. 


However, one may add the conditions 


++, prSN/ur 


without altering the problem. Hence it falls under our scheme. The number 
A(N). of representations equals (N’*/n")Ry-G(N) with a relative error of 
the type p mentioned in Theorem I, and for Ry and the coefficients yi of its 
asymptotic expansion we have expressions which arise from (14) and (16), 


h respectively, by setting «1 and replacing the blocks By and B by the 
“infinite blocks 
respectively. In particular, 
or y= 1 . 
(r—l1)! 
is sia 
If +, as are positive and * *, negative, then the equation (1) 


together with the »—s inequalities 
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(2s) Pau S pr 
results in the following bounds for p,,- - -, pe: 


ai 


IIA 


Pi N (t—1,---,8) 
as long as k = a,N. Hence the number A(N, k) of solutions of (1) in primes 
satisfying the inequalities (2,) is asymptotically given by a formula (18) 
where yi(z) is the integral (16) extending over the intersection of E(x) with 
the partially infinite block 


= > = 9, 0S S Bon,’ 0=72,= 


Its validity, however, is uniform only for x2 if x is any preassigned 
number. In particular, 


] 
yo(Zx) -*A,U (2). 


Examples: 1) p, + po— ps = k, PN. 


y(t) | 3(1+42)? 0 
for r= 0 r=—1° 
2) Pit po— ps=k; 
Write the equation in the form p; — p: — ps = — k. 
yo(z) =1 1 — 32? 4(2+2)° 0 
for r= 0 | —1 r=—2 


3. Proofs of Theorems III and IV. We have to investigate the integral 


where the ¢; are defined by (13). Let us, more generally, discuss the case of 
arbitrary densities ¢; each vanishing outside a finite interval. Using the 2,-axis 
as the direction in which we erect a cylinder over the area do on F(a) we obtain 


Write 
(=) 


ai | 
and introduce the linear, commutative and distributive operation o of con- 


volution by 


1 +00 | 


If 


th 


fi 


TI 
Tl 
Bi 
pe 
| tif 
| 
H 
T 

T 
di 
WwW 
a 
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+00 +00 
Then 
F = + 
The notation ¢, ¢2 X will also be used for this convolution. 
But then a permutation of the factors must be accompanied by the same 
permutation of the numbers ,@r on which the definition of the X mul- 
tiplication is based. 
Let f:, fo denote functions vanishing outside a finite interval. 


Lemma 1. /f f. are piecewise continuous, then f = f; 0 f2 ts continuous. 
If|Slfilo| and | fi(z)| SM, implies | f(r)| S f | fe | de. 


Suppose f; continuous and f. of bounded variation, and set 


(fu dfs) fiw —y) dfaly). 


If 
= F(z), gdz = G(x), 
then 
G (F,, dfs) — fio fs. 
Hence: 


LemMaA 2. Jf f, is continuous and f., of bounded variation, then 
9 = (fi, dfz) is continuous, and | f,(x)| S M, implies | g(x)| S 
The derivative of f =f, 0f. is g, and if f, has a continuous derivative f’, then 
= dfe). 

From these lemmas we deduce that our F =f, 0- - - of, whose factors are 
fi = il, $: being defined by (13), has the continuous derivative 


= (f, 0° fr+), fr. 


One may even continue derivation up to the order r— 2: 

F'r-?) == (f,0f2), afr. 
The (r—1)-th derivative may still be written in a similar form but it has 
discontinuities at the points 


(19) +: (pi = 8; or 8) 


where 8; = VN, 8; = BiN are the discontinuities of ¢i(z). One may readily 
write down the jumps of F-») at the points (19) in terms of the jumps Ai (9) 
of the individual functions ¢;. As a matter of fact, our R = F is piecewise 
analytic, the pieces being sewed together at the seams (19) in such a fashion 
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that the function itself and its derivatives up to the order r—2 go over 
continuously. We may also confirm (11) by this method, even including 
por—l. 

The proof of Theorem IV would hardly need any explanation were 
€ = — log x bounded in the intervals in which it is used. This being not the 
case,* we feel obliged to go into details. First determine the remainder P, 
of the expansion (15) left over when one breaks off after the g-th term, 
Applying to each factor n/(m— &) in succession the finite geometric pro- 
gression broken off after a suitable term, with its well-known remainder, we 
find that P, equals the sum of all terms of the following form 


n n n 
n — &, — n — 
where lSsSr, i, +--+ and h=g—i. An additional 


feature is the extension of the integration down to the point x = 0 instead of 


N~* in the terms of the approximating sum. Therefore the following situation 
prevails. We denote by /*(x) the typical function equaling 


n/(n—é) for N-*= 0 elsewhere, 
and by I(x) any function 
for 0 elsewhere, 


with an integral exponent g = 0. This particular /(z) is said to be of order g. 
Moreover we introduce a function L(x) of order g = 1 which equals 


&n/(n— €) for 0 elsewhere, 
and a function A(z) of order g = 0 equaling 
— £/n9 for = N~*, 0 elsewhere. 
Then the difference 
Ry (x) — (yo(t) +° + 


appears as composed of terms 


and 

The sum of the orders of 1,,- - - , Js: is any i < g and the order of Ls in (20) 


is g —i whereas the order of As in (21) is any number < g—1?. 


*It would be the case, though, if we replaced (2) by conditions p’,N Sp, =8,N 
with positive p’,.. If the differences 6; — fp’, are small, this amounts to an approximate 
fixation of the ratio p,: p,:- - -: P,- Cf. van der Corput, 1. c.?. 
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We now reap our reward for having raised the lower limit in the integral 
J from Vinogradoff’s 2 to VN: 1/* and A vanish to the left of the point N- and 
for = N-* we have n/(n —é) = 2. Consequently only these two facts have 


to be established : 


(22) xX |b | Se 
and | | 3 


(Is1,' °°, 1, are l’s of order 0; but it is superfluous to make use of this par- 
ticular circumstance.) The first inequality holds for r= 2. If it is true for 
r= 2 it follows by induction from Lemma 1 as soon as we make sure that 


desc. 


But this inequality is trivial in view of the explicit expression 


(24) f (log x) dx — (log x)” — g (log)? 


For 7 = 2 we have to show that 


i (log y/a,)%° (log y) /az)" | dy 


is bounded as long as the parameter x > 0 stays bounded. The substitution 


y= carries our integral over into a form 


(log 2/a, + log (log #/a + log (1—»))* | dy 


from which this fact follows immediately. (The essential point is that the 
integral tends to 0 with x 0.) 

In (23) we push the factor A, to the rear and apply the result (22) to 
r—1 instead of r. Formula (24) gives 


y-% 
0 


and hence by Lemma 1 the inequality (23) is established. 

This ends our proof of Theorem IV. Moreover we learn from the in- 
equality (22) that the coefficients yi(x) are bounded functions of x; it would 
be quite easy to prove their continuity. 

4, The singular series. The investigation of © follows the familiar 
Hardy-Littlewood pattern. Since x(q) has the multiplicative property 
x(q: 9’) =x(q) x(q’) for any co-prime q, q’, the sum © is the product over 
all primes p of 


1+ x(p) +x(p?) 


A simple computation yields 
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THEOREM V. [If d is the greatest common divisor of the numbers 


then 
(26) -dr) - -,a,/d). 


Assuming (25) without common divisor, we distribute the prime numbers p 
over r+ 1 classes, p being in the class T; (t=0,1,---,r) if t+1 of the 
numbers (25) are prime to p. Then 
r 1)? 

A formula like (26) was to be expected because the equation (1) coincides 
with 


(a,/d)-p, +--+ (a-/d) + pr =k/d. 


It was also to be expected, as (27) indeed proves, that © vanishes if there are 
prime numbers p which go into r of the numbers (25) (but not into all 
of them), or if 

(mod 2). 


In all other cases we deduce from (27): 


5. Prime powers. For any given integral exponent / = 1 we may study 
this set of relations 


(28) B,N,-- BN. 


and may ask for solutions in non-negative integers, or more specfically in 
positive primes x;. Let the numbers of solutions of these Waring’s and Vino- 
gradoff’s problems be A°(N,k) and A(N,k) respectively. If necessary we 
add the number r of terms as a subscript, or even give the full signature 


Br 
Put 
= (1/9) e(at'/q), o(a/q) = (1/6(q)) ¢(at!/q) 


where the first sum extends over all residues ¢ mod q while the second sum is 
restricted to the reduced residues ¢ mod qg. Neither sum changes if one 
replaces the fraction a/q by its reduced form a’/q’. Hence we may well say 
that they depend on the fraction rather than on a and q separately. The 
singular series 
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it 


in Waring’s and Vinogradoff’s problems arise from these “ characters ” 


x0(q) = oo(aim/q) -ao(arm/q) e(—k/q), 


meGq 


x(q) = & o(am/q) -o(arm/q) e(—k/q), 


meGq 
respectively. The quantitative factors Ry, and R in the asymptotic formulas 


(29)  A(N,k) ~So(k)Ro(N,k),  A(N,k) ~S(k)R(N,k) 


are 


. . A-1q 
* and (2; (A = 1/1) 
log log ay 
respectively. The first integral extends over the intersection of E(x) with the 
block 


the second over the intersection of the same plane with the block 


IA 


The first integral equals N*"-- R°(k/N) where R°(x) is the same integral 
extending over E’(x). (In computing these expressions we have made the 
substitution 2;'—>2z;. The asymptotic development of R(N,z) may be 
obtained in the same way as for 11.) We think the parallel is fairly 
instructive: the difference in the singular series is due to the fact that the 
residues of primes mod q are necessarily relatively prime to qg (apart from the 
“few” primes going into qg) whereas integers leave all residues mod g. The 
difference in the quantitative factor comes from the fact that 1 is the density 
with which the integers x are distributed over the z-axis while 1/log z is the 
density of the primes (a fact which has to be combined with the uniform equi- 
distribution over the respective residues modulo any integer q). 

More irregular problems that can be tackled at all will conform to the 
same scheme. 

The main terms of the asymptotic formulas (29) are of the order of 
magnitude N"-' and N-1/nt respectively. Of course we may claim their 
validity only for a sufficiently large number r of terms. The limit is set by 
the simpler of the two problems. Indeed, the efficiency of the method depends 
on two circumstances: 1) the contribution to (7) of part II of the circum- 
ference 0 =» = 1 must be negligible; 2) the singular series must converge 
sufficiently well. The first is the main point. For our present prime number 
problem we have to set 


R. D. JAMES AND H. WEYL. 
Si(n) = e(ainp!) (p' BN). 
p 


Suppose that by analyzing Waring’s problem we have ascertained an even 
number s = 2u = 4 such that 


(30) A,°(N,0) <C- 


the integral exponent K = 0 being independent of N. This is somewhat legs 
than the assumption of the asymptotic formula of Waring’s problem for 7 =s, 
It is then maintained that the asymptotic formula for Vinogradoff’s problem 
holds good for r= 1+ s, in the sense that the relative error p is of the type 
mentioned in Theorem I. Following Vinogradoff* we use the relation 


1 
| 8, Su(m) dy Ax (N, 0) = (N, 0) 
0 


where A refers to the signature 


( = 2y: 

and then by Schwarz’s inequality and (30) we find the relation 


1 


which forms the base for settling the first point 
The accessory point, namely convergence of the singular series, is taken 
care of by the following estimate for o due to Loo-keng Hua °: 


(31) | o(a/q)| 


for (a,q) =1 where « is any positive number < 1% and C, depends neither 
on anor g. The requirement of “ sufficiently good ” convergence of the series 
= x(q) means that it is majorized by a series C - Xq-* with some exponent 2 > 1, 
Because of (31) this is obviously the case as soon as r= 5. 


UNIVERSITY OF SASKATCHEWAN, SASKATOON, SASKATCHEWAN, 
AND 
INSTITUTE FOR ADVANCED STUDY, PRINCETON, N. J. 


5 See Vinogradoff, 1.c.*. 
* Math. Zeitschr., vol. 44 (1938), pp. 335-346, Lemma 1. 3. 
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LOCALLY CONNECTED SPACES AND GENERALIZED 
MANIFOLDS.* 


Epwarp G. BEGLE. 


In the course of his investigations into LC spaces (spaces locally connected 
in the sense of homotopy), Lefschetz introduced the fruitful notions of a 
realization and a partial realization of a finite complex on a space [12].1| The 
chief purpose of this paper is to give new definitions of realizations and partial 
realizations in such a way that the methods developed for LC spaces can be 
carried over to lc spaces. Since there are many definitions of cycles defined 
for abstract spaces, there are many definitions of homology local connectedness. 
We choose what appears to be the weakest type of cycle, the finite Vietoris 
cycles. We state in Section 1 a definition of local connectedness in terms of 
these cycles, due originally to Alexandroff [3], and give a new definition of 
realizations. We find it necessary to restrict the coefficient group to be a ring 
with a unit. We show in Section 2 that the proofs of two important theorems 
carry over easily from the homotopy case. Using similar methods, we compare 
in Section 8 our definition of local connectedness with various others and show 
that they are equivalent in the important cases. We show in Section 5 that 
some of our results extend to compact spaces. (We follow A. Weil in using 
compact rather than bicompact to mean that any open covering of the space 
contains a finite covering. All our compact spaces are assumed to be normal. 
In place of compact metric space we use the convenient term compactum, 
introduced by Alexandroff and Hopf). 

One of the more important applications of local connectedness is to 
generalized manifolds. These have been studied by Cech [5], Lefschetz [11], 
Wilder [20], and others. Since these papers appeared, there have been a 
number of advances in the study of homology theories of abstract spaces, and 
it is to be expected that some of these would permit a simplification of the 
discussion of these generalized manifolds. This is indeed the case. We show 
in Section 6 that one of the local invariants used in the definitions of these 
spaces, namely the local Betti number, can be phrased in terms of cocycles. 
Using this, we give in Section 7 a new definition of a generalized manifold 
and give a rapid proof of the Poincaré duality theorem for it, using cocycles 
and our previous results on local connectedness in an essential fashion. For 


* Received January 23, 1941. 
? Numbers in square brackets refer to the bibliography. 
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convenience we restrict ourselves to the case of an absolute, or compact, mani- 
fold. We show in Section 8 that our definition is equivalent to Cech’s. We 
conclude by giving in Section 9 a number of examples. 

The investigations undertaken in this paper were suggested by Prof. Lef- 
schetz. We are indebted to him for his constant assistance and encouragement. 


1. Definitions. In this and the next two sections the space © with 
which we deal is a compactum. With the points of © as vertices, a simplicial 
complex, which we denote by S, is constructed by letting any n + 1 points of 
S, distinct or not, be the vertices of an n-simplex. Given any « > 0, S[e] 
denotes the subcomplex of S consisting of all simplexes of diameter << «. Only 
finite chains on S, with coefficients taken from an untopologized abelian ring 
G with a unit, are considered. With such a coefficient group, a simplex can be 
considered as a chain. If y? is a chain of dimension q on S, then | y7 | denotes 
the set of g-simplexes of S on which y% has non-zero coefficients plus all their 
faces. This is clearly a finite simplicial complex of dimension = q. The 
diameter of a chain y is defined to be the diameter of the set of points which 
are the vertices of the complex | 4 |. 

As a matter of convenience, we make the convention that in any definition 
of local connectedness a 0-cycle is understood to be a 0-chain y° such that 
KI(y°) = 0, where KI(y°) is the sum of the coefficients of y°. 


Definition 1.1. © is said to be q-le if for each « > 0 there exists a positive 
n = 7%(e) and for each B > 0 there exists a positive « = a4(8,«) such that if 
x1 is a q-cycle on S[a] of diameter < y, then 21 = Fy%', where 1 is a chain 
on S[B] of diameter <«. © is le? if it is qg-le for each g = p. It is le® if it 
is q-le for all q. 

It is important to notice that 7 depends only on ¢, while « depends on 
both B and e. 


Remarks I. A simple argument shows that if © is lc° it has at most a 
finite number of components. If each of these is q-lc, then © itself is q-le. 
For if we choose 72(¢) to be less than the minimum distance between any two 
components, then any cycle of diameter < 7%(e€) is on just one component. 
Since we are interested in © only when it is at least 1e°, we can, and do, assume 
without any loss of generality that © is connected. 


II. We do not find it necessary to consider anything more general than 
simplicial complexes, so henceforth all complexes are understood to be sim- 
plicial. Also, with the exception of S and its subcomplexes S[e], all complexes 


are understood to be finite. 
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Defimtion 1.2. A realization on S[«] of a complex K is a chain-mapping 
r defined on K with values on S[a], i.e., a function which assigns to each 
chain Y¢ on K a finite chain r(Y?%) on S[@] in such a way that 


1) 7 (gi + go¥ 01) = + 24, Jae G; 
2) Fry4 
3) KI(rY°) = KI(Y°) 


In other words, 7 is a distributive mapping which commutes with F and 
preserves the Kronecker index, KJ, of 0-chains. The norm of 7 is defined to be 
max [diameter +(Z2) | for all simplexes 22 of K. 


Definition 1.3. If K’ is asubcomplex of K which contains all the vertices 
of K, then a realization 7’ of K’ on S[«] is said to be a partial realization of K 
on S[a]. Let Z% be a simplex of K and Z;",--- ,Z;” all its faces which appear in 
k’. Then if for all Z¢ and all max [diameter {7’(Z;") +- - -+ 7°(Z;?)}] 
<«,7’ is said to be of norm < « as a partial realization of K. 


Defimtion 1.4. If 7’ is a partial realization and 7+ a realization of K, we 
say that + is an extension of 7’ if + agrees with 7’ wherever the latter is defined. 
We also say that the partial realization 7’ can be extended to the realization r. 


THEOREM 1.1. A necessary and sufficient condition for © to be lc? ts that 
for each « > 0 there exist a positive 7 =7?(e) and for each B > 0 there exist 
a positive & = a(B,«) such that if 7’ is a partial realization on S[a] of norm 
<7 0f acomplex K of dimension = p + 1, then 7’ can be extended to a realiza- 
tion r of K on S[B] of norm <e. 


Proof. For the sufficiency let = 37°(¢/3) and a4(B, «) = a (B, 
foranyg = p. Let 2% bea cycle on S[@] of diameter < $7. Let K be the join 
of | 27 | and one of its vertices, 2°, and let 7’ be the identity mapping on | 2? |. 
Then 7’ is a partial realization of K on S[a] of norm <7 Hence 7 can be 
extended to a realization + of K on S[B] of norm < «/3. Let y%** be the join 
of 27 and 2° so that = Let = Then is on S[B] 
and is of diameter < 2«/3 +74 <«. Since 7 is an extension of 7’ and 7’ is the 
identity on | |, = = 7(Fy™') = 24, which com- 
pletes the proof of the sufficiency. 

The necessity being true for p= 0, because of condition 3) in definition 


1.2, we may assume the theorem proved for p—1, so that we have the func- 
tions P(e), a°(B,«), 7? *(e), and a(B,e). Choose y= (1/3)7?(e) and 
a?(B,e), and set = 7?" (y) and @(B,«) = y). 

Now let K be a complex of dimension = p + 1, and 7’ a partial realization 
of K on S[a] of norm < 7. Denote by K? the p-section of K, i.e., the set 
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of simplexes of K of dimension = p. Let 7” be +’ considered only on 2, 
Then 7” is a partial realization of K? on S[a?] of norm < 7. By the choice 
of 7 and 2, r” can be extended to a realization 7, of K? on S[A] and of norm 
< y. Let 7, be the mapping which is 7’ wherever the latter is defined and is ;, 
otherwise, and let Z?* be a simplex of K which is not mapped by rz. FZ 
is mapped by 72 onto a cycle 2? on S[A], and diameter 2? < 7"(y) + 2y < 3y 
< ?(e). Hence 2? bounds a chain on S[B] such that diameter 
Define 7(Z?**) to be giZi?") to be and + to be r2 other- 
i i 
wise. Then 7+ is an extension of 7’ and is defined on all of K, which completes 
the proof. 

The functions 7?(«) and a(8,«) are called extension functions. 

Definition 1.5. © is le if for each « > 0 there exists a positive 7 = y/(e) 
and for each B > 0 there exists a positive « = a(8,«) such that if 7’ is a partial 
realization on S[a] of norm < 7 of a complex K, then 7’ can be extended toa 
realization of K on of norm < «. 

This definition is stronger than that of le. However, we have 

THEOREM 1.2. If © is le" and dimension? © =n, then © 1s le. 

The proof is postponed to Section 5. 

2. Properties of lc” spaces. ‘Two important properties of locally con- 
nected spaces can now be proved in essentially the same way as they are for 
the homotopy local connectedness case. It is understood that the homolgy 
groups, H?(©, G) and the Betti numbers for compacta are defined in terms of 
Vietoris cycles [18]. 


THEOREM 2.1. If © is lc", then its homology groups H?(©, G), for 
pn, are isomorphic with subgroups of the homology groups of a finite 
complex.* 


This theorem is a corollary of the more general theorem 5. 5, proved later. 


Corottary 2.2. If © is le", its p-dimensional Betti numbers, for p Sn, 
are all finite. 


THEOREM 2.3. The Lefschetz fixed point formula is valid for le spaces. 
The proof is essentially the same as that of Lefschetz [13], so we omit it. 


Remark. Define © to be weak-lc" if it is le"-’ and n-le except that the 


? Menger-Urysohn dimension. 
* This theorem was proved by Alexandroff in [3] for the case of integer coefficients 
in the definition of local connectedness. See also [21]. 
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chain y"** of definition 1.1 need not be of diameter <<. Then it is clear that 
Theorems 2.1, 2.2, and 2.3 are true if © is weak-lc” [21]. 

In order to establish a connection between the type of local connectedness 
which we have defined and the ones in terms of Vietoris cycles and projection 
cycles, we prove the following lemma. We recall first that a projection chain * 
A? is a sequence {y;”} of chains of S with the following properties: 1) y;? is on 
Sle] and «, 0, 2) for each 7 there is defined a simplicial projection 7; such 
that 7i¥i? = yi-:”, and 3) denoting the compound projection 
by 7:7, for each « > 0 there is an such that for i >j >, mJ is an e-pro- 
jection, i. e., no vertex of y;? is projected a distance greater than «. 


LemMA 2.4. Jf © is le", then for each » > 0 there is aX >0 such 
that if y*, p= n, is a chain on S[A], then it is the first element of a projection 
chain A? such that diameter A? < 24+ diameter y and such that for all 4, x;* 
is a A-projection. 


Proof. Given » > 0, choose a sequence {yi} such that each py > 0, and 
00 
Then A satisfies the conditions of the lemma. To 
1 
demonstrate this, first construct an auxiliary sequence {v;}, vi; > 0 such that 


<A and also such that < (pis). 
1 


Now let y® be a chain on S[A]. The identity mapping on the vertices of 
| is a partial realization 7’, of | on S[@"*(m, wi) ] and 7’: is of norm 
<A=7"" (1). Hence 7’; can be extended to a realization 7, of | y| on 
S[v,] and of norm < py. 

Let and be simplexes of | |. If | 71 (z*) 
points, we wish these to be in a | 7,(z”)|, where 2” is a common face of 2? and 2%. 


and | 7,(2%)| have common 


If this is not the case, we replace the simplexes of +(z*%) by nearby simplexes so 
as to effect this. Since S is connected, there are infinitely many points of S 
arbitrarily near any given point, and hence this shifting can be done in 
such a way as to’keep norm 7; < m;. The new mapping we continue to call 7. 
Without further mention the mappings 7; now to be constructed are modified, 
if necessary, in the same way. The reason for these modifications will appear 
presently. 

The chain y.” = 7,(y”) is now on S[v,] and its diameter is < 2, + dia- 
meter y”. We repeat the above process on y2?. The identity mapping on the 


“These chains have been studied by Alexandroff [3] and Lefschetz [14]. The pro- 
jection cycles do not form a group and do not give rise to a homology group. In order 
to obtain a homology group, it is necessary to use §B-chains [14], which are classes of 
projection chains. 
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vertices of | y2” | forms a partial realization 7’, of | | on S[&** (ve, we) and 
norm 72 < v; <7"""(pe). Hence 7’. can be extended to a realization 7, of 
| yo? | of norm < pe: on S[v2]. 72(y2”) is therefore a chain y;? on S[v2] and 
diameter 3? < diameter yo? < 2. + 2, + diameter y?. 

Proceeding in this. fashion we arrive at a sequence A? = {y;?}, yi? = y?, 
where y;? is on S[v-.] and y%,—-0. The diameter of A? is < diameter 


y? +23 < diameter + 
1 
To show that A? is actually a projection-chain, we must define projections 
such that wis: = Starting with the simplexes of dimension 1], 
for any z* of | yi? |, we map each vertex of | 7;(z*)| into the nearest vertex of 2’, 
Then for any z? of | y;? |, we map into the nearest vertex of 2? those vertices of 
| r1(2”)| which have not already been mapped. Proceeding in this way, after 
p steps we have mapped all of |7;(y:”)| into | yi? |. Because of the modifica. 
tions made in each 7;, there is no ambiguity in this definition. This mapping 
is wizx1. The amount of z;,, is clearly < 14, so that for any i, the amount of 
i 
mamis< 
1 1 
To see that wis: (Yiss”) = yi?, we note first that the sub-chain of 4,’ 
which maps into # is 74(2). Suppose wis:7i (2?) = gz”. If the vertices of # 
are Ao,- - -,Ay, denote by Z; the simplex whose vertices are -, Ap 
Since 7; and 7;,, both commute with / for chains over G, we have, 


GZ, 4° = Frinti(@) =minti(Z1) +° 

Hence 
921 = 

and 

gZ» + FZ, = Fristi(Z1) = + 

But 


gAp (Ap) Ap, 


since w;,, and 7; are the identity on the vertices of | y?|. Therefore g =], 


and wisi (Yisi?) = Which completes the proof 


8. Equivalence theorem. By means of Lemma 2.4, we can show that 
our definition of local connectedness is equivalent to the usual one in terms of 


LOCALLY CONNECTED SPACES AND GENERALIZED MANIFOLDS. 559 


Vietoris cycles and also to the one in terms of projection cycles. These are 
defined as follows: 


Definition 3.1. © is said to be ley™[lcp"] if for each « > 0 there is a 
positive 7 = nv"(e)[np"(e) ] such that a Vietoris [projection] cycle of dimen- 
sion = n and of diameter < ny"[np"] is ~ 0 in a set of diameter < ¢ [bounds 
a projection chain of diameter < e].° 

Denote the class of all compacta which are lc” or locally connected in 
dimensions = n with respect to Vietoris or projection cycles by {le"}, {ler}, 
and {lep"} respectively. 


THEOREM 3.1. {lce"} = {lcey"} = {lep"}. 
Proof. a) {le"} C {ley}. 


Let I” = {2;"} be a Vietoris cycle of diameter < y"(e/3). For any 
B > 0 there exists a number kg such that for « > kg, xi" is on S[a"(B;«/3) }. 
Then x," = Fy"*', where y"* is of diameter < ¢«/3 and is on S[B]. Hence 
I” ~ 0 is a set of diameter < 2/3 + 7"(€/3) < €, which proves the inclusion. 


b) {ley"} C 


This is proved by induction. It is obviously true for n = 0, so we may 
assume it true for »—1. Hence © is le™"* and Icy". Given e, B > 0, we let 
= nv"(€/3)/3. Let p< y"(e) and take A <p by Lemma 2.4, and 
< B/3. Set a"(B,«) = 

To show that 7"(e) and a"(8,«) are satisfactory, let «" be of diameter 
<n"(e), and let it be on S[a"]. Then by Lemma 2. 4 there exists a projection 
cycle = {2,"}, x," =z", of diameter < ny"(e/3)/3 + 2p < ny"(€/3). 
A", considered as a Vietoris cycle, is therefore ~ 0 in a set of diameter < €/3. 
Hence, for i sufficiently large, x;" Fy,"*!, where y;”*! is on S[8/3], and is of 
diameter < 

Now let 8; be the deformation chain ® associated with 2,1, so that Fda," 
= 2," — »Then y"*! = + is on S[B] since A < B/3 and aj’ is 
a A-transformation. Also, diameter << «/3+2A<e. Finally, Fy" 


= 2," = x", which completes the proof of the inclusion b). 
ec) {lep"} C {le}. 
The proof of b) applies to this case also. 
d) {le"} C {lep"}. 
*It is not hard to see that local connectedness with respect to §}-chains is equivalent 


to local connectedness with respect to projection chains. 
° For the delnition and properties of such chains, see [14]. 
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Set np" = n"(€/3) and let A” = {2;"} be a projection cycle of diameter 
< yp"(e). It is sufficient to show that a subsequence of A” is the boundary of 
a projection chain. Hence we may assume that 2," is on S[a"(A, €/3) ], where 
A is given by Lemma 2.4 for —6«/3. Then 2," = Fy,"*', where is on 
S[A] and is of diameter < «/3. The procedure used in the proof of Lemma 
2. 4 can be applied with 7’; now being the identity mapping on | 2,1 | plus the 
vertices of | + | not in | |, Sin. being the deformation 
associated with zj,:. In this way a projection chain A”? of diameter < « is 
constructed such that FA"** — A". The proof of this differs only in details 
from that of Lemma 2. 4, so it is omitted. 


4. Extension to compact spaces. The definition of g-lc is in terms of 
finite chains and cycles defined on the infinite complexes S[e]. Paralleling 
this there is a definition due to Cech [8] in terms of chains and cycles defined 
on finite complexes, namely the nerves of coverings of ©. 

Since the homology theory of non-metric spaces is usually in terms of Cech 
cycles, this latter definition is more suitable for any consideration of spaces 
more general than compacta. Below we rephrase our definition of q-lc in terms 
of the open sets of the space, instead of the metric, so that it has meaning for 
any space and then show that if the space is compact, it is equivalent to Cech’s. 

The notation used is as follows: All coverings of © are understood to be 


finite. Open coverings of © are denoted by U,%B,- - -, and their nerves by 
A,B,---. The covering consisting of the closures of the open sets of % is 


denoted by 2°, and its nerve by A*. If Mf and B are coverings, Uv B is the 
covering consisting of all the open sets of Y& and 8 together, and its nerve is 
denoted by Av B. © 

We write YI < B if M is a refinement of B, and W << B if A¢ is a refine- 
ment of 

If P is a subset of S and & is a covering, St (P; %), the star of P in Y, 
is the set which is the sum of all the sets of % which meet P. If Mf and B are 
coverings, St (8; 2%) is the covering whose elements are the stars-in %f of the 
elements of 

We write &* << Bif St (MW; W) < Band say that W is a star-refinement 
of B. 

If & < B, we denote by z¢” any one of the simplicial projections of A 
into B. 

Homology groups of S are of course defined in terms of Cech cycles. We 
use the Lebesgue type of dimension for G, i. e., S is of dimension = n if any 
covering has a refinement the dimension of whose nerve is no greater than 


n [6]. 
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A simplex of A is said to be on a set when its kernel (the intersection of 
the open sets which are its vertices) meets the set. If Y% is a chain of A, we 
write diameter Y¢ < € if there is one set of € such that every simplex of | Y¢ | 
json this set. Note that if 2 < B, and Y% is a chain on A of diameter < &, 
then 7a?Y2 is also of diameter < &. 

The infinite complex § is defined as in Section 1, but the subcomplexes 


S[e] are now replaced by the subcomplexes S[2%], a simplex of S being in 
§[%] if there is one set of 2% which contains all its vertices. If y% is a chain 
of S, we write diameter y? < € if there is a set of € which contains all the 
vertices of the complex | y? |. 

With each covering %f is associated a subcomplex a of S as follows: the 
vertices of a are distinct points, one in each of the sets of M%. That such dis- 
tinct points exist follows from the fact:that © is connected. Any n--1 of 
these points are the vertices of a simplex of a if the corresponding sets of 2 
intersect. Thus a and A are isomorphic complexes. If Y is any chain of A, 
there is a corresponding chain y of a, and conversely. If &* < B, then a isa 
subcomplex of S[B]. 

We now have two kinds of realizations of a complex K. Formally, these 
are defined as in definition 1. 2, but in one case the image under 7+ of a chain 
on K is a chain on a nerve A, and in the other the image is a finite chain on 
8[%]. The norm of r is defined in the obvious way, as is the norm of a partial 
realization of either type. 

In the following, whenever we write functions &(B,- - -) it is understood 
that < B,---. 


With the above notations, we can now rephrase definition 1.1 as follows: 


Definition 4.1. © is q-le if, given coverings © and %, there exist 
coverings H7(€) and %27(B,E) such that if is a cycle on 
of diameter < then 24 = where y%*? is a chain on of 
diameter < &. 

Using the fact that attached to each open covering of a compactum there 
is a number v such that any set of diameter < vy is contained in a set of the 
covering, it is easy to show that definitions 4.1 and 1.1 are equivalent in such 
spaces, 

For a compact space, the definition of Cech can be stated as: 


Definition 4.2. © is q-Cle if, given coverings © and %, there exist 
coverings $2 = and — E) such that if is a cycle on A? 
of diameter < $%, then 2.°X4— FY, where Y%" is a chain on B of dia- 
meter < &. 


| 
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For some purposes it is more convenient to have this definition in the 
following form: 


Definition 4.3. © is q-Cle if, given coverings € and %, there exist 
coverings $4 = §7(€) and such that if is a cycle on Ay, 
of diameter < $2, then V4 = FY,%', where Y,%! is a chain on A%uB of 
diameter < &. 

To see that definitions 4. 2 and 4. 3 are equivalent let Y%" be ma”Y,%" and 
conversely let Y,%? = Y%!+ 8X4, where 8 is the deformation associated 
with z,’. 

It is clear that in definitions 4.2 and 4.3 §% can be replaced by any 
§ < §%, and 4 can be replaced by any U < W¢. Also, if these definitions are 
satisfied for any © and % chosen from a complete family of coverings, then 
they are clearly satisfied for arbitrary € and B. 

We shall need the following facts about compact spaces. 


4.a) Every covering has a star-refinement, B [5, p. 625]. 


4.b) If B is any covering, each set of 8 contains an open subset such 
that these sets form a covering Mf, and U << B [2, p. 73]. 


4.c) If & <<, there is a covering © such that St (W;C€) < B. 


The proof is trivial. 
We say that © is a Lebesgue refinement of & if © < Mf and if whenever a 
collection of sets of & meets a set of © they have a non-vacuous intersection. 


4.d Each covering 8 has a refinement 9 which has a Lebesgue refine- 
} oD 


ment ©. 


The proof is as follows: By 4.b) there is a sequence, {Mi}, W% —¥%, 
WM; << Wi_, such that A;° is isomorphic to a subcomplex of Aj_,. Since B isa 
finite complex, there is a least integer k such that A;° is isomorphic to Ay. This 
means that if the closures of a collection of sets of 2%; have a non-vacuous inter- 
section, the same is true of the sets themselves. Let 2 — %,. 

Denote by {Ug} the collection of all refinements of %, and suppose that { 
has no Lebesgue refinement. Then for some collection J of sets of %, and for 
each £, there is an open set Mg of Ug such that the sets of J all meet Mg and 
at the same time these sets, and their closures, have a vacuous intersection. 
Let s¢ be a point of My. Then {sz} is a directed system.” Since © is compact, 
{se} has a cluster point s. Let N be any neighborhood of s. By the definition 
of cluster point, it follows that there is a £ such that My is in N. Hence there 


* For the definition of directed systems and cluster points, see [17]. 
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are points of each of the sets of J in N, and so s is a limit point of each of these 
sets, and the closures of these sets have a non-vacuous intersection, which is a 
contradiction. Therefore one of the Uk is a Lebesgue refinement of 2. 


5. Properties of compact Ic” spaces. In this and all the following 


sections, S is understood to be compact. 
THEOREM 5.1. If © is q-le, it is also q-Cle and conversely. 


Proof. a) q-le implies q-Cle. Denote refinements of € and B given by 
definition 4.1 by 1, and %,). Given any covering ©, there is a covering 
€, Also, there is a covering << Given B, by 4.c), 4.d) 
there is a covering 8, < B such that S¢(€,;B,) < € and such that B, has a 
Lebesgue refinement, 8. By 4.a) there is a covering << (Be, E1) such 
that St($.;%,) < $%.)(G,). Finally there is a covering << %,. Now 
the coverings and %7(B,C€) satisfy the conditions of 
definition 4. 2). 

For let X% be a cycle of A, of diameter << §. Then 27 of az is on S[M,] 
and is of diameter < §%,)(G,). Therefore 2? Fy, where y%** is on 
S[%B.] and is of diameter < €,. We map y%** onto a chain Y,% of B, as 
follows: for each vertex of y%* which is a vertex of x? there is an open set of 
%, which contains it and an open set of B, into which the latter is projected 
by ma,” This vertex of B, is chosen as the image of the vertex of 77. Any 
vertex of y%** not a vertex of z4 is mapped into an open set of 8, which contains 
it. By the choice of 8., this mapping is in fact a simplicial mapping, ¢, so 
o(y%*1) = Y,%" is a chain of B,, and FY,%*' = ¢(2%). But by construction 
= Finally, diameter Y,%*? < &, so = Y%* is on B 
and is of diameter < ©, and FY%! = x,”X%, which completes the proof of a). 


b) q-Cle implies q-le. 


Given any covering ©, there exist ©, << € and << $9(E1). Given 
%, there is a covering 8, < B such that St(€,;B,) < ©. Also there is a 
covering B, * < B, and a covering such that << Hy), such that 
St(Sa);Bs) < $2(E,) and such that B, has a Lebesgue refinement, (1). 
Now the coverings $%1)(€) = and 1) (8; Aa) satisfy the con- 
ditions of definition 4. 1. 

For let be a cycle of S[M 1) ] of diameter << Mapping each vertex 
of x7 onto a vertex of B; which contains it defines a mapping y of 2? onto Bs, 
and since %,,) is a Lebesgue refinement of is simplicial, so = 
isa cycle of B;. Also diameter X12 < $2(€,), so = FY,%", by hypothesis, 
where Y,%" is on Bz; vu Be and is of diameter < @. 
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x 


To Y,%* there corresponds a chain y,%! of S[%,], and diameter y,7" < &, 
Let Fy, = z,%'. But corresponding to the mapping y there is a simplicial 
mapping ¢ of 24 onto 2,7. The corresponding deformation chain being 424 
and setting y;%** 4+ 874 = y%*', we have Fy%** = x4, where y% is on S[%,| 
C S[%] and is of diameter < ©, which completes the proof. 

One of the important consequences of this theorem is that the large body 
of theorems developed by Cech for Cle” spaces now applies, in the case of 
compacta, to the types of local connectedness defined in Section 3. 

By the same procedure as was used in the proof of Theorem 1.1, the 
following theorem can be established. 


THEOREM 5.2. A necessary and sufficient condition that S be Cle is that 
for each covering & there exist a covering §? = §°(G) and for each covering 
B there exist a covering = such that if K is a complecx of 
dimension < p+ 1 and 7 is a partial realization of K on A of norm < §?, 
then 7’ can be extended to a realization r of K on Aw B of norm < &. 


The functions and %° = %9(B,E) are called extension 
functions. It is clear that the statement of Theorem 5.2 is true for any 
H< and for any I< 

The definitions of le®, Cle™, le, and Cle are now as in definitions 1. 1 and 
1.5 with the obvious changes. By the same method as was used in the proof 


of Theorem 5.1, a proof can be found for 
THEOREM 5.3. If © is lc, it is also Cle and conversely. 
Cech has shown that if dimension * S < n, then © is q-Cle for all g > n. 


Hence if dimension GS = n and if © is Cle", then it is Cle~. However, we 
can establish the stronger 

THEOREM 5.4. If dimension S =n and © is Cle", then it is Cie. 

Proof. By Cech’s result, S is Cle?"**. Given &, let €, be * < ©. Given 
any covering 8 choose a refinement 8, of 8 of dimension = n and let Mf be a 
similar refinement of 242 (B,, €,). Then the extension functions $(€) 
— §(E,) and A(B,E) = W satisfy the definition of Cle. 

For let K be any complex and 7’ a partial realization of K on A of norm 
<&. We may assume that 7’ is also a partial realization of K*"**, the 


(2n + 2)-section of K. Hence 7’ can be extended to a realization 7, of K*"’ 
on Aw B,, of norm < &,. It follows from the fact that both A and B, are of 


Lebesgue dimension. 


i 
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dimension » at most, that Av B, cannot be more than 2n + 1 dimensional. 
As a consequence of this, 7, maps any (2n + 2)-chain on K"*? into the null 
chain. Hence 7; can be extended to a mapping 72 defined on K by defining 
r.(Y*"****) to be the null chain. Thus 7 is a realization of K on Av B, and 
r. is of norm < ©. Now let z be the projection of A v B, into A v B which is 
obtained by projecting each vertex of B, into the corresponding vertex of B, 
leaving the vertices of A fixed. Then rr. =r is a realization of K on AvB 
of norm < &. 

The above two theorems, together with the fact that in a compactum the 
Lebesgue definition of dimension is equivalent to the Menger-Urysohn defi- 
nition, give a proof of Theorem 1. 2. 

Because of the theorems of this section we can now drop the notation of 
g-Cle and use q-lc to mean that any one of the definitions 4. 1, 4. 2, or 4.3 is 
satisfied. 

Of the results in Section 2, Theorem 2.1 generalizes easily to compact 
spaces. However Lemma 2.4 depends essentially on the separability of © 
and does not extend. Hence we have no proof that if © is locally connected 
in dimensions < n with respect to Cech cycles then it is le". The converse is 
trivially true. For the case where the coefficient ring is a field, this equivalence 
has been proved by Cech [8], and this is sufficient for our later applications 
to generalized manifolds. The non-field case, however, remains open. 


THEOREM 5.5. If © is le", then its homology groups H?(S,G), p=n, 
can be mapped isomorphically into the corresponding groups of a complex. 


Proof. Let € be a covering and let’ Uy be * < $"(G). To each Cech 
cycle, = {X;?}, let correspond the cycle X,? = ¢(I?) which is the codrdi- 
nate on U, of Tr”. The correspondence ¢ clearly induces a homomorphism ® 
of H?(S, G) into H?(Uo, G). 

Now suppose (I?) = Xo? ~0 on Uy. Any Us < Up, has a refinement 
Up < U"(Uy, E). Let & be the deformation chain associated with xp° so that 
FSX p? =X p?'— rp°Xp?. Let Yo?*? and be chains of U, such that 
FY and FY’ Then Y?*? + Y,?* 
+ is a chain of Up v U> such that FY?** X,?. 

Let 27°; be a vertex of | Ys | on Uy and let Z%,; be a vertex of Up con- 
tained in it. Define a partial realization of | Y?** | on Up by: *¥4= Y2 if Y¢ 
ison | Xp? |, = It is clear that norm r’ < < 
By the choice of Up, 7’ can then be extended to a realization 7 of | Y** | on 
Up Us and is such that FrY?*' Now let be the obvious pro- 
jection of Up» Us onto Us. Then is a chain on Ug and FarY? 
=7p)iX? ~ X-? ~ 0. Hence IT? ~ 0 which means that ® is an isomorphism. 
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6. Local Betti numbers. In the definition of generalized manifolds two 
local invariants are used, local connectedness and local Betti numbers. In this 
section we study the latter and show that they can be expressed in terms of 
cocycles. For this it is necessary that the coefficient ring be a field, F, which 
we now assume. 

For the definition of cocycles of S, we need the fact ® that if o is a sim- 
plicial mapping, then the inverse of o, which we denote by o*, defines a cochain- 
mapping which commutes with the boundary operator. Using this, a Cech 
cocycle *° Ty is defined as a collection {X,5} of cocycles on the nerves of some 
family {Us} of coverings of © such that if Up < Uy and if Ty has coérdinates 
on both Ug, Up, then mp"X,5 ~ X,” on Up. By definition, ly, ~ 0 if on some 
Up, mpXg5 ~0. The cohomology groups H,(S,G@) of S are defined in the 
usual way. 

Let Tz be defined on Us, but not on Up. Then if we add to the coédrdinates 
of Tq the coordinate rp"X,5, this new collection of cocycles is a Cech cocycle, 
and is homologous to Ty. Hence we can always assume that if Ty has a codrdi- 
nate on Ug, it also has codrdinates on each Up, for Up < Uk. 

We say that a cochain on a nerve A is in an open set if the set contains 
the kernel of each simplex on which the cochain is defined. A cocycle 
I, = {X,°} is said to be in an open set if each X,‘ is in the set and if also 
each of the cochains involved in the cohomologies rp°"X,i ~ X,° is in the set. 
Note that if Up < Uk and if X,‘ is in an open set, then wp!"X,§ is in the same 
set. Hence if Ty, is in an open set and if we add new codrdinates to Ty, as 
above, the new cocycle is in the same set." 

Local Betti numbers have been studied by Alexandroff [1], Cech [7], and 
others. For our purposes, Gech’s definition is the most convenient. Let 
P—- @Q be open sets of § which contain the point s. Denote by H2(P, Q,s) 
the group of g-cycles mod S — P reduced by those which are ~ 0 mod S — Q, 
and let R2(P,Q,s) be the rank of this group. For Q’C Q, R1(P,Q,s) 
= R1(P, Q’, s), so there is a greatest cardinal number R4(P,s) = R4(P, Q,s) 
for all neighborhoods Q of s in P. For P > P’ Q, R1(P, Q,s) 
so there is a least cardinal number R4(s) = R2(P,s) for all neighborhoods P 
of s. The number R%(s) is called the local Betti number of © at the point s. 


® See, for example, [19, p. 401]. 
2° We follow Lefschetz [15] in considering cocycles to be cycles in the dual complex. 
The chains on the dual are called cochains, and their dimensional indices are written as 
subscripts rather than superscripts. F is used for the boundary operator on both the 
complex and its dual. 
11 For a further discussion of Cech cycles see [10]. 
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Now let the group H2(P,Q,s) be replaced by H,(P,Q,s), the group of 
g-cocycles in Y reduced by those which are cohomologous to zero in P. Let 
R(P. Q,s) be the rank of Hg(P,Q,s). Then it is easily seen that R,(P, s) 
< R,(P, Q, 8) exists as above, and also Rg(s) = Ra(P,s). The number R,(s) 
js called the local co-Betti number of © at s. 

A pair of neighborhoods, P and Q, of s such that R,(P, Q,s) = Rq(s) is 
called a canonical pair. It is clear that any neighborhood of s contains a 
canonical pair if Rg(s) is finite. Hence if € is any covering of SG, and if R,(s) 
4 the same finite value, Rg, for each point s of S, then there are refinements 

= &,(€) and S; = Hq(E) where each element of S, is a Q of a canonical 
late and each element of Gg is a P corresponding to one of the Q’s of Sz. 


Definition 6.1. ©& is q-co-le if for each covering € there is a refinement 
§¢ = Hq(E) such that if Tz is a cocycle in a set of Hg, then Ty ~ 0 in a set 
of ©. If © is g-co-le for all g =n, we say that © is len. 


This definition is clearly equivalent to 
Definition 6:2. is q-co-le if Ra(s) = 0 for every seS. 


In order to compare local Betti numbers and local co-Betti numbers we 
make use of an intersection between cycles and cocycles defined ** by Lefschetz 
[15]. This is an extension of the meee defined on complexes by Cech 
[9] and Whitney [19]. If T? and Ty, gp, are a cycle and a cocycle, the 
intersection, denoted by (T?-Ty) is a cycle of dimension p— q. 

If Tq is defined on U¢, then the codrdinate on this nerve of (T?-Tq) is the 
intersection (— Whitney’s cap product) of Ty? and Ty’. This is a cycle of Us. 
Since we may assume that T, has coérdinates on a cofinal family of coverings 
of ©, we have the intersection defined on this cofinal family and hence, in the 
usual way. on every covering. That this collection of cycles is actually a cycle 
of S follows immediately from theorem 6 of [19]. 


Lefschetz has proved the following: ** 


? The definition makes use of a generalization of (5.14) of [19]. 

* For field coefficients, this theorem can be proved as follows: Suppose that there 
is a —Y 0 mod © — Q. Then on some U,, -~0mod © —Q. Hence, by 
the theorem for complexes, there is a cocycle Ts on U, in Q such that KI | Typ. rs) =1. 
But ris is also a Cech cocycle, in Q and AI(T?. #0. 

Now suppose ir there is a cocycle T, in 9-0 in Q. Then there is a ]], such 


that inv, t bea normal refinement [4] of On we have 
~(Qin @. Hence, ‘the theore m for there is a eycle I lp? mod — @Q such 
that KI ( TS) 1. Then rs) =1. Since ]], is a normal refine- 


ment of Ue mpi Tyr is a coordinate of a Gech cycle, T?, of G mod @—Q, and 
KI(T?. (). 
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THEOREM. For any open set Q in ©, a necessary and sufficient condition 
that a cycle Tf? mod S— Q be ~0 mod S —Q, is that for every cocycle I, 
in Q, KI(T?-T,) = 0, and a necessary and sufficient condition that a cocycle 
in be ~ 0 in Q is that for every cycle T? mod © —Q, KI(T?-T,) = 0. 


An immediate consequence of this theorem is that H?(©, F) = H,(G, F). 
Also, by means of this theorem we prove 


THEOREM 6.1. For any pair P and Q of neighborhoods of s, R4(P, Q,s) 


Proof. Denote these numbers by and Ry. Let 1,%,- - -, be a set 
of cycles mod © — P which are independent mod 6 —Q. Considered as cycles 
mod © — Q, they are still independent. By Lefschetz’s theorem, there exist 
cocycles T’,: - -.T,' in @ such that the determinant | a;/ | is not zero, where 
aii = 

Considering these cocycles as being in P, the intersection numbers 
KI(T;%-T¢’) remain the same. If T,',- - -, Ty! were not independent in P, 
then the determinant | a;/ | would be zero, which is impossible. Hence there 
are at least ¢ cocycles in Q which are independent in P, i.e., RIS Ry. 

But an interchange of P and Q and of cycles and cocycles in the above 
argument shows that = Ry; i.e. RY Ry. 

An immediate consequence of this is 


THEOREM 6.2. For each point s of S, R4(s) = R,(s). 


7. Generalized manifolds. The definition of a generalized manifold 
which we now introduce is similar to Gech’s [5, 7], except that we use cocycles 
and local co-Betti numbers instead of relative cycles and local Betti numbers. 
It is this that makes possible the rapid proof of the Poincaré Duality Theorem. 


Definition 7.1. A compact space Mt is said to be a generalized n-manifold 
over a coefficient field F if 

a) dimension Yt =n; b) Mt is le"; c) Mt is d) Rna(s) = 1 for each 
point s of M. 

Since Yt is compact and lc°, it has at most a finite number of components, 
and each of these has properties a) - - -d). Hence we can assume without any 
loss of generality that Yt is connected. 

The easiest way to define orientability of a manifold is to require that 
there be an n-cycle on the manifold ~ 0 and that on any proper closed subset 
all n-cycles are ~ 0. However, for any applications it is better to have a 


definition with a more local character. This is done as follows: 
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Let € be any covering of Mt and let G,(E), $,(E) be the refinements of 
& introduced in Section 6. In each set Q; of $” there is an n-cocycle I,‘ “0 
in P; of Gr. Suppose Q; and Q; have a non-vacuous intersection. At any 
point of this intersection a canonical. pair P > Q can be chosen such that P 
is in the intersection and in Q there is an n-cocycle T, “0 in P. Since Ly is 
then in Qi, Tn‘ and are dependent in P;, so we have ~T, in Pi. 
Similarly ~T,, in Pj. 

We say that Yt is orientable if for each € and for each pair of refinements 
G,, On, the cocycles T’,‘ can be so chosen that for any’ choice of canonical pairs 
in the intersections of the sets of Sn, the ratios f;/f; are all +1. The T,? so 


chosen are called fundamental cocycles. 


THEOREM.7.1. Jf Yt is an orientable generalized n-manifold, there is 
an n-cycle T" on M which is not homologous to any cycle on any proper closed 
subset of M. Conversely, if such a cycle exists, M is orientable. 


Proof. Let € be any covering of Yt and let 6° —§,(€). By 4(b) 
there exists a covering Let U be such that 51) << §™, 
and let {llr} be a complete family of coverings which are refinements of 1 
and are n-dimensional. All cycles and cocycles are to be considered only on 
this family. 

Now let Q;', Q;' be two sets of O and let T,,', T,/ be the fundamental 
cocycles in these sets. Let Qi*?, Qj? be the corresponding sets of 6‘) and 
suppose that Q;°°Q;?0. At any point of this intersection there is a 
canonical pair, P © Q, such that P is in Q;* © Q;', and in any such Q there is 
a cocycle Since is orientable, may be so chosen that T, ~ in Fi, 
lr, ~T,/ in where are sets of containing Q,;', Q;'. 

By Theorem 6. 1, there is a cycle Ty" mod Yi — F; such that K/(T;" -Ty*) 
=1. Tj" is also a cycle mod Yt — P, and since ~ Ty, we have KI (T,;"- Ty) 
=1. Similarly, there is a cycle Tj" mod Yt — FL; such that =1. 
Since P and @ are a canonical pair, it follows that Ty" ~Tj" mod Yt — P. 
Furthermore, each Us being n-dimensional, homology for n-cycles means 
identity, so we have Ty” =Tj" mod Yt— P. This is true for each point of 
so that we have Ty" = on this set. 

Now we can proceed to the construction of !. For this we need coverings 
¢<¢ We assume that is < and such that St($™; 
< and We first define on each Us an n-cycle 
Xs" as follows: Let 7% x. be any n-simplex of Us. It is on some In 
let it have the coefficient which it has in X¥",,; where X",; is the codrdinate of 
Ti" on Us. That this assignment of coefficients is without ambiguity results 
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from the fact that if Z"¢x is on Q;° and on Q,°, then it is also on Qi? Q,?, 
because of the choice of U and of §‘*, and on this set Ty" = T;”. 

To see that X¢" is a cycle, let Z"-*¢,; be any (n —1)-simplex of Us. It is 
on some Q;* and every n-simplex of which it is a face is on Q.° by the choice 
of $*) and U. These simplexes have the same coefficients in X¢” as they have 
in and FX%; is on H;. has therefore a zero coefficient in 
FX5", so is a cycle. 

Let I = {X;"}. To see that I™ is a Cech cycle, we need merely notice 
that if Up < Us, then = i, 80 X p™ = Xp". 

Finally let M be any proper closed subset of Mt. In Yt— M there isa 
canonical pair P © Q, and in Q an n-cocycle, In ~0 in P. If I is on M, 
then KI(I"-T,) =0. But by construction, KI(t™-T,) #0, and so ™ 
cannot be on M. 

For the converse, all that is necessary is to choose the T,‘ so that 
KI(T™-T,*) =-+ 1 for all i. 


THEOREM 7.2. Jf M is not orientable, then every n-cycle on M is ~ 0, 


Proof. It is sufficient to show that every n-cocycle on Mis ~ 0. Now if 
M is not orientable, there is a covering € and one of its refinements §,(€) 
such that there is a sequence ~- - -~T,* ~ fT,', f ~1, where the 
lr,‘ are given by 7(d). Then, since the coefficient group is a field [, ~ 0 in 
M and hence, since Mt is connected, every T,*~O in M. 

Now let I, be an arbitrary n-cocycle on Mt. T, has a codrdinate X,! on 
the nerve of an n-dimensional Ur which is * << §,(€). Since Us is n-dimen- 
sional, each n-simplex is an n-cocycle, W,5+*, and X,5—2fiW,5+. But also 
each is a Cech cocycle, and we have T, ~ fiW,‘. Since each 
W,‘ is in a set of $n(€), each W,* is homologous to a T’,* and hence is ~0 
in M. But then T, ~0 in Mt also, which completes the proof. 


THEOREM 7.3. If Mt is orientable, the Poincaré duality theorem holds in 
M, ie., H?(M, F) (M, 


Proof. Let T, be any cocycle on Yt. Then (I™-T,) =I" is a cycle on 
M. Set Since o(T,) ~0 if Ty ~ 0, ¢ induces a homomor- 
phism © of H,(M,F) into H"*(M,F). Since H,(M, F) — H?(M, F), 
there is a homomorphism ©, of H?(2, /) into H"*(M, F). It is shown below 
that this is a homomorphism “ onto.” But this means that rank H?(M, F) 
= rank H"?(M,F). If p is replaced by n—p, the inequality runs in the 
other direction, so that these two groups have the same rank. Hence they are 
isomorphic. 


| 
i 
j 


in 


LOCALLY CONNECTED SPACES AND GENERALIZED MANIFOLDS. 571 


To show that © maps H,(M, F) onto H"*(MN, F), it is necessary to show 
that for any I” there is a Tp such that (["™-Ty) ~I"*. Before proceeding 
to the construction of such cocycles we first note that by an argument analogous 
to that used in proving Theorem 1.1 we can show that any covering € has a 
refinement ,(€) for which the following statement is true: Let r’* assign to 
each vertex of a complex K of dimension = n a coérdinate, on a fixed nerve U2, 


of one of the fundamental cocycles of Yt in such a way that if Z;°,- - -,Z;° 
are the vertices of a simplex of K, then 7’*Z,°+- - -+ 7’*Z;° is in a single 


set of $,(€). Then there is a 7* which assigns to each g-simplex of K an 
(n —q)-cochain on a U;, where 1; < U2, in such a way that 1) r*FZ;1 
= F'*Z;1, 2) for each simplex 7,2 of K there is a set of © which contains 
r*Z,7, and 3) for each vertex of K, = 

Now let & be any covering of Mt and choose &,* < $"(E). Let Uy be 


the refinement of © introduced in the proof of theorem 5.5, and let U1, be an 
n-dimensional refinement of Up which is * < $,(G) and < A"(W, E). In 
each set of Ul, there is a fundamental n-cocycle of M. There being only a finite 
number of vertices of U,, we may assume that all of these cocycles have codrdi- 
nates on a U2, where Ul. < U,. Let 7’* assign to each vertex of U, the corre- 
sponding cocycle on U,. Then 7’* satisfies the conditions above, so that there 
exists a r* with the above properties. 

Let = {X¢""} be any Cech cycle on Mt. Then r*X,"? = X;,° is a 
cocycle on U;. This generates a Cech p-cocycle Tp = {X,'}, where 
= for any Ur <U;. Let == {Wer}. 

To show that (I"-T,) ~I"”, it is sufficient by Theorem 5.5 to show 
that the codrdinates on U, of these two cycles are homologous on U». Let L be 
the cartesian product of U, with a 1-simplex, subdivided simplicially in such 
a way that all the vertices of Z are among those of the base and the top. We 
identify the base of Z with U,. We note that if X% is a cycle on U, and if xa 
is the corresponding cycle on the top of L, then there is a chain Y%* in Z such 
that == Yo — 

We define a mapping 7’ as follows: On U,, 7’ is the identity and for any 
chain on the top of L, 7° = = where is the 
coordinate of [ on U3. 7’ is clearly a partial realization of Z on U2, and norm 


$"(G). Hence 7’ can be extended to a realization of on U,v 
Let be the chain on ZL such that FY"?*! — — where 
is the codrdinate of on U;. Then = X,"?— 
and r¥" is on U, v U>. If x is the obvious projection of U; v U» onto Uo, 
then is on Uy and = 1,°X,"? — But this 
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suffices to show that Xo"? ~ Wy" on Uo, and hence that I" ~ (I -T,), 
which completes the proof. 


8. Cech manifolds. A compact‘ space € is a Cech n-manifold if the 
following axioms are satisfied : 


8.a) dim€—n., 

8.b) Cis le”. 

8.c) R4%(s) =0 for all g < n and for all se 
8.d) R"(s) =1 for each point s of ©. 


8.e) If M is any proper closed subset of © and if s is a point on the 
boundary of M, then Ry” (s) = 0, where Ry"(s) is the local Betti number of 


the space M at the point s. 


€ is said to be orientable if there exists an n-cycle on © which is not 


homologous to any cycle on any proper closed subset of C. 


THEOREM 8.1. A Cech n-manifold is a generalized n-manifold and con- 


versely. 


Proof. By Theorem 6. 2, 8.c) and 8.d) are equivalent to 7.c) and 7. d). 
Hence we need only show that 8.e) holds in a generalized n-manifold. By 
Theorem 6.2, Ry"(s) = Ry“ (s), where the latter number is the local co-Betti 
number of the space M at the point s. It is sufficient therefore to show that 
any neighborhood N in M of a point s on the boundary of .V contains a neigh- 
borhood such that any n-cocycle T, in the smaller is homologous to zero in the 
larger. WN is the intersection with M of an open set in ©, and in this open set 
there exists a canonical pair PO Qs. Let P,; and Q, be the intersections 
of P and Q with M, and P, = P — P;, Q2 =Q—Q,. We show that any 
n-cocycle of M in Q,; is ~0 in V. Since M is closed, P. and Q, are open. 
Hence in Q2 there is a canonical pair containing an n-cocycle T,,,» such that 
KI(™ =1. 

Let T, = {X15} be any cocycle of the space M in Q,;. We note that since 
M is not necessarily open, [, may not be a cocycle of the space ©. Let Ug be 
an n-dimensional covering such that both T, and Ty,2 have codrdinates on Uy. 
Since Us is n-dimensional, X,5 is a cocycle not only of M9 Us, but also of Uy. 
Since and X5,,. are both in Q, and 0, we have — fXn,.~ 0 in P. 


4 Sech also assumes that the space is perfectly normal, but this is not necessary 


for the compact space. 
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Hence there is a Up < Ue such that — = FY'n1, where 
Y’,. is in P. Let be the part of Ym, in and = Yn-1 
—Y%,,,2. Since is open, is in and so is Let 
= FY%_, + Then FY = — X%,. But then the 
part of FY’, ,,, in P, is just mp*X,5. Hence T,~ 0 in P; C N, which com- 
pletes the proof. 


9. Examples. There is a well-known example to show that homology 
local connectedness is weaker than homotopy local connectedness. This con- 
sists of a sequence of Poincaré spaces [16, p. 218] converging to a point and 
joined by simple arcs whose diameters converge to zero. This is locally con- 
nected in dimension (0 in any sense. Since the fundamental group of a Poin- 
caré space does not vanish, there are arbitrarily small continuous 1-spheres in 
this space which cannot be shrunk to points, and hence the space is not locally 
connected in dimension 1 in the homotopy sense. However, the 1-dimensional 
homology group of a Poincaré space consists of merely the null element, so 
this space is lc’. 

To see the effect of different coefficient rings on local connectedness consider 
a sequence of projective planes which converge to a point and are connected 
by simple arcs as above. <A projective plane is a 2-cycle mod 2, and so this 
space is not 2-lc for mod 2 coefficients. However, there are no integral 2-cycles 
on the space, and so for integer coefficients it is 2-le. Each of these projective 
planes has a 1-dimensional torsion cycle, and so for both integer and mod 2 
coefficients the space is not 1-le, while for rational coefficients it is 1-le. 

The following example, due to van Kampen, shows that a generalized 
manifold need not be either a topological or a combinatorial manifold. Let £ 
be Euclidean 3-space, made compact by adding the point at infinity. From £ 
remove a sequence {A;} of open 3-cells which converge to a point. Then from 
each of a sequence {P;} of Poincaré spaces remove an open 3-cell, By. Now 
identify the boundary in F of the cell A; with the boundary in P; of the cell 
B;. The resulting space, which is a compactum, is a generalized manifold. 
However. it is not locally connected in dimension 1 in the homotopy sense, and 


so it is neither a topological nor a combinatorial manifold. 
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ON CONVERGENCE AND SUMMABILITY OF TRIGONOMETRIC 
SERIES.* 


By Orro SzAsz. 


1. It is well known that a Fourier cosine series 


b(t) ~ an cos nt = ay cos nt 


1 


can be integrated termwise, i. e., 


t 
$(u)du = a, sin nt, 
0 


and the series on the right is uniformly convergent; ®(¢) is absolutely con- 
tinuous. This gives rise to the following definition of summability: 

We say that a series Sa, is summable to the value s by Lebesgue’s 
method, if the series 
(1. 1) > n7 adn sin nt = F(t) 


converges in an interval 0 << t < to, and if 
(1. 2) as [Cf. 6, pp. 272, 303, 304].2 
We then write L Sia, =s. 


It is known that convergence does not imply L-summability, and, con- 
versely, the latter does not imply convergence. Thus an additional condition 
is needed in order to deduce convergence from L-summability, and conversely. 
This condition may be imposed upon the terms an, or upon the function F(t), 
or upon both; the problem is of the well known Tauberian type. Similar 
problems arise, if we replace convergence by bounds of oscillation, or just by 
boundedness. 

If Sa, cos nt is a Fourier series, and the corresponding even function is 

t 

denoted by $(¢), then F(t) ¢(u)du; thus in this case L-summability 
0 

of ad, means continuity in the mean of ¢(¢) at t= 0.. 

Note that the summability method Z is a series to function transform 
with the convergence factors sin nt/nt, n= 1,2,3,---. 


* Presented to the Society, April 12, 1941; Received June 1, 1941. 
1 Numbers in square brackets refer to the bibliography at the end of this paper. 
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We can increase the scope of Z-summability by associating with the series 
(1.1) a function F(¢) in a different way, e. g. instead of convergence assume 
summability by Abel’s method [Cf. Verblunsky 4], or assume that (1.1) is a 
Fourier series. 


2. In this section we collect some known results concerning the problems 
under consideration. The following result is due to Hardy and Littlewood 


THEOREM 1. If 
(2.1) ay cos nt ~ (t) 
is a Fourier series, and if 
(2. 2) Nin > —C, 1,2,3,°°°; 


C a positive constant, then the necessary and sufficient condition that > ap 
converges to s, is that 


(2.3) 1/t o(u)du->s, ast] 0. 
0 


In other words: if (2.1) and (2.2) hold, then Z-summability implies con- 
vergence, and conversely. The assumption (2.1) is equivalent to saying that 
F(t) in (1.1) is absolutely continuous. 

I have generalized this result [3], by replacing (2.2) by the more general 


assumption : 
An 


(2.4) lim lim sup (\a |—a,) = 0;? 
AJ1 n->0O n 
i.e. the series dn | — an) is slowly oscillating. We have thus 


THeEorEM 2. Jf (2.1) and (2.4) hold, then convergence of ¥ an implies 
L-summability, and conversely. 
Note that if (2.2) holds, then 
| dn | — an < 2C/n, n= 1, 
hence 


An An 
=X(| av |— a) < 2C Y1/v < 2C(1/n + log a), 


and (2.4) follows. 
Another result of Hardy and Littlewood is: 


* Slightly more was proved there. 


ll 
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ries THEOREM 3. [2, theorem 14]. If 
me 
a (2.5) (in = O(n) for some 8>0,asn—> ~, 
and if 
(2. 6) Sn — 8 =, + —0(1/logn), 
asn— then 
od (2.7) 


Note that here } a, cos nt need not be a Fourier series. 


3. In this paper we generalize each of the Theorems 1-3. The main 


results are: 


THEOREM 4. 


k 
(3. 1) lm lminf min 
and if L ¥ an = s, then ¥ dy converges to s. 
Note that 
2a, = av — | ay |, 
n- hence 
2 lim inf min SavZlimint (a,—| 
n<ckSAn n _ no 
al It now follows that (2.4) implies (3.1), i.e. (3.1) is more general than 


(2.4). and a@ fortiori more general than (2. 2). 


THEOREM 5. If 


(3.2) ¥ (| |—av) =O(1) asn>, 
and if 
0g 
(3. 3) = O(1) asn> 
1 
then 
(3. 4) =O(1) ast 


THEOREM 6. Assume again (3.2); suppose further that 
(3. 5) — o <lim inf s, =/S lim sup s, =u < + o. 
n->OO 


Writing for anyrA>1 


(3. 6) limsup max | 


evidently w(A) < Suppose 


(3.7) w(rA) =o(logA) as 


ie 
9 
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then 
1S lim inf ¢* F(t) S lim supt P(t) Su. 
We shall see that the proof of Theorem 5 is much simpler than that of Theorem 
6; the latter however is essentially sharper. In particular, if w=1—=s, i.e, 
if Sa» converges, then obviously w(A) = 0, and we get: 


THEOREM 6’. If (3.2) holds, then the convergence of San implies L- 
summability of that series. 


THEOREM 7%. Suppose that for some positive §< 1 


2n 

(3. 8) av | —av) = O(n) asn—> 
and 
(3.9) —o < liminf (s,—s) logn=—p 

n->0oO 

= lim sup (s,» — s) logn=yn< + 0; 

then 


(3.10) 4(p—vn) log &* Slim inf [t* F(t) —s] 
£10 


<= lim sup [¢* F(t) —s] S4(y—p) log &". 


(3.8) is satisfied if in particular 
| dn | — dn = O(n) as n> 


which generalizes (2.5) to a “ one-sided ” condition. Moreover, if p = » then 
we get Z-summability, thus generalizing Theorem 3. 

Another interesting case occurs when (3.8) holds for every 6 < 1; for 
then, letting in (3.10) 871, we get 


THEOREM 7%’. If 


ay | — dv) = O(n?) 


for every positive § < 1, and if 
Sn — 8 = O(1/log n) 
asn— o, then LS an=—s. 


This is in a sense the “reciprocal” or “transform” of the following 
theorem due to Hardy and Littlewood [2, theorem 7]: 
If ¢(t) ~ Sa, cos nt is a Fourier series, and if a, = O(n~) for every 


( 
| 
| 
| 
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positive § < 1, if moreover $(¢) = O(1/log as 0; then > a» converges. 
The following is a generalization of Theorem 3 in another direction: 


THEOREM 8. Suppose that for some positive §< 1 
2n 
(3. 11) > | a | = O(n!) as n> &, 
and that there exist two numbers s and w such that 
(3.12) sy—s— [w/log (v+ asn> 
v=1 


then L > Qn = S. 
Again, if (3.11) holds for every 6 < 1, then in (3.12) 0 can be replaced by O. 
4, For the proof of our theorems we introduce some lemmas. 


LEMMA 1. Suppose that 0 <8=1, 


(4.1) dv |-—adv) = O(n'*) asn—> 
and 
(4. 2) Sn = O(n'*) as n> @, 
then 
| ay | 
1 


converges, and 


(4.3) | av | = O(n), as n> 
n 


Proof. From (4.1) and (4.2) 
(4. 4) lay | = Sa + O(n'*) = O(n’), asn>o, 


hence 
2n 2n 
| a | | a | = O(n). 
n n 


Thus for any k = 0, 


> v? | a | = 0(2), ask— ow, 
ok 


and summation over k yields 


Qt 
Xv | a | | =e" |= O(1) aslao. 
1 
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Hence | av | converges, and 


n n.2k+1_-1 fore) 
> —0(n* 2) — O(n), as 
foe) k=0 n.2* k=0 


This proves the lemma. 


Lemma 2. If Sv'|av| < 0, and if 


oO 
(4. 5) | a | = O(n"), asn— 
then 
(4. 6) Yv|a|—O(n) asn> 
1 


and conversely. 
For the proof let 


then 


and 
n n 
Dv | + —n ray, n= 2. 
1 2 


By assumption t= O(n"), and the last formula yields the first part of the 
lemma. Conversely, if (4.6) holds, let 


>» v| dy | 


then v, O(n) asn—> oo. Also n| dn | for n = 2, hence 


n n-1 n 


| ay | = Dv + 1) < + 
+ 0(S 2) =0(1). 


Thus > | | converges ; furthermore 


oo 
| a | =D — +- < Sv? — 1)7 
n 


n-1 
@) 
= 0(> = O(n"). 
n 
This proves the lemma. 
Lemma 3. Let A> 1, and 


(4. 7) Fn = 5n(A) = max |Su—sy|<y fornZN; 
< 


let 


Hi 


he 


bi 


: 
! 
nZ1; 
n 
n 
1 
I = 
( 


CONVERGENCE AND SUMMABILITY OF TRIGONOMETRIC SERIES. 


let N=u < v, and suppose that the sequence 


sin vt 
y 
is monotonic; then 
| — <j log — 
| vt | og U 
For the proof write 
Su SP u — 
+i3+2 
p=u+l u<v rU<Y NM-u<yv 


where p is the smallest exponent such that 
log v/u 


4, 8) v = 1. v ud*!, or 


To each sum apply Abel’s summation by part; thus if 


sinvt sin (v+ 1)t sin vt 
vt vt 
aly > (Ss: )A (8, Sv) 
vt vt t 


Here VN=b < c¢SAb, and (4.7) yields 


sin vt (b+  sinet sl 
‘ +; | 


vt (b+ 1)t ct | 


sin vt | 3y v 
- |< 3py < ——log-—. 
vt | logX u 


Lemma 4. For0 < (v+1)t < 2/2, 


sin vt sin vi sin (v-+ 1)t vt? 


4, 9 ) A - — 
vt vt (v+1)t¢ < 
and if vt > 1, then 
sinvt| 1 


Proof. We have obviously 


(v+1)t 
sin vt sin u— U COS U 
d 
vt 
vt 


but from the mean-value theorem 


sin u— U COS U 


< (1/3)u for 0 <Cu<7/2, 
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n ct | 
- 3y, 
hence, in view of (4.8) 
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(v+1)t 
0<A < (1/3) J udu = (1/6) (2v + < vt?/2; 
vt 


for 0 << (v+1)t< 2/2. Furthermore for vt > 1, 
sinvé  sinvt—sin(v+1)?¢ , sin(v+1)t 


A 
vt vt v(v+1)t 
sin(v+1)t cos (2v+1)t/2 sin t/2 
 v(v+1)t vt 
hence 
sin vt ] 1 


5. We proceed to prove the announced results. 


Proof of Theorem 4. It is known [Zygmund, 5], that LZ-summability 
implies Cesaro-summability of some order ; furthermore by a known Tauberian- 
type theorem Cesaro-summability and (3.1) imply convergence.* This proves 
Theorem 4. 

Proof of Theorem 5. From (3.2) and (3.3) 


2n 2n 
| aw | == O(1) + Sa = O(1) + Sen = O(1), n> 
n n 
It now follows from Lemma 1 that } | av | = O(n), and from Lemma 2, 
n 


that Sy |av| = O(n). 


Now put 
~ ~ sin vt S sinvt 
t7F(t)=So+ du —l1 + Sa 
1 1 vt n+1 vt 
= 8, + 8.+ 83; 
from (3.3) S;=O(1) asn>o. 
From 
sin vt 
(5.1) < (1/6)r*t?, 


(1/6)# Sv (1/6) nt? > | av | = #?0(n?). 
Furthermore 


oo 
n+1 


on choosing n = [t] for 0 < ¢ < 1, our theorem follows. 


* A more general theorem has been proved by R. Schmidt in 1925. 


by 


F 
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Remark. We can replace the assumption (3.3) in Theorem 5 by the more 
general one: 


(5.2) Sav’ = O(1) as rf. 


We need only show that (3.2) and (5.2) imply (3.3); but this (and some- 
what more) has been proved in Lemma 2 of my paper [3]. Note also that 
conversely (3.3) always implies (5.2); in fact it implies: 


n 
> wr’ = O(1) uniformly for 0 <r <1 and for all n= 1. 
1 


This follows from 
n-1 


n 
avr’ = (1 — DS svr’ + sar", 
1 1 


and 
n-1 


n 
| |S S| + | | S 2 sup | sy | . 
1 1 


Proof of Theorem 6. Subtraction of the term $(u +1) sin¢ from (1.1) 
shows that we can assume without loss of generality: 1 = — u=0; we shall 
prove then that 

lim inf = —u. 


t)o 
We write 


sin vt n sin vt gin vt cos gin vt 
— = TH+ —1)+ 3a, + Ya 
1 vt 1 1 vt n+1 vt Kn vt 
m2, + 2,4 
where n and x, > n + 1 will be fixed presently. 
To a given positive e< 1 choose N, = N,(e) > 2 so that 
(5. 3) —u—e<Z4,<ute forn2N;; 
by (3.7) we can choose A = A(e) and Nz > N, so that 


max | sp—sv| fornZ=N,, 
< 


From (5.1) and lemma 2 


Z,| Dv | a | S Sv | av | = ; 
1 1 


similarly, 


|Z;| St? Sv" | av | as n—> 00. 


‘n 


1 
ity 
n- 
reg 
n n 
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We now choose a positive t < «/Ns, and put n = [et-*], so that 
N2—1< 
Furthermore put x, == [2e7¢-"], so that 
nS < — 2 < —1 S 
it then follows that 
(5. 4) Z, =cO(1) and Z; = «O(1) astJ 0. 


It remains to estimate Z,; subdivide the range n < v <'xy into consecutive 
parts in each of which (sin vt)/vt is monotonic. The function (sin) /z is 
monotonic between two consecutive roots of the equation x cos « — sin + = 0; 
denoting the positive roots by 2 %2, %3,: we have ty ay, where 
0 < ay < 2/2. The sections for the index v are 


Denote the number of these sections by p, then p is the smallest integer such 


This yields 
(p—1)2r < 2e",7 p—1< 2/r-e",” < 
We next estimate the corresponding partial sums: 


t 
[et] <p <p 


To this end we use Lemma 3, which yields with y = & log A, 


a] | 9.9 [x,t] Q 2 9 2 Q 2 » 


Similarly 


| Sn2| < 3e? log [at] < log = log log 5; 


and the same estimate holds for - Thus, as p < 
(5. 5) | Ze | < {log + log 5} < 3e {8x7 + 2 log 5}. 


Collecting the estimates (5.3), (5.4), and (5.5), we get 


lim inf (1) = —u—eO(1); 
110 


ve 


that thus < «n—1, and << a(t) 


so 


Le 


bu 
an 
is 
= 

{6 
By 
th 
(6 
Fu 


‘ive 
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ich 
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but « is arbitrarily small, hence 
lim inf ¢?F(t) = —u, 
t 
and similarly 
lim sup (7 F(t) S wu. 
This proves Theorem 6. This in turn yielded Theorem 6’, a generalization of 
which is: 


THEOREM 6”. Jf (3.2) and (3.1) hold, then the Abel-summability of 
Sa, implies its L-summability. 
By a theorem of R. Schmidt, Abel-summability and (3.1) imply con- 
vergence, and Theorem 6” now follows from 6’. 
Note also that (3.1) is more general than (3.7). 
6. Proof of Theorem 7%. We introduce the function 
on sin2t  & 1 1 sin nt 
h(t) = > —sin nt = (1 — (1/log 3) )\——— + — 
so that 
1 1 


= log n log (n+1) 
Let forn = 1 


] 

~ log (n + 1) 
hence 
(6.1) A,— 1, and (An —1) 
Furthermore 

(6. 2) On ,asn—> 


log n- log (n+ 1) log? 
and from > a, < © it is easily seen that 
1 
(6.3) t*h(t) 
We write 
(n+p) =8, s+B=S', Qn+ Vay 
then from (3.8) and (6. 2) 


(6. 4) > ( “a a’y) = O ) 


n n V log* Vv 


= O(n") + ) n—> ©. 


log? n 
Furthermore from (3.9) and (6.1) 
9 


| 585 


586 OTTO szASz. 


(6. 5) lim sup (s’n — s’) log n = B= (n— p)/2 =o, 
n->0O 
and 
(6. 6) lim inf (s’n — s’) logn = p— B= — a. 
n->0O 


We now consider 


F(t) + Bh(t) = Ss (a’v/v) sin vt, 


and write 


a’y(sin vt) /vt — s’ = a’y(sin vt) /vt — s’) + U,+0.+0;. 
1 1 


n+1 1+Kn 
We choose an r such that 


C>1, ia 
to a given t < } choose 


(6. 7) n==[t"], hence 1 << t?—1l<nSt', 
and let 
(6.8) x, —=([t-], hence n+-1514+¢° 


forti<t(8) <<}. Now 


n-1 


(6.9) U, => (s'v— 8’) A(sin vt) /vt + (s’n — 8’) (sin nt) /nt 
1 
+ s’((sin t)/t —1), 
and from (3.9) and Lemma 4, 
log v log n 
thus from (6. 7) 


Next from (6.4), (6.5) and (6.6) by Lemma 1, 


le ©) 
(6.11) |Us|<t? | = =0(1) as tL 0. 
Finally 
(6. 12) > (s’v — 8’) A (sin vt) /vt + — 8’) (Sin Knt) /Knt, 


n+1 


and, using (4.10), (6.5) and (6.6) we get for t < to(e) 


Dal < (0+ + (3 


mivilogv log kn 


th 


(¢ 
a 
— 


U;, 
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thus from (6.7) and (6.8) 


1 2(o +e) 


log (n + 1) log (n + 1) 


(6.13) |Usz|< 


++9 
3 
+ (o + e) (log log t-* — log log t*) 
3 
< (o + logr. 


Hence, « being arbitrarily small, 


but r is arbitrarliy close to 8" so that 


lim sup | U. | Solog = p) logs", 


0 


and, in view of (6.10) and (6.11) 


a 
lim sup | a’y(sin vt) /vt — 8’ | $(n — p) log 
or 
lim sup | (F(t) —s + Bt*h(t) —B | S $(q—p) log 
tlo 


Now (6.3) yields 
—43(y—p) log = lim inf(t’ F(t) —s) S lim sup F(t) — s) 
0 t 10 


<4(n—p) log 
This proves Theorem 7. 


7. We proceed to prove Theorem 8. It follows from (3.11) and (3.12) 
that O(n'~), and from Lemma 1 that | ay | < and that (4.3) 


= 
holds. We write as in Section 6. 


vt) /vt— (S.a’y(sin vt) /vt — 8’) + + U,+ U.+ Us, 


where now, using (6. 2) 


= + = Sn w/log (n 1), sf =S ®. 


lim sup | Sologr; 
1 1 n+1 1+Ky 
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In the first place from (6.9) and (5.1) 

SB | | | a(sinvt) + — | 
now (4.9) yields 


n-1 


1 


—s’ | vl? 


n 
| + | | + nt? > | s’v—s’ |. 
1 


But from (3. 12) 


On => | — 8’ | = o(n/logn) asn> 


hence 
(7. 2) |< |sn—s’|+|s’| o(n?fogn) asn—> 
To a given e > 0 choose N(e) such that 


| — 8’ | < e(n/logn) for n > N(e). 
1 


Denote by vy the number of those indices vy =n for which 


then 
| , , 
e(n/logn) > | s’v—s’ | = evn, 
1 
hence 
Un < (n/log n). 
Thus: in the interval 1, 2,- - -, there are at least n(1 —1/log n) indices for 


which | s’y — s’ | <. Choosing now t < ¢)(e), we can always find an n in the 
interval {1 << n < 2t* for which | s’, —s | < «, and from (7. 2) 


(7.3) |U,|<e+o0(1), ast 0. 


Next from (6.12) and (4.10) 


Kn 
n+1 


We now choose an r such that r8>1, and a x, >n-+1 in the interval 


t-" < Kn < such that | s’x, | << Then 
1/xnt | 8x, —s | << =o(1). 


0] 


in 


| 
( 
tl 

: 


(7. 
and (3.12) by the 


(7.7) 


then write 


av (sin vt) /vt 
1 


(7.7 


or, 


Thus: 
indices for which 


rval < OF", 


Also, from (7. 1) 


(Cf. the estimate in (6.13)). Thus 


(1. 


Finally, as in (6. 11) 


Summarizing, 


If we replace 


If i, is the number of those indices v 


) for a constant y 


! , 


O(n/logn) as 


— 


for any » > N in the interval 1, 2.- - 


| 


as 


= vt) —s) 
1 


n for which 


n 
y(n/flog n) > S| sv —s | = etn, 
1 


Sy 


in << e€'y(n/logn) < n/3 for n > N(e). 


O(t?) + n) < «+ 0(1) 


Ov On CK, 
(v+ 1) n+1 Kn 


= (> 1/v log v) + 0(1) = 0(1), 


|==0(1) ast 0. 
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= for every positive 8 <1, asn—> 


IIV 


as 0. 


(7.3), (7.4), and (7.5) yield, letting «| 0, Theorem 8. 
(3.11) by the sharper assumption: ’ 


e, then by 


-,n there are at least [2n/3] 


We then find as in (7.2) with an n in 


Kn Kn-1 
n+1 n+1 V 
m4) 
(7. 5) 
Kn 
2n 
aa weaker assumption 
1 
Kn 
+343= 
n+1 1+Kyn 
for 
| 
_ 
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Similarly 
| Ve | < + O(1/log xn) + 1/v log v) 
n+1 


< «O(1) +0(1) + of dx/zx log x) 


< <0(1) + 0(1) + O(1) logr, 
and 
Vs = tO (xn) = 


We now choose r—1-+., and (1+ c)8>1,i.e. 8 >1/(1+.€). Then a 
0, 


iim sup | a>(sin vt) | S O(1) + O(1) log (1+). 


This gives, letting « | 0, 
THEOREM 8’. If (7.6) and (7.7) hold, then LSia,=—s. This is an 


analogue of Theorem 7’. 


(Added March 1942.) 


In Theorem 8 we can replace assumption (3.11) by assumption (3. 8). ' 
We need only to show that (3.8) and (3.12) imply sn = O(n'~). We have ff 


from (3.8) 
av|—a) v(lav|—a) SE (24n (| av| — O(n? 
1 k=0 2-k-1n+1 k 2-k-1n+1 
== 0(n?~), 
and from (3. 12) 
n 
| sv | = O(n), asn— o. 
1 


Put non = > sy, then on = O(1), and 
1 


non — (n + 1) 8, = — (a, + S v(| av | —ay 
1 


hence 
(n 1) Sn > 


Furthermore 


n 
Sn == On — 2 (oon on) n-} >> (Snav Sa), 
p=1 


*¢,,C.,- - - are constants. 


J 


Kn 
1 

sé 
4 
A 
th 
de 

n 

< c,n?*, asn—> 


1 as 
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and 


n+v 


n+1 


hence 
Sn < cgn?, 
which proves s, = O(n'~). The rest of the proof remains unaltered. 
Accordingly in Theorem 8’ (7.6) can be replaced by: 
2n 


(| av | —av) = O(n'*) for every positive §< 1, asn—> 


n 
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REPEATED LINEAR FACTORS OF FORMS.* 


By RuFrus OLDENBURGER. 


1, Introduction. We consider a form ¥ of degree n, given by 
F =D Te, 
1 


where the a’s are elements from a given field K, and are understood to be such 
that any permutation of the subscripts of an element does not change the 
value of the element. 

With # is associated the completely symmetric n-way matrix @ = (aij. x), 
unique if the characteristic of K does not divide the multinomial coefficients 
in the expansion of (4; -+-- +--+ 2m)". It is assumed in this paper that the 
characteristic of K has this property. We can arrange the elements of @ in 
ordinary 2-way matrices Co, Z,,- - -, @n, where for each o the matrix Co is 
obtained by choosing o indices of @ for the multipartite column index of Gz, 
and the remaining indices for the multipartite row index of Cc, the values of 
the indices varying in some prescribed order. Thus the values of o indices 
of @ vary with the columns of Co, and the values of the remaining indices 
vary with the rows. 

The matrices Cy, (,,- - -, Qo have been used by Walther Mayer, Thrall 
and Chandler, Hitchcock, the author, and others. These matrices are of some 
importance in the theory of forms because their ranks are invariant under non- 
singular linear transformations on the variables in #. The rank of CZ, hasa 
simple interpretation in that it yields the number of essential variables in G, 
where it is understood that r is the number of essential variables in ¥ if § 
cannot be brought by a non-singular linear transformation into a form §' 
with less than r variables. In the present paper we shall show how these 
matrices and their ranks are connected in a direct and very simple way with 
the linear factors of # and their multiplicities. We shall prove that F hasa 
linear factor £ repeated r times if and only if £*** is a covariant construc 
tible from the matrix Qn-rs1- 


2. Matrices and derivatives of F. Except for rational factors all s-th 
derivatives of F are of the form 


m 
(2.1) 2; Gre... * UB, 
1 


1 Received June 14, 1941; Revised Sept. 5, 1941; Presented to the American Mathe- 
matical Society, September 2, 1941. 


592 


[ 


th 


REPEATED LINEAR FACTORS OF FORMS. 593 


where 7 is a fixed set of s indices of @. The matrix of the forms (2.1) is Qn-s. 
We have the following lemma. 


LemMA 2.1. The form § has the factor 2," if and only if An+. E=—0 
has each vector = (€a...8) as a solution where é is a vector with &..3=—0 
when at least one subscript is 1. 


Lemma 2.1 follows from the property that if # has x," as a factor the 
derivatives (2.1) with s vanish identically in z2,- - when we 
set x, = 0, and conversely. 

In the following corollary “ singular on its columns” means that the rank 
of Gn-ri1 is not equal to the number of distinct columns in the most general 


matrix of the type Gn-r.,; that is the column rank is not a maximum. 


Corotiary 2.1. Jf F has a linear factor repeated at least r times the 
matrix An-r., is singular on its columns. 

We consider the equation py = 0 where the column vector 7 has p indices 
a,8,° * *,y varying in the same manner with respect to the rows of 7 as the 
column indices of Gp vary with the columns of Zp. We write » as (nag...y); 
and assume that (yag...,) is completely symmetric when considered as a p-way 
matrix with the indices a, 8,- --,y. We introduce the form #p given by 


™ 


(2. 2) > By 
1 


The forms {¥p} obtained by taking the various solutions {y} of Apy—=0 
form a linear space of forms, which space we shall denote by dp. 

The direct product of spaces D and @ is obtained by multiplying all 
elements in D by the elements in@. A space D is understood to contain a 
space B if B is D or is a subspace of D. 

If ¥ has 2,” as a factor, by Lemma 2.1 the space dn-r.. contains the 
space of all forms in , of degree n 1. Since is a factor 
of ¥, by the same lemma the space J of all forms in p2.- - -, mm of degree 
n—r+2 is contained in 3yr,.. Since J contains the direct product of & 
by the space of all linear forms in po,- - -,pm the following theorem is 
suggested. 

THEOREM 2.1. If ¢ > p and the space Sp has dimension at least 1, the 
space Bo contains the direct product of the space 3p and the space of all 


forms in pm of degree o—p. 


We can write the matrix Cp as 
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where the é’s are column vectors with n — p— 1 indices varying with the rows 
of these é’s, while Zp, is given by 


Theorem 2.1 follows from the relation indicated between Zp and Cp,,. 


CoroLnary 2.2. If the matrix Cp is singular on its columns the matriz 
Co is singular on its columns for each o such that o > p. 


3. Adjoints and linear factors of forms. We consider any form written 
as (2.2) where (mag...y) is completely symmetric and not zero, and we con- 
struct a form Yp of degree p given by 


m 
Gp dar... yWaWn* * Wy, 
1 


where the coefficients (@an...y) in Yp are the elements in a solution (dan...y) of 


(3.1) (3 


and further (¢aa...y) is understood to be a completely symmetric p-way matrix. 
If (dan...y) #0, we say that Bp is an adjoint form of the form (2. 2). 

The forms of type 8p which are adjoints of forms in the space dp form 
a space Jp of forms. We term %p a p-adjoint of ¥. Under a non-singular 
linear transformation bringing ¥ into a form #’ the forms in Jp ‘ransform 
covariantly into the p-adjoint forms of ¥’. For this reason we write 2; in 
place of w; for each 1. 

In the following theorem “ non-vacuous”” means “contains a non-zero 


form.” 


THEOREM 3.1. If p is such that the space Jp is non-vacuous, for each « 
greater than p the space Ja is non-vacuous. 


If Fp is non-vacuous there is a p-adjoint 8p in Fp related to a form Fp 
in 3p by the equation (3.1), where Fp+40. For (3.1) to have a non-zero 
solution (¢an...y) it is necessary that the rank of the matrix Mp be less than m 
where Mp is an ordinary 2-way display of the symmetric p-way matrix (7ag...y) 
obtained by letting a be the row index of Mp and B,- - -,y the multipartite 
column index. It follows that Fp is a form in r essential variables, where 
r < m, which can be reduced by a non-singular linear transformation to a form 
in r variables. We may therefore assume to begin with that #p is a form in 
‘pr. By Theorem 2.1 the form is contained in where isa 
linear form in p,,° * *,pr not identically zero. If we construct the matrix 
How of LF» which corresponds to Mp for Fp we find that Mp,, is at most 
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of rank r. Since Fp+0 the matrix Mp,, is not zero. It follows that we 
ean solve the analogue of (3.1) with Fp,,.=LFp and GHp,, replacing Fp and 
$, respectively, and obtain ‘an adjoint Gp,, of LF p. 

We remark that the linear space of forms {4p} adjoint to a form Fp is a 
space of dimension m—r, and that the linear space of forms {%p,:} adjoint 
toLFp is of dimension at least m —r. 


THEOREM 3.2. The form ¥ has £ as a linear factor repeated at least r 
times if and only if the space Fn-ri: contains the form £"**, and all forms 
of which £"-"* is an adjoint are contained in Bn-rat. 


Theorem 3.2 follows from Lemma 2.1 and the relation (3.1), with 
p=n—r-+1, defining 

It is evident that if #? is contained in Fp, the form &o is contained in To 
for o>p. That Jp exists when Jp exists was already brought out in 
Theorem 3.1 above. 

A form $n-_+., is the (n ——r-+ 1)-st power of a linear form if and only 
if the analogue of @, for 9,_,,, has rank 1. Thus the multiplicities of the 
linear factors of ¥ can be expressed in terms of ranks of matrices of adjoints 


of F. 


4. Determinants. If 9, is a quadratic the condition (3.1) is one satis- 
fied by the classical adjoint of (2.2), as defined in the literature, when the 
quadratic form (2.2) is singular. In this section we shall show that we can 
associate a space of forms with ¥ defined differently than Fn. such that 
this space contains the form ¥"-"*! if F has the factor ¥", where ¥& is linear. 
Although this definition has the disadvantage that Theorem 3.2 must be 
modified to obtain a substitute in terms of this space, on the other hand the 
forms in this space are closely connected with higher dimensional determinants. 
If the forms in dp are singular in a certain sense the space Jp is a subspace 
of a space to be defined here. 

We replace condition (3.1) by the condition 


m 


(4.1) (> = (Sak), 


Where (8g¢) is the Kronecker delta whenever there is a non-zero completely 
symmetric solution (dzg...y) of (4.1) with (8¢) as the Kronecker delta. 
If there is no completely symmetric solution (dgg...y) of (4.1) with (&¢) as 
the Kronecker delta, it will be understood that (d¢g...7) is the completely 
symmetric solution of (4.1) with (8&¢) 0. We shall consider forms {9p} 
so defined. 

We apply to (2.2) the non-singular linear transformation pa = Xbaivi, 
and the contragredient transformation to a form 9p defined as in the preceding 
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paragraph. We let the new forms be designated by ®@ and 3 respectively, 
The matrix for @ and 3 corresponding to the left member of (4.1) for (2. 2) 
and &» reduces after some preliminary computation to 


(Mia) = Bea), 


where (Bégq) is the inverse of (bai). By (4.1) we have 
(4. 2) (Mia) = (Sia). 
Thus 9p transforms contravariantly. 

We let the form (2.2) be an arbitrary form of even degree. In what 
follows we assume that all indices are signant in the higher dimensional 
determinants involved. We replace each element by its cofactor in (nag...y). 
We thus obtain a matrix (Meg). If «—é the sum 


(4. 3) nap...y AEB... 


is the determinant A of (nag...). If the sum (4.3) vanishes. Thus 
= (Meg...) /A satisfies (4.1) when It is readily seen that 
if F has the factor #", linear, the form ¥"-"*' belongs to the space of forms 


m 
1 


obtained by letting (2.2) vary over the forms in ee 
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SOME PROPERTIES OF BANACH SPACES.* 


By D. G. Bourcin. 


1, Introduction.t This paper is concerned with various topological 
characterizations of Banach spaces and their subsets [1]. The main concepts 
are those of the weak topologies, weak compactness and completeness of order 
N., the property (Q@), weak convergence, the generalized Helly property and 
reflexivity. 

We indicate briefly some of the conventions we shall use. The sphere of 
radius M, {x | || x || = M} is denoted by MS. The symbols 2, f (or F) and « 
always refer to elements of the Banach space F and its first and second con- 
jugate spaces, /* and L** respectively. The letters w, w* connote the weak 
topology of a space as elements and as functionals respectively [2,3,4]. The 
generic w(H) neighborhood of breadth of the element is U (20; f1,-- fn; €) 
=f", The typical w*(H#*) neighborhood of fo of 
breadth is {fo| | f(z) — f(a») | Where a 
set may have several limits, these are sometimes referred to as cluster points 
[5]. The term sequence implies denumerability of a collection. A family of 
non null closed sets has the finite intersection property, abbreviated F. I. P., 
if the intersection of any finite number of the sets is non empty. The symbol 
gis used for the null set; 6 and 6* denote the zero elements in # and E* 
respectively; ==> is the symbol for implication and I is the unit interval 
0<t=1. We employ ( ) and [ ] to distinguish between single valued and 
multiple valued functions. Thus, j(y,) is the unique value of 7 determined 
by a given y and » while p»[y] is a typical element in a set determined by y. 
A is the complement of A. Compact is used in the sense of the older term 
bicompact [5]. Sequential w(H#) (conditional) compactness of A requires 
that any sequence {z"} C A contains a subsequence converging weakly to an 
element in A(#). A set is compact of order &, if the F. I. P. for any family 
{Aa} of closed sets, of power at most Ny, implies (jada ~¢. For No we 
have countable compactness. A set of the form Hy = {x | fy(r) = dy} is a 
section and A is w(F) sectionally (convex) compact if the w(A) closed sets 


* Received April 10, 1941; Revised July 26, 1941; Presented to the American Mathe- 
matical Society, May 2, 1941. The principal results of this paper are stated in D. G. 
Bourgin, “Some properties of real linear topological spaces,” Proceedings of the 


National Academy of Sciences, vol. 27 (1941), pp. 539-544. 
Numbers in brackets refer to the bibliography. 
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in the definition of compactness are restricted to the form H* A (convex sets) 
while the restriction on the cardinal numbers of the family is dropped. German Ff 
capitals denote directed sets, thus 21 = {A,>}. Where the meaning is plain f 
we often write {z*} for {a*| aeM} or {a*| WM}. If is uniformly 
bounded for each ae % and for each Fe H*(E), F(z*) converges to a real 
number dr in the Moore-Smith sense [6], then {z*} is a Cauchy system. For f 
dp = F(z), {z*} converges (w*(E£*)) to the w(F) (w*(£*)) limit 
If every Cauchy system in A C # with 2 arbitrary and of power S Nz is w(£) 
convergent to an element of A, then A is w(#) complete of order No. Let 
{f' | le L}, where L has power Na, be a fixed family in Z*. If for every f « H* 
there is a directed set %; whose elements are members of LZ such that 
{f* | ae U;} is w*(E*) convergent to f then {f'} is w*(H*) c-dense of order &,, 


2. Preliminary lemmas. 


Lemma 1. If Ap= Ap, ;, where is w(E), (w*(E*)) closed and 
Nu ts finite, and if {Ay} has the F.I. P. then for each p one can choose Ap, jw, 
a set in {Ayj} so that {Ap has the F.I. P. 


This lemma is essentially a special consequence of Zorn’s lemma and is f 
originally due to Wallman [7, 8]. 


LemMMA 2. The collection of all sections constitutes a sub-basis for w(E) 
closed sets. 


If A is w(£) closed, 


Here fp,jx—=— fps and = {x | —fps(%p) = ep}, 
Evidently is a convex, closed set. 

Lemma 3. For bounded sets the w(E) (w*(E*)) topology is equivalent 
[9, p. 55] to that defined by w(F) (w*(E*)) convergence. 


This result is obvious. We observe further that an unbounded set A may 
have a w(E) (w*(£*)) limit which is not a limit of a w(E*) (w*(#*)) con- 
vergent system contained in A [4, p. 380]. 


3. Property (Q). 


TueoreM 1. Let {f#| we U1} have 6* as a w*(E*) cluster point, and let 
A be w(E) compact. Then for arbitrary eX and « > 0 there exists a finite sel 
Nj such that p(j,p) +pand A =UN#U(8; fam): od. 


( 
= H;,p. | 


2k. 


ont 
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If then U(6*;2’;¢) contains {f#’ | cofinal in 2%}. Hence 
| fe” (2’) | < for some p” with py’. That is to say 2’ « U (0; fH"; €). 
Hence 


(1) pra} 04, 


and since A is w(#) compact the open covering in (1) may be replaced by a 
finite subcovering and this is the assertion of the theorem. 

We shall say that A has property (Q) if, whenever {fv | we WU} is w* (E*) 
convergent to f., then for arbitrary je 2, and « > 0 there exists a finite set 
ta, such that A— (9; 
—fy;«)A. If the property (Q) holds for w*(H*) convergent systems of 


power < Na we write property Qa. Evidently Theorem 1 may be extended to 
assert that w() compactness of order Na implies property Qa. 

In the expression for property (Q) assume that ¢ is replaced by eg, A 
by S and ¢; > 0 in the sense of Moore-Smith convergence. We define By,;,1 by 
By j p= So {x | (x) = fy (xy) ea}. The following theorem is 


used in the proof of Theorem 22. 


THEOREM 2. Jf S has property (Q) then NeUNy« By,j,, = K+, where 
Ky = Sa {x | fy(x) = fy (ty) + ey}. 


Let z’« K.,. For fixed ~, property (Q) implies that for some 7, denoted 
by J, 1 = = Ny, it; 
(2) | — (al) | < 


that is to say either > fy(a’) or = fy — fre (a7) = 0. 
On making use of the definition of K., it follows that fre (2’) = f,(2ry) 
+e,—«q. Hence 


Denote the left side of the theorem’s asserted equality by Py. That 
P, > Ky follows from (2.1). Suppose that 2) « P.; then, by the definition 
of B.,;,7, for each there is a value of j, denoted by y),1 SJ (a, y) S 
such that 
(2.2) (a) = fry (ey) — 


For arbitrary 8, exists such that | <8 for all 
and Since p(J(a,y),@) +a (Cf. (Q)) the set {u(J (a, y), } 
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is cofinal in and accordingly | (29) — fy(ao)| < < 8 for all 
p Hence (2. 2) implies fy = fy(ay) + ey or % K, and Py C Ky. 


THEOREM 3. Let C(B) be the Banach space of continuous functions 
«(b|B) on the compact Hausdorff space B. Let V be a bounded subset of 
C(B) with property (Q). If {a+ | %}C V converges pointwise for the set T 
dense in B then it converges pointwise (on B) to xo(b) « C(B). 


Let y(b | 7’) denote the limit function of {a7 | 9%} on 7. We must show 
(a) that y(b| 7) may be extended to the continuous function y(b| B) and 
(b) that {xz*(b | B)| converges pointwise to y(b | B) = (b | B). Suppose 
boe B—T and let {b, | by « T, ye G} converge in the Moore-Smith sense to by. 
If (a) is untrue, for some « > 0, there are sets @’ and &” cofinal in G such 
that for each y’ there is a y” = y’(y’) with y” y’ for which, 


(3) | y(by) —y(by)| >e 
Now 
(3.1) | y(by) —y(by)| S | y(by) — | 
+ - - (by) | | (by) —y(by)| . 


Evidently x(b,-) —x(b,") =f" (2) is a linear functional on C(B). Since 
( | c(by-) —2x(by)| / sup | 2(b)| ) S2, it is clear that {f”’} is uniformly 
beB 


bounded and is w*(C*(B)) convergent to 6*. Property (Q) implies that there 
is a cofinal set G’” in @’ such that | f’’(a*)| < ¢/3 for a set UW, (associated 
with each y’” e @’””) cofinal in &%. By hypothesis the first and last absolute values 
on the right side of (3.1) are dominated by «/3 for a }a . Thus for 
{a | ae Uy, @ > do} the left side of (3.1) is inferior to « in contradiction with 
(3). Hence y(b) converges in the Moore-Smith sense and we denote the limit 
by y(bo). That is to say the extended function y(b | B) is continuous. 
Assume that (b) is false. Then for some set %’ cofinal in % 


(3. 2) | —y(bo)| for all ae W’. 
Now 
(3.3) | —y(bo)|S | 2*(bo) —27(by) | 
+ | 22(by) —y(by)| + | y(by) —y(bo)}:- 


By the continuity of y(b|B) we have | y(by) —y(bo)| <«/3 for y ty. 
Now F’(z) =2(b,) — (bo) is a linear functional and {F} converges 
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w*(C*(B)) to 6*. Thus | 2*(bo) —2*(b,)| < «/3 for ye @, cofinal in & 
and ae Wy cofinal in Let y, ¢@, with > yo and choose Ge Ay, so that 
| 2*(by,) —y(by,)| < «/3, then for a= 4d the left side of (3.3) is dominated 
by « in contradiction with (3.2). (The boundedness condition on V is super- 
fluous in view of Theorem 8). 

The following two theorems are stated without proof by Sirvint [10]. 


THEOREM 4. AC C(I) its w(E) sequentially, conditionally compact if 
and only if A has property (Qo). 


THEOREM 5. For separable E, AC E is w(E) sequentially, conditionally 
compact tf and only if A has property (Qo). 


Since we make use of these theorems it seems worth while to give proofs. 
Suppose that either necessity assertion is false. Then for some sequence {f"} 
converging w*(H*) to and some and we can find to satisfy 
meUr_- U(6;f*;«). Let z be a w(£) cluster point of {a"}. Manifestly we 
can select f", m>*n, from {f"} and 2?, p>m, from {2"} to satisfy 
| (20) | «/2 and | <«/2. Hence | f"(2?)| <e in contra- 
diction with the definition of 2”. For the sufficiency argument in Theorem 4, 
we take 7’ in Theorem 3 as the set of rational points «J. If {a"}C A, an 
obvious application of the Cantor diagonal process yields a subsequence {2*(t) } 
converging pointwise on 7. By Theorem 3 {2"(¢)} converges pointwise to 
y(t)eC(I). Since w(H) sequential convergence is the same as pointwise 
convergence in C(I) [1, p. 134], the proof of Theorem 4 is complete. 

Concerning Theorem 5: F is equivalent to EF, C(I) [1, p. 185] under 
the linear operator V. To every FP eC*(J) there corresponds an fe E* for 
which 


(5) | f(z) = F(y), 


where y = V (zx) and z, y belong to and respectively [1, p. 100]. Hence 
w*(C*(I)) convergence of {F"} implies w*(H#*) convergence of the corre- 
sponding {f"}. Hence property (Qo) for A implies property (Qo) for 
A, = V(A) and therefore by Theorem 4, A; is w(C(Z)) sequentially compact. 
let {2"} C A and {y"}'C A, correspond. We know that for some subsequence, 
P(y") + F(yo), ye V(E) [1; p. 57], for all F and therefore by (5) and 
[1; p. 188] f(a") + f(a), 2 E, for all f. Hence A is w(F) sequentially, 
conditionally compact. 
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4. w(E) compactness. 


THEOREM 6. (a) A is w(E) compact <=) A is w(E) convex compact: 


(b) A tis w(H) compact <=> A is w(E) sectionally 
compact. 


The direct implications are trivial. The inverse implication (b) 
includes that in (a) and follows at once from Lemmas 1 and 2. 


THEOREM 7%. If K is bounded, convex and strongly closed, then K is 
w(E) compact <=» K is transfinitely closed. 


The proof is a straightforward consequence of Theorem 6 part (a) anda 
result of Milman’s [11]. 


THEOREM 8. If A, AC E, is w(E) compact, convex compact or se- 
tionally compact of order &q or has property Qa, then A is bounded. 


If A were not bounded then we could find a sequence {2"} with 
| || Mn o. For some f, say fo, lim sup fo(z") = 0 [1; p. 80]. Thisis 
easily seen to be inconsistent with property Q> when the sequence {fo/N |J 


=1,2,---}— is used. 


THeEorEM 9. If AC E is w(E) compact of order &, then A is w(B) 
complete of order &a. 


Let {x# | eB} be an arbitrary Cauchy system in A, with B of power SX, 
Let Fi = {z" | >p} and write #7 for the w(A) closure. Then since {Fj} 
has the F.I. P. and A is w(/) compact of order Na, there is at least one 
common point, say 2. By the definition of a Cauchy system f(z") > 4, 
Hence for each > 0 pe such that | f(a’) —f(x”)| < for all successor, 


pw and to pe Let mer Then clearly {a} U (a; f 3%) 
where p, | ~. Thus {;} is a residual set [5, p. 10] in B. Manifestly, ther. 
every w(F) neighborhood of 2» contains a subset of {24} corresponding to: 
residual » set in B. This is precisely the condition for w(/) convergence to 1 


2 Theorem 6a is apparently known (at least under the superfluous restrictions on 4 
of boundedness and closure) and so is Theorem 7, However they are not given in tht 


literature. 
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(and the fact that # is a Hausdorff space in its w(Z) topology implies that 2» 


js a unique limit). 
5. Iterated limits. 


THEOREM 10. Jf (a) {f#} is total [1, p. 42] and (b) {2°}, peBW a 
directed set of power S Na, is contained in a w(E) compact (of order &q) set, 
and (c) f#(x°) converges in the Moore-Smith sense as a set of real numbers 
to f#(ao) for each p, then {x} is w(E) convergent to a». 


Let Ag be the w(A) closure of {2 | p +p}. Condition (b) implies common 
elements for {Aj}. Suppose that one of these common elements, say £, differs 
from Write for ({p | (a; f";«}, }) where we assume the ordering in 
%.to be consistent with that in W. Since Z is a w(/) cluster point XW, is cofinal 


in for every « > 0. This is possible only if = 0. However {f#} 
is total wherefore io. 


In view of Theorem 8, {z?} is uniformly bounded. We have yet to show 


that {a} is w(H) convergent to 2. If this were not so, then for some e > 0 


there would be a neighborhood U (ao; f1,- -;fn3¢) (fi need not be in {f#}) 
such that YW, ({p | (ao; -,fn3¢)}, +), under the ordering im- 


posed by is cofinal in YW. As a consequence of (b), | pe W,} has a 
cluster point, say z’. It then follows, just as for Zz, that 7» 2’. That is to 
say, for some pe we have | fi (x?) — fi(to)| < €/2, +, 0, con- 
tradiction with the definition of ¥&,. Hence Y8, cannot be cofinal in ¥8 and 


the theorem is established. 


Corotuary. Jf in Theorem 10, condition (a) is changed to (a’) 
{f'} C {f#} converges w*(E*) to fy and {f#} is total, the other conditions 
remaining the same, then LpLvf? (x?) = Lv (x?) = fo(to), where the limits 


are taken in the Moore-Smith sense. 


Corotuary. /f A isa w(E) sequentially compact subset of the separable 
Banach space E and if fi(a™) — fi(a), 7=1,° + + where {f} ts total and 
{a") CA, then is w(F) sequentially convergent to and re A.® 


Tueorem 11. Let M and B have elements a and b respectwely. If . 
contained in E, has property (Q) and if (a) {a*| C A converges w*( 


* The condition §, = &, in Theorem 10 implies that A is w(E) countably compact. 
However, by Theorem 13, this is the same as w(H#) sequentially compact. 
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to and (b) {f° | B} converges w*(E*) to fo then LeLaf?(a*) = (24) 
= Xo(fo), where the limits are taken in the Moore-Smith sense.* 


Suppose that the conclusion is untrue. Then 
(11) | Xo(f*) —Xo(fo)] >« beB’  cofinal in B. 


In view of property (Q) there exist b’ « B’ and a set My cofinal in Y such that 
| f°’ (a*) — fo(a*)| < for all ac My. For a a, | fo(a*) — Xo(fo)| <e/3 
by reason of (a). Again because of (a), | Xo(f’’) — f*’(a*)| < «/3 for some 
a’ ¢ Uy with a’ >a). On making use of the triangle inequality we derive a con- 
tradiction with (11) for b = b’. 


6. w(E) sequential compactness. 


THEOREM 12. If E is separable, AC E is w(E) sequentially compact 
and T = {F"} C E* is w*(H*) dense in E* [1, p. 124] then, (a) {Vn(20)}, 
where Vn(%) =A*U (a; F’,- - -,F";1/n), constitutes a neighbor- 
hood basis of x) and (b) A satisfies the second denumerability axiom. 


Suppose that (a) is untrue. Then there is a neighborhood U’ = U’(%, 
fn3€)°A not containing any neighborhood of the asserted basis. 
Hence for each n J °U’. A subsequence converges w(E) 
to Z since A is w(EH) sequentially compact. Moreover | F/(2"*—)| < 1/n; 
for j=. Hence Fi(a"*) — Fi(z,) for each 7 and by the second corollary 
to Theorem 10 £2. Accordingly U’ contains elements in {2} in contra- 
diction with the definition of {2}. 

Let the denumerable set {2} be strongly dense in A. Consider Vn(2»). 
Let 2” « satisfy || — 2 || < 1/2n max (|| Then 
it is easy to show that 2 € Ven(a”) C Vn(a%). Accordingly the collection of the 
bases for all elements of {2"} constitutes a basis for all open sets in A and is 
plainly denumerable. 


THEOREM 13. For subsets of a separable Banach space E, the concepts 
of w(E) sequential compactness and w(E) compactness and countable com- 
pactness are equwwalent. 


Suppose, then, that AC FH is w(H) sequentially compact and let 
{G"} be a denumerable open covering. If x"¢*_,G* then there is a w(B) 
cluster point 2%. If 7 «G™ then some w(H) neighborhood of 2» is included in 
G” and contains an infinite subsequence of {z"}, that is to say @™ contains 


*Condition (a) is to be understood in the sense that if Xe is defined by Xa(f) 
= for all fe H*, then {Xe} converges w* (H**) to xX): 
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a" where n’ > m which contradicts the definition of {2"}. On the other hand 
if A is w(#) countably compact, it has property (Qo), and hence, in view of 
Theorem 5, A is w(/) sequentially conditionally compact. In view of Theorem 
12(b) it now follows that w(#) countably compact sets are w(H) closed. 
Thus A is actually w(H) sequentially compact. 


THEOREM 14. Jf A, A C E,is w(F) compact of order Sq then A is w(E) 
sequentially compact, while if A is w(E) sequentially compact, then A is w(E) 
countably compact. 


Let {x"} be chosen arbitrarily in A and let Ey be the smallest closed linear 
manifold spanning {z"}. Write A, for A* Ey. If {Ao™} C A> is a sequence 
of w(Ao) closed sets with the F. I. P. then since Fy is necessarily w(#) closed 
[1, p. 5%] it follows that Ao™ is w(A) closed and (\mAo"™ +9. Therefore Ao 
is w(£y) countably compact. By Theorem 13, Ay is w( Hy) sequentially compact. 
Hence {x"*} C {2"} converges w(Eo) to Hach fe determines 
« such that f(x) = for Hy. Hence f(x") = f(x) and 
therefore is w(H#) convergent to Ay C A. 

The second half of the theorem is covered by the demonstration given for 
Theorem 13. 


7. The extended Helly property. The Helly theorem [12, 3’] provides 
a powerful tool for treating many of the problems of separable Banach spaces 
in a unified manner. It is therefore natural to attempt to remove the count- 
ability restriction. We show that the validity of a natural extension of the 
Helly theorem is closely related to the compactness and completeness charac- 
terizations central in this paper. By the extended Helly property of order 
%. for Z we shall mean that under the condition (H), | D¥,Ancu, | 
SM || ||, where {Ap,|t—1,---N} is any finite set of real 
numbers, the system f#(z) = cy consisting of at most Na equations has a 
solution z,« (M + «) S for each e > 0. 


THEOREM 15. If S is w(E) compact of order Sq then E has the extended 
Helly property of order No. 


For fixed « > 0 let Ap be the subset of (M + e¢)S consistent with the single 
equation f4#(2) —c#. Plainly Ay is convex and strongly closed and is therefore 
w(E) closed [13]. Moreover, {Ay} has the F.I.P. for Helly’s theorem 
guarantees solutions, interior to (M + «)S,« > 0, of any finite set of equations 
f(r) i—1,:--N, when (#) is satisfied. Since S, and therefore 
(M + ¢)S also, is w(/) compact of order Na, it follows that MpAp + ¢ which 
is tantamount to the conclusion sought. 
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THEOREM 16. If E has the extended Helly property for all orders then 
E is w(E) complete. 


Let {z* | 9} be a Cauchy system which is uniformly bounded by M. Let 
{f“} be w*(E*) c-dense in H*. Consider the system, 


(16) {(f#(x) =dy}, dy» =lim fy(2*). 
Now 
(16.1) SM Andy, | S | An (du, — fe (et) | + | fet (at) | 


For arbitrary 6 > 0 and prescribed Ap,, i—=1,- - -,N, we can choose e > 0 to 
satisfy « N max {Ap,} < 8 In view of the convergence of f#*(2*) to dy, for 
t=1,2,---,N, we can find a e% for which | Au, (du, — | <6. 
Hence the right side of (16.1) is dominated by 
sup | An | S 8+ M || SN Ap 

and since 86 > 0 is arbitrary, condition (//) is satisfied by the system (16). 
Accordingly a solution z, «(JJ + «)S exists, for each e > 0. Moreover since 
(f#} is obviously total, x, is independent of « and its uniqueness is connoted by 
writing 7). A familiar argument now guarantees that f(x) = lim f(2*) 
for arbitrary f. Indeed our previous reasoning shows that the augmented 
system consisting of (16) and f(x) = d; must have a solution which, plainly, 
is again 2. This concludes the proof. 


Corottary. If EF has the extended Helly property of order Sq and E* 
contains a total set of power Sq then S is w(f£) complete. 


The proof given above for Theorem 16 obviously carries over. 
8. Sets in E*. 


THEoreM 17. Jf C £* is strongly compact then is w*(E*) compact.’ 


Since metric compactness implies boundedness and bounded, w*(£*) 
closed sets are w*(H#*) compact [2, 3’] we need merely show that T is w* (/*) 
closed. Suppose that foe where T is the w*(#*) closure of T. Let 
U — {U*} be a w*(E£*) neighborhood basis at fo where » eM and the ordering 
in is given by p }p’ <=> U4 For each U* let be any element in 
Veal, Then {f#} is w*(E£*) convergent tof. In view of the total bounded- 
ness of I there is a closed sphere o, in T of diameter e, containing {f’ | p’ « W 
cofinal in 2%}. -Similarly o2 of diameter ¢/2 contains {f# | 
cofinal in Y{’}, etc. A unique element fe Tis defined by (non. For arbitrary } 

’ This theorem was suggested by somewhat similar results obtained by Kakutani 


for the space E. 
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and any finite collection i=1,---,n, 8= || fe—f || = | 
f (zi) | for all (8,{%}). Hence any w*(E*) neighborhood of f con- 
tains a sphere om {on} and this implies that f is a w*(E*) cluster point of 
{fe} and hence of {f# | 9} also. Since w*(#*) limits of convergent systems 
in the Hausdorff space #* are necessarily unique, it follows that f = fo. 

The following two theorems are generalizations of Banach’s Theorem 2, 
p. 213. 

THEOREM 18. Let T be a@ linear subspace of E*. A necessary and 


sufficient condition for T = E*, where Tf is the w*(E*) closure of T, is that 


for arbitrary x, f(x) = || x || for some f eT.°® 

Assuming 2 ~ 0, if f(a) =c=0 then (|| 2o ||/c)f =f and f’ (2) 
=| ||. If f(a) =0 for all f eT let with fo(2o) = || || [1; p. 55). 
However | —f(xo)| < for some feT, since £*, and accordingly 


we have the contradictory implication f)(z)) = 0. On the other hand assume 
that !' 4 #* under the condition stated in the theorem. Since I is a w*(E*) 
closed linear subspace it is also regularly closed [3]. Hence if f,<~T there 
exists an 2» for which 

(18) fo(t%o) =1 

(18.1) f(to) =0, 


Since || z || 4 0, by (18), it is clear that (18.1) contradicts the assumption 
that f(a) = || z || for some feT. 


THEOREM 19. Let T be a linear subspace of E* and denote by TY tts 
w*(E*) convergence closure. A necessary and sufficient condition for T’ = E* 
is that there exist a fixed sphere Ty = MS*©T such that for each x and some 
fe Ty, — || 

To establish sufficiency assume the conclusion untrue. Let fo be absent 
from IY. Then Fy = (fo / |\fo For bounded sets the w*(E*) and 


the w*(H*) convergence closures are identical by Lemma 3. Hence I’y is 


w*(E*) closed and is obviously convex. This implies that I’y is regularly 
conver [14]. Accordingly for some 2, 

®°The second condition in Banach’s theorem, namely that f(x) = || a@|]| holds for f 
restricted to MS**1T for some fixed M, is unavailable here. Indeed if we were to 
attempt to establish such a condition by the analogue of Banach’s demonstration of 
necessity, we should have, with = nS*,(),T,,C Uf, = and the inclusion may 
be proper (Cf. the comment on Lemma 3). Hence to preserve complete analogy with 
Banach’s statement a closure operation involving bounded sets alone, is required (Cf. 
Theorem 19). 
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| || = || Fo |] || | > sup f(a) = sup f(a). 
feu 


This contradicts the hypothesis of the theorem. 


The necessity proof may be obtained from the argument of Banach, pp. 


213-215, by formally replacing w*(Z*) sequential convergence by w*(E*) 
convergence. 


9. An example. Sequences ultimately of the form (z,2,z,-- -) are 
termed trivial. There is a classic example, due to von Neumann [4, p. 380] 
of a sequence in 7, with a w(F#) limit point which is not a w(J’) sequential 
limit point. This example pivots on the non-boundedness of the sequence. 
We propose below to construct a bounded w*(E*) set which is even compact 
and yet contains no non-trivial w*(H#*) convergent sequences. 

We first summarize in slightly different guise some known results [15, 5]. 
Let T;C I, t=1,--~- denote the set {t|(2k—1)/2*St < k/2} 
U {1} and write g‘(¢) for the characteristic function of T;. Let G = {9*(t)}. 
Then G is a sub-space of the Boolean product space I{y | t eI, = 0 or 1} 
denoted by 2!/|, which is the space of all characteristic functions 6(¢) on I. 
The generic neighborhood of is {6(t) | = bo(ti), i—1,- -- N}; 
Moore-Smith convergence of {b#(t)| « 2%} <=> Moore-Smith pointwise con- 
vergence of b(t); and 2!/I is a compact Hausdorff space. Hence G, the 
closure of G in 2!/|, is a compact Hausdorff space in which sequential conver- 
gence is equivalent to pointwise convergence. The elements of @ are denoted 
by g(t).? Finally G contains no convergent sequences [15]. 

Let C(G@) be the space of continuous functions 2(g) on G@ with the usual 
norm, namely || z || max |z(g)|. Define fy eC*(G) by fy(x) =2x(g), Cf. 

[3’]. Then | || | | sup | z(g)| 1. We assert that is 
a w*(E*) compact subset of S* homeomorphic to G. Evidently x(q) 
= 9(to) «C(G). Now {f,} and G are in onc to one correspondence for 
fo ~for => while if g we may choose so that g’(to) 
~ g(t.) and hence, if =g(to), x(g’) #x(g”) or finally fy ~ fo. 
We indicate the correspondence between @ and {fj} by fy =¥(g). Since G is 
compact and y is easily seen to be continuous it is clear that w defines a homeo- 
morphism. Hence {f,} is w*(#*) compact. 


7 The writer conjectures, incidentally, that the effective definition of an element of 
GoG (in Sierpinski’s sense) is tantamount to the effective construction of a non- 
measurable (Lebesgue) set. Since this was written Professors Kakutani and LEilenberg 
have communicated a proof to the writer which shows that such elements are charac- 
teristic functions of non-measurable sets. 
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Suppose that {/,,} is w*(H*) convergent to {f,,} for a non-trivial sequence 
{gn}. This implies that r(gn) 2(go) for all zeC(G), and in particular 
for each x of the type «(g) = g(t) for an arbitrary fixed teZ. Thus {gn(t)} 
would be pointwise convergent to go(t) which is impossible since G contains no 
non trivial convergent sequences. The set {f,} defined above is then an 
example of a w*(H*) compact set which contains no non trivial w*(H*) 
sequential limits. 


10. Reflexivity. The results in this section are consequences of the 
foregoing work and involve reflexivity of the Banach space EF. 


THEOREM 20. If EF is reflexive then E has the extended Helly property 
for all orders. 


This is an immediate consequence of Theorem 15 and the fact that 
reflexivity implies w(#) compactness for S[16]. 


THEOREM 21. A necessary and sufficient condition for E to have the 
extended Helly property is that E be reflexive. 


According to a result of Goldstine’s [17], w(#) completeness implies 
reflexivity. The present theorem thus follows from Theorems 16 and 20. 


CorotLary. If E has the extended Helly property of order 8g and E* 
contains w*(E*) c-dense set of power Nq then E is reflexive. 


This is an immediate consequence of the corollary to Theorem 16 and 
Goldstine’s theorem quoted above. 


THEOREM 22. If (a) Sis w(E) compact of order 8, and (b) E* contains 
aw*(E*) c-dense set of power S Na, then E is reflexive.® 


Let Ug. = {U#(0*)| we UX} be a w*(H*) neighborhood basis at 6* with 
<=> U4. The basis U, at is obtained by a translation of Ug. 
preserving order, of amount f,. Let {f'} be the w*(H*) c-dense set of power 
%,. With each U# « U., associate an element f’“« {f'}. By condition (b) such 
elements exist and may be chosen so as to be uniformly bounded. Then 
| we — fF, in the sense of w*(£*) convergence. 

Consider the family {Aq} of w(S) closed sets with the F. I. P. By Lemma 
Ki,p.a = Hi,pa% where k depends on panda. Hence, 
by Lemma 1, we can select a family {Kicp,a),pa} with the F.I.P. In the 


® The topological nature of the proof is perhaps of greater interest than the theorem 
itself. The writer has recently observed that an alternative proof follows easily from 
some results of Alaoglo on characters of certain subspaces [2]. 


. 


610 D. G. BOURGIN. 


interests of simplification we replace the ordering according to p and a by an 
ordering according to y and write K, for Ki:p,a),pa. The crux of the proof 
lies in establishing that [Jada + 

In view of Theorems 1 and 2, = UNV We apply Lemma 1 


again and obtain the family {B,,,} with the F. I. P. where 
By = By, = {2 | (x) = fy (ty) + ey — ep} 98. 


The various values of »(j(y,), @), for which the associated fV#(J(7)™ js the 
same element of the well ordered collection {f'}, are identified and their 
succession is determined by their position in {1}. They are now given a natural 
ordering by v,v=1,2- - - < a, preserving this succession. 

We well-order the pairs (y,~@) and denote the typical ordered pair by w. 
Let dio = + 
values of w, indicated by writing w[v], for which {x | f’(x) = dw} is one of 
the sets By. Hence the sets = {x | = 9S constitute 


(except for possible changes in order) the family {By}. 


ei. For each v there is, in general, a multiplicity of 


Let dy, = lim sup Suppose provisionally that 
(22) dy, >dwrv,; for all values of w[y; |. 


We select a monotone increasing sequence {dw,,,v,)} C {dw,v,)} which converges 
to dv, Manifestly 


Thus 
By, = | doo S deg 


and more generally 


Cy, Bry Om Br, wm 


Manifestly Cy, ~ ¢ for { By, wtv,;} is a monotone decreasing sequence of w(S) 
closed sets in the w(#) compact, of order Na = No, sphere S. If (22) is not 
valid, dw v,; assumes a maximum value, say for w= w’. Then Cy, = By, 

We now establish that {Cy} has the F.1. P. Let v be given the finite set 


of values ‘ve. Consider the families { By, wij}. Suppose 
that (22) holds for »4,:--vs. (The trivial modifications when this is not 
true for some or all of v;,- - - vs are obvious from the remarks in the previous 


paragraph). For each ¢ let {dw,,,v,;} be the monotone ascending sequence 


defined, as before, which converges to dy,. We write 


Since { By, wiv;} has the F.I. P., Bn 44. Moreover {Bm} is plainly a monotone 
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decreasing sequence of w(S) closed sets. Hence, by the compactness condition 


(a), 


Thus {Cy} CS, is a family of w(S) closed sets with the F.I. P. and since 
1=v< the compactness of order of S implies 


x 
or 
== Nv By, w[v] je Ky Pls. 


We have established that any family {Aa} of w(S) closed sets in S with 
the F. I. P. has a non-empty intersection. Therefore S is w(H#) compact and 
this implies that F is reflexive [16]. The proof is complete. (From the fact 
that By,wiv; and Cy are easily shown to be sections, it is evident that S need 
only be sectionally compact of order 


Corotuary. /f (a) Sis countably compact and (b) E* ts w* (E*) 
separable, then E is reflexive. 


This is a slight generalization of a theorem of Ghantmacher and Smulian 
[17] where the conditions are w(#) sequential compactness of S and separa- 
bility of 


Corotuary. (a) S* is w(E*) countably compact and (b) E* ts 
w*(E*) separable then E is reflexive. 


By a simple extension of a theorem of Ghantmacher-Smulian [17, 
Theorem 4] condition (a) is equivalent to condition (a) of the previous 
corollary. 

Following Milman [11] we shall understand by a face corresponding to f, 
the point set {x | || x |] =1, f(r) = | f 


CorotuAry. If (a) S is w(E) countably compact and (b) the closed 
linear manifold M; determined by a face of S always has a w* separable con- 


jugate space, then E is reflexwe. 


Indeed the unit sphere of My; is S; = M;* 8. Now as a by-product of 
the analysis in Theorem 22, S; is w(M;) compact. Since # is a Hausdorff 
space in the w() topology it follows that S; is absolutely closed in EF and 
accordingly is w(H#) compact. Evidently the face corresponding to f is a 
strongly closed convex subset of S and so is also w(#) compact and hence by 
Theorem 7 is tranfinitely closed. This fact together with (a) may be shown 
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to imply that F is reflexive by the same reasoning as given by Milman for 
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his theorem. 
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UNIFORM LOCAL CONNECTEDNESS AND CONTRACTIBILITY.* 


By SAMUEL EILENBERG and R. L. WILDER. 


Although we shall be concerned chiefly with uniform local connectedness 
in the sense of homotopy, we shall make contact frequently with the analogous 
notions as defined in terms of homology and contractibility. The definitions 
of these and other concepts are given in Section 1. 

In Sections 2-5 we investigate the properties of uniformly locally connected 
subsets of a metric separable space with particular reference to the relation 
between the set and its closure. The substitution of local connectedness of a 
set in relation to the space is of course a device to avoid imposing compactness ; 
in the compact case, as, for instance, when the imbedding space is the euclidean 
n-sphere S", the notion is equivalent to that of uniform local connectedness. 

In Sections 5 and 6 applications are made to the subsets of euclidean space. 
We find, for example, that if a domain complementary to the homeomorph of 
an S** in S” is uniformly locally connected in the homotopy sense? in all 


dimensions 0 to n, then the domain is a singular n-cell. 


1, Let V be a metric separable space, A a subset of XY, and f(Z) CX a 
continuous mapping of a space Z. Then we call f nullhomotopic over A if 
there is a mapping * 

(1) g(Z X E)CA E = [0,1] 
such that 


( g(z,1) = constant 
We also define [7] a number b(f, A) as follows: b(f, A) = © if f is not 
nullhomotopic over A; b(f, A) =g.1.b.8[g(Z XK F)] if f is nullhomotopic 
over A and g varies over all me: vings (1) satisfying (2). The number 6(f, A) 
may be called the homotopy bound of f over A. : 

Let Q"** be the (n + 1)-cube and 8S" its boundary. We easily verify the 


following lemma: 


* Presented to the American Mathematical Society, April 26, 1940, under the title 
“Uniform local contractibility ”; Received August 11, 1941. 

*It is known that such a domain is always uniformly locally connected in the 
homology sense in al] dimensions [8]. (We use numerals in brackets to refer to the 
Bibliography. ) 

? All mappings considered in this paper will be assumed continuous without explicit 
statement of the fact hereafter. 
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(3) Given a mapping f(S") C X and a subset AC X, we have b(f, A) << 
if and only tf there is an extension * f*(Q"**) C X of f such that f*(Q"") C4 
and 8[f*(Q"")] <e. 


Let xe X and let A be again a subset of XY. We say that A is locally § 


p-connected in the homotopy sense at x (= p-LC at x) if for every « >0 
there is an 7 > 0 such that every mapping f(S8?) C A- S(z, 7) * is nullhomo- 
topic in A-S(z,e). Clearly A is p-LC at x if re X —A. We say that A is 
locally p-connected in the homotopy sense (A is p-LC) if A is p-LC at every 
wéA. If the same holds at every xe XY, then we say that A is locally p-con- 
nected in relation to X (A is p-LC rel. X). If A is p-LC for p=0,1,- - -,n, 
then we say that A is LC". Similarly we define ZC" rel. X. 

Using the number 0(f, A) introduced above, all these definitions can 
apparently be stated without the “e,” procedure. In fact, it is easy to see 
that A is p-LC at x whenever, given a sequence f,(S?) C A of mappings such 
that Lim, f,(S?) = a, we have lim; b(fx, A) = 0. 

If A is p-LC and if, for any given e > 0, the choice of » does not depend 
on the point z, then we say that A is uniformly locally p-con nected in the sense 
of homotopy (A is p-ULC). If the same holds for p= 0,1,- - -,m, we say 
that A is ULC". Using the number b(f, A) we find that A is p-ULC if and 
only if, given e > 0, there is an 7 > 0 such that if f(P?) C A and 8[f(S?) ] <y 
then 6(f,A) 


The following statement is easily verified : 


(4) If A is ULC” then A is LC" rel. X. If A is compact then the two 
concepts are equivalent. 


Concepts similar to the above may be defined for local connectedness in 
the sense of homology using Vietoris cycles and chains ° on compact carriers. 
In the latter case we shall use lower case letters in the corresponding symbols; 
for instance, locally p-connected in the homology sense will be designated by 
the symbol p-le. 

Finally, we shall say that A is locally contractible at reX (A is £6 at 2) 
if, given > 0; there is an » > 0 such that A-S(2,7) is contractible in 
A-S(z,e) to a point. Definitions of “A is £@ ,” “A is P@ rel. X” 
and “ULE ” are obtained by replacing “ p-LC ” in the corresponding defini- 


Given a subset B of a space Z and a mapping f(B) CX, then a mapping 
f*(Z) CX will be called an extension of f if f*(z) = f(z) for 

* By S(a#,7) we denote the set of all points y such that p(a,y) < 4. 

5It should be recalled here that the “le” concepts depend on the abelian group 
chosen as coefficient domain. Where it is essential to do so, we designate this group. 
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tions above by “#@.” Clearly A is ULE if and only if for every « > 0 there 
is an y > 0 such that every subset of A of diameter < 7 is contractible to a 
point over a subset of A of diameter < «. Corresponding to (4) we have: 


(5) If A is ULE then it also is LE rel. X. If A is compact then the two 


concepts coincide. 


2. Throughout this section X will denote a metric separable space and 
Aa subset of Y. 


THEOREM 1. A is LC” rel. X if, and only if, given any closed subset B 
of a metric separable space Z such that dim(Z — B) =n -+1, and given a 
mapping {(B) A, there is an open set U > B and an extension CA 
of f such that ff(U —B) CA. 


Proof of necessity. We may admit that A = X. 
According to a theorem of Kuratowski [6, Th. 2] X can be imbedded in a 
metric separable space Y such that 


(1) X is a closed subset of Y; 

(2) Y—X = P"" is an infinite polyhedron of dimension = n + 1; 

(3) the mapping f(B) CX has an extension y(Z) CY such that 
y(Z—B) C 

In view of (3) it is therefore sufficient to prove that 

(4) there is an open set V such that XY CVCY and a mapping 
r(V) C & such that r(x) =a for re X and r(V —X) CA. We proceed to 
construct the set V and mapping r. 

Let P* denote the k-dimensional skeleton of P"*'; i. e., the subpolyhedron 
of P™ consisting only of the simplices of dimension = /. To prove (4) it is 
sufficient to prove that for k = 0,1,- --,n-+1, 

(5) there is an open set Vx such that Y CV; CY and a mapping 
m(X + V;-P*) CX such that =z for re X, CA. 
Hence we may proceed by induction. For k = 0, P°® is the set of all vertices 
of P"*?, Since A is dense in X = A, we can find for every vertex 2; ¢ P° a point 
A such that p(zi, yi) 2p(zi, X). Defining Vo — Y and for 
teX, ro(xi) = yi for ¢ P°, we verify (5) for k = 0. 

Suppose that V; and r, of (5) are given for some K<n-+1. Let 
- be the (k + 1)-dimensional simplexes contained in V;- P™*?. 
Denote by Si* the boundary sphere of A,***. The mapping r(Si*) C A is 
therefore defined. Denote this partial mapping by fi: fi(Si#*) CA. If 
b(f;, A) < co then we can find a mapping gi(Ai**t) C A such that gi(z) 
=f,(x) = 1%(x) for and such that 8[g;(Ai**!) ] < 20(fi, A). Now if 
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the subsequence {A;,**1} converges to a point ae X then ]— 0 and 
5[fi,(Si,) ] > 0; and since A is k-LC at a we must have b(fi,,4)— 0 and 
therefore gi,(Ai,"*) converges to a. 

Consequently there is an open set Vx,, such that YC Vy,,C VY and 
b(fi, A) is finite whenever Taking 


Tesi = (2) for ae X + = gi(x) for ve Vey, Aj, 
we verify (5) for k + 1. 


Proof of sufficiency. Suppose that at some ae X the set A is not p-L0 
for some p=n. There is, therefore. a sequence fj(S?) C A of mappings 
such that Lim, f;(S?) =a and b(fi, A) > for some « > 0. 

Consider a space Z consisting of a sequence of disjoint (p + 1)-cubes 
{Qi®**} and a point z such that z = Lim; Q;”**. In Z consider the subset 
B=z-+ 3; Si”, where S;? is the boundary sphere of Qj”*'. The sequence {fj} 
clearly defines a mapping f(B) C A such that f(z) =a and f(B—z) CA, 
Since dim(Z — B) = n+ 1 there is an open set U such that BC U CZ and 
an extension f*(U) CA of f such that F*(U—B) CA. For sufficiently 
large i we then have f*(Qj”*1) C A and 8[f*(Qi?"?)] <«. This contradicts 
b(fi, A) >. 

Remark. If A is compact then Section 1, (4) and Theorem 1 give a 
necessary and sufficient condition for A to be ULC". 

If A= then Theorem 1 furnishes the following theorem due to 
Kuratowski [7%, Th. 1]: 

THEOREM la. X is LC" if, and only if, gwen any closed subset B of a 


metric separable space Z such that dim(Z — B) Sn + 1, and given a mapping 
f(B) CX, there is an open set U > B and an extension f’'(U) OX of f. 


Both Theorems 1 and la can be restated for Z metric compact, for the 
space Z used in the sufficiency proof was compact metric. 

THEorEM 2. Let B be a closed subset of a compact space Z such that 
dim(Z — B) =n+1. If A is LO" rel. X then given a mapping f(Z) CA 
there is a mapping f*(Z) CA such that f*(Z—B) CA and f*(z) = f(z) 
for zeB. 

Moreover, given any « > 0, we can choose f* so that p|f(z), f*(z)] <« 
for every zeZ. 


Proof. Consider in the product space Z K EF (EF = [0,1]) the sets 


BE=ZXOFDBX (1/0). 
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Clearly B* C Z* and dim (Z* — B*) [n+ 1 since dim (Z—B) Sn+1. 
Define the mapping g(B*) C A as follows: 


g(z,0) =f(z) forzeZ; g(z,1/n) =f(z) for ze B. 


Since A is LC" rel. X we may find, by Theorem 1, an open set U such that 
B*C U C Z* and a mapping g*(U) CA such that g*(2) = g(x) for xe B* 
and g*(U — B*) CA. For sufficiently large n we then have Z X (1/n) C U, 
and taking fn(z) =g*(z,1/n) we have fn(Z) CA, fa(Z—B) CA and 
fn(z) = f(z) for ze B; and, moreover, p[fn(z), f(z) ] <«. 


temark. If 1 is LC” then the conclusion of Theorem 2 is a necessary and 
sufficient condition for A to be LC” rel. X. 


The following theorem is an immediate consequence of Theorem 2: 


THEOREM 3. Let Z be a compact space such that dim Zn. If A is 
LC" rel. X then every two mappings f;(Z) CA and f.(Z) CA which are 


homotopic in A are also homotopic in A. 


THEOREM 4. Jf A is LC" rel. X then so is every set A* such that 
AC A*C A. In particular A is LC". 


To establish Theorem 4 it is sufficient to note that if the condition of 
Theorem:1 holds for A then it holds a fortiori for A*. 


Remark. Let us also remark that it easily follows from Theorems 2 and 3 
that A and A* have the same homotopy and homology groups for the dimen- 
sions 0, 1,- -,n. 


3. In this section we again assume that A is a subset of a metric separable 
space Y, but with the additional assumption that dim A Sn. 


THEOREM 5. The following properties are equivalent: 


(a) Ais £6 rel. X. 

(b) Ais LC" rel. X. 

(c) A is LO" and there is a mapping h(A X EF) CA such that h(a, 0) 
=2,h(z,t)eA fort >0. 
(The deformation / will be frequently used in the sequel.) 

Proof. That (a) implies (b) is obvious. 

(b) implies (c). Clearly if A is LC" rei. X then A must also be LC" 
(rel. A). We now proceed to construct the mapping h. 


Define Z = A X E, B=A X (0), and f(z,0) =a for re A. We have 
then BC Z, dim (7 —B) Sn+1 and f(B) CA. Since A is LC* rel. X 


d 
i] 
d 
a 
e 
) 
€ 


618 SAMUEL EILENBERG AND.R. L. WILDER. 


there are, by Theorem 1, an open set U such that BC U C Z and an extension 
f*(U) CA of f such that f*(U — B) CA. 

Since XY is metric, Z is metric, and we may define a function r(r) 
= }p[(z,0),Z—U] for xe A. Clearly r(x) is continuous and > 0. The 
mapping /: will be defined as follows: 


h(a, t) = f*[z,t-r(z)]. 


Since 0 S¢t-r(x) Sr(vx),h(2,t) is well defined and satisfies all the require- 
ments of Theorem 5. 

(c) implies (a). Since dim A =n and A is LC’, it follows that A is 
L@ (rel. A) [%, §8. .This can be easily deduced from Theorem 1a of the 
present paper]. To prove that A is £@ rel. Y, consider a point eA anda 
sequence {A;} of subsets of A such that Lim; Aj — 2. 


Given any « > 0 there is an open set U containing x and an 7 > 0 such 


that if ye A4-U and 0 St =7 then p[z,h(y,t)] <«. For sufficiently large i 
we must have 6(A;) <e« and A; CU. It follows that 


t)] < 


and therefore A; is deformed into (Aj;,7) over a subset of A of diameter 
< 3e. Because of continuity we have Lim; h(Ai,7) =/(2,7), and since 
h(z,y) ¢ A and A is £@ it follows that for sufficiently large i the set h (Aj, 9) 
can be contracted to a point over a subset of A of diameter < «. Combining 
these two deformations we see that for sufficiently large 1 the set Aj can be 
contracted to a point over a subset of A of diameter < 4e. This proves that 


A is £6 rel. X. 

TueEorEM 6. Jf A is £@ rel. NX and AC A* CA then (a) A* is £6 
rel. X and (b) A and A* have the same homotopy type [4]. 

The first part of Theorem 6 is an immediate consequence of Theorems 4 
and 5. In order to establish the second part define the mappings g,(.4) C A, 
g2(A*) CA as follows: 

gi(z) =z forzre A; g2(z) =h(a,1) for A*, 

where h is the mapping of Theorem 5. It follows from the properties of h that 


9:92 is homotopic to the identity mapping of A* into itself and that g2g: is 
homotopic to the identity mapping of A into itself. 


TuroreM 7. If A is LC" rel. X and A is contractible in A then there is 
a mapping g(A X FE) CA such that g(x,0) =2,g(a,t) ¢ A for t > 0, and 
g(x, 1) = constant. 
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Proof. Let f(A X £) CA be a mapping such that f(2,0) =z and 
f(z,1) = constant. Then, h being the mapping of Theorem 6, let 


g(z,t) =h[h(a,t),t] for ze A,OSt Sh, 
g(z,t) =h{f[h(a,t), 2¢—1], for ve 1. 


4, In this section we shall assume that A is an open subset of a metric 
separable space XY. We shall denote by M the boundary of A; M—=A— A. 


LeMMA. Suppose that M is LC* and that every mapping f(S') C M is 
nullhomotopic in A. If C CA isa set such that every mapping f(S') C C is 
nullhomotopic in X then every mapping f(S') C C is also nullhomotopic in A, 


Proof. Let Q* be a closed disc bounded by S’. Consider a mapping 
f(S*) CC. Since f is nullhomotopic in 1 there is an extension f,(Q?) CX 
of f. 

Consider the subsets B, =f,1(M) and B=f,1(4) of Q?. Clearly 
B, C B, 8; C B, and B,, B are closed subsets of Q?. Also consider the mapping 
f,(B:) C M. Since M is LC’ and dim (Q* — B,) S 2, there are, by Theorem 
la, an open set U such that B, C U C Q? and a mapping f.(U) C M such that 
fi(q) =fe(q) for ge B,. Define 


V=B+U0: f3(q) = f1(q) for gé B: fa(q) = fe(q) for qe U — B. 
The set V is obviously open and S‘'C BC V. The mapping f;(V) CA is 


continuous and has the following properties: 


fs(q) =f(q) forqeS'; fs(q) M forge V—B. 
Since B is a closed subset of Q° containing its boundary and V is an open 
set containing B there is in Q? a finite set of disjoint dises Q,°, Q.7.- > >. Qn? 
bounded by simple closed curves S,', - such that 


Since S;1C 1 — B we have f;(Si?) C M, and since this mapping must 
be nullhomotopic in A there is a mapping gi(Qi?) CA such that f;(q) 
=gi(q) forge S;'. If we define 
= fs(q) for ge Q? — + Q2? 
fs(q) = gi(q) for ge Qi’. 
we obtain a mapping f,(Q?) CA such that fi(q) =f(q) for qe S*.- This 
proves that f is nullhomotopic in 41. 


THEOREM 8. /f (a) M is LC’, (b) A is LC? rel. X, (c) every mapping 
{(S*) C M is nullhomotopic in A and (d) every mapping f(S*) C A is null- 


e 
is 
a 
h 
er 
ce 
1) 
ig 
e 
at 
4 
at 
is 
is 
id 


620 SAMUEL EILENBERG AND R. L. WILDER. 


homotopic in X, then r,(A) =0,° and more generally r,(A*) = 0 whenever 
AN. Cad, 


Indeed, let f(S*) C A*. Applying the Lemma for C = A, we find that f 
is nullhomotopic in A. Since A* is LC rel. X it follows from Theorem 4 that 
f is nullhomotopic in A*. 

As a corollary of Theorem 8 we obtain 


THEOREM 9. Jf (a) M is LC’, (b) A is LC rel. X, (c) (MM) =0, 
(d) 7.(X) =0 and (e) AC A* CA, then 2,(A*) = 0. 


5. Although the previous theorems were proved for quite general spaces, 
their intuitive geometric content becomes clearer if they are applied to 
euclidean spaces. In this section we shall assume that A is an open subset of 
the euclidean n-sphere 8S". As before we shall denote by M the boundary 
A—A of A. 

Since A is compact every local connectedness property of A rel. S”" isa 
uniform local connectedness property of A (§1). From Theorem 5 we 


therefore get 
THEOREM 5a. The following properties are equivalent: 


(a) Ais ULE, 

(b) Ais ULC", 

(c) there is a mapping h(A X FE) CA such that h(x,0) =2, and 
h(z,t)eA fort>0. 


Following R. L. Wilder [9, “ A-deformable ”] we say that M is deforma- 
tion-free into A if there is a mapping f(M xX EF) CA such that f(z, 0) =a, 
and f(z,t) eA for t>0. It follows from Theorem 5a that if A is ULC" 
then M is deformation-free into A. On the other hand it was proved by R. L. 
Wilder [9, 10] that if such an M is deformation-free into A then A is ulc" and 
consequently M is the sum of a finite number of disjoint generalized (n — 1)- 


manifolds. 


ProstEM 1. Jf M is a continuum separating S", is it true that M %s 
deformation-free into A if and only if A is ULC" (= UE since A C 8")? 


Since 7,(8") = 0,° Theorem 8 gives the following 


THEOREM 8a. If M is LC*, A is ULC* and every mapping f(S') Ci 
® x,(A) denotes the fundamental group of A, and the relation ,(A) = 0 means that 
every mapping f(S*) C A is nullhomotopic. 


E 


ver 
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isnullhomolopic in A, then r,(A*) = 0 whenever AC A* CA. In particular 
=0—-2,(4)- 


THEOREM 9a. Jf M is LC’, A is ULC' and = 0, then m,(A*) = 0 
whenever AC A* CA, In particular 7,(A) =0=7,(A). 


We do not know if the condition that M is LC is necessary. In general, 
as may be shown by examples, A may be ULC' without M being LC*. How- 
ever, there is the following 


PROBLEM 2. Find conditions which A must satisfy in order that M 
be LC*. And if A is ULC", 1s M an LC"?? 

We remark here that R. L. Wilder [11] has found necessary and sufficient 
conditions on A for M to be Ic* over a finite coefficient group. For k =0 all 
classes Ic® and LC® coincide, so that for / = 0 a solution of Problem 2 follows 
from Wilder’s theorem. For k > 0, we know from a theorem of Hurewiez [5] 


that M is LC* if and only if it is lc* over the ring of integers and LC". 


6. In this section we assume that MC S" is a homeomorph of S*-? and 
that A is one of the two components of S"— M. An example was constructed 
by Alexander [1] to show that 2,(A) ° does not necessarily vanish. We shall 
see from the following theorem that this cannot be the case if A is ULC". 


THEOREM 10. /f A is ULC then both A and A are contractible and A 
is an absolute retract. 


Since M is an absolute neighborhood retract [2] it is clear that 
A—=A-+M is one too. Since A is ULC" it follows from Theorem 8a that 
™(A) =0=—7,(A). Since also all the homology groups of A and A vanish, 
it follows from a theorem of Hurewicz [3] that both A and A are contractible. 


THEOREM 11. A is ULC" if and only if there is a mapping h(A X E) 
CA such that, h(x,0) = 2, h(x,1) = constant, and h(z,t) eA fort >0. 


In fact if A is ULC" then, by virtue of Theorem 10, A is contractible and 
the existence of h is guaranteed by Theorem 7. If a mapping h exists satis- 
fying the conditions of Theorem 11, then A is ULC" because of Theorem 5a. 

Let Q" be the n-dimensional cube and S"' its boundary. Since S** and 
M are homeomorphic the following theorem is an immediate consequence of 


Theorem 11 and elementary properties of linked cycles: 
7 Since A C 8", the second part of Problem 2 can be reformulated as follows: If A 
is ULE, is M an LE (= absolute neighborhood retract) ? 
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THEOREM 12. Jf A is ULC" then there is a mapping f(Q") =A such 
that f(Q" — S8"*) =A and which maps S"* homeomorphically onto M. 


PROBLEM 3. Is the converse of Theorem 12 true? It is easy to see that 
a positive answer would follow from a positive solution of Problem 1. 

Since M is a manifold it follows from the results of R. L. Wilder [8] 
that A is ulc". It follows from the example of Alexander [1] and from 
Theorem 10 that A may not be ULC’. We do not know whether A can be 
ULC without being ULC". This question is part of the following more 
general 


PROBLEM 4. Let A be an open subset of a compact metric space. Is it 
true that A is ULC" if and only if it is ULC* and ule" over the ring of 
integers ? § 
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ON THE UNIFIED THEORY OF EIGENVALUES OF PLATES 
AND MEMBRANES.* 


By Narian ARONSZAJN and ALEXANDER WEINSTEIN. 


1. Introduction. In a previous paper’ one of the authors has shown 
that the problem of the vibrations of a membrane and the problem of the 
vibrations of a clamped (or partially clamped and partially supported) plate 
are two limiting cases of a sequence of intermediate problems. A similar 
relation holds between the membrane problem and the buckling problem for 
plates. The eigenvalues of these intermediate problems (which were called in 
W the modified problems) give a non-decreasing sequence of lower bounds for 
the eigenvalues of plates. 

The consideration of these intermediate problems was of interest because, 
while the differential problems of the theory of plates are of the fourth order, 
the differential equations of the intermediate problems are of the second order ; 
moreover their solutions can be expressed in terms of the solutions of the 
membrane problem. 

In a subsequent note in common * we investigated the conditions for the 
convergence of the sequence of lower bounds to the exact eigenvalues of the 
plate. In the present paper we develop the proof of the convergence theorem 
already sketched in our note. Moreover we give proofs of the existence theorems 
for our problems and we discuss the question of the equivalence of the different 
formulations which can be given to the eigenvalue problems of the clamped or 
partially clamped plate. 

For definiteness, we deal chiefly in the following with the problem of the 
vibrations of a clamped plate and we consider this problem from the variational 


* Received May 25, 1941; an abstract of this paper, under the title, “ Existence, 
convergence and equivalence in the unified theory of eigenvalues of plates and mem- 
branes” appeared in the Proceedings of the National Academy of Sciences, vol. 27 
(1941), pp. 188-191. 

1A. Weinstein, “ Etude des spectres des équations aux dérivées partielles de la 
théorie des plaques élastiques,” Mémorial des Sciences Mathématiques, 88, Thése, Paris 
(1937). This paper will be referred to as W. Cf. also A. Weinstein, “Sur la théorie 
unitaire des valeurs propres des membranes et des plaques encastrées,” Comptes rendus 
de V'Académie des Sciences, Paris, 210 (1910), p. 161. 

_.*N. Aronszajn et A. Weinstein, “Sur la convergence d’un procédé variationnel 
d’approximation dans la théorie des plaques encastrées,” Comptes rendus de V Académie 
des Sciences, 204 (1937), p. 96. 
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point of view. The corresponding differential problem will be discussed in 6, 
The case of a plate partially clamped and partially supported, which requires 
only slight modifications, will be treated in 8. Finally, in 9, the theory ig 
adapted to the case of the buckling of a plate. 

Let S be the domain of our plate in the (2, y)-plane. The boundary ( 
of S is supposed to satisfy certain conditions of regularity which will later be 
formulated explicitly. 

The following notations will be used throughout this paper: 


H(w) = ff. w*drdy, I(w) = Sf (Aw) *daxdy, 
8 S 
(v,w) = vw dxdy. 
S 


I(w) = H(Aw) = (Aw, Aw). 


We have obviously 


Using these notations we can formulate as follows the variational problem J) 
which gives the eigenvalue A‘"’ (n = 1, 2,- - -) in the problem of the vibrating 
clamped plate. 

ProsLEM I‘), To find a function minimizing the expression I (w)/H(w) 
among all functions w continuous in S + C, possessing continuous first and 
second derivatives in S, the Laplacian Aw being of integrable square in 8. 
Furthermore w must satisfy the following boundary conditions 


(1.1) w= 0 on C 

(1. 2) lim w, = lim wy = 0, 

for (x,y) tending to C. Moreover, for n > 1, we must satisfy the following 
n — 1 orthogonality conditions 

(1. 3) (w,w)) for 7 =—1,2,---,n—1, 


where the notation w‘) is used in a general way for a solution of I 
(t—1,2,---). The minimum in I™ is called the eigenvalue »™ of the 
clamped plate. 

In line with the general theory of eigenvalues it will be useful to consider, 
for n > 1, a Problem generalizing J‘). The formulation of I™ differs 
from that of J‘ only with respect to the conditions (1.3) for which we have 
to substitute the n — 1 orthogonality conditions 
(1. 4) (w, $j) =0 for j= 1,2,---,n—1, 
where ¢;, $2,° n-1 are n — 1 arbitrary functions, bounded and measurable 
in 8. 
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The solution of /“) depends on the choice of the ¢;. For this reason a 
minimizing function in this problem will be denoted by w'[¢;] or more 
briefly by #‘). For the corresponding minimum we shall use the symbol 
Mm | or 

In order to define the intermediate problems giving lower bounds for A“ 
we introduce, as in W, an arbitrarily given sequence 


of harmonic functions of integrable square in S.* Let us consider the following 
problem. 


ProsBLEM 7[,,'"). To find a minimizing function for the expression 
I(w)/H(w) among all functions w continuous in S + C, possessing in 8 con- 
tinuous first and second derivatives and a Laplacian Aw of integrable square 


in S. Moreover w must satisfy the following conditions 
(1. 6) w= (0) on C, 
(1. 7) (pr, Aw) = 0 for k == 1,2,---,m. 


The m conditions (1.7%) express the orthogonality of the Laplacian Aw with 
respect to the linear manifold B%» of harmonic functions spanned by the m 
functions , Pm. 


For n> 1, w is required to satisfy the n—1 additional orthogonality 
conditions 
(1.8) == 0 for =1,2,---,n—1, 


where the notation wm‘ is used in a general way for a solution of I‘. The 


minimum in will be denoted by 
“\ 
For n > 1 it will be useful to consider a Problem /,,‘") generalizing J,'"). 


The formulation of /,,‘") differs from that of Zn‘" only in respect to the 
condition (1.8); instead of which the following n — 1 orthogonality conditions 
are required : 


(1.9) (w,o;) =0 for j= 1,2,---,n—1, 


where the ¢; denote, as in /‘), arbitrary functions bounded and measurable in 
8. We denote by w»‘” [¢;] a solution of and by [¢;] the minimum 
in this problem. The abbreviated notations #»‘") and dA,,“") will sometimes 


be used. 


* We consider in the present paper only harmonic functions which are regular in 8. 
A harmonic function of integrable square can therefore have singularities only on the 


boundary of S. 
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The membrane problem can be considered as a limiting case of the 
problems Im‘. In fact, by cancelling the conditions (1.7) or, what amounts 
to the same, by substituting for (1.7) the condition (p , Aw) = 0, where p, 
is the harmonic function 0, we obtain, for n = 1, 2,- - -, a set of problems J,“ 
giving us the eigen-functions and the squares of the eigenvalues of the mem- 
brane (see W. p. 19, footnote 2). 

Another limiting case—which will be denoted by Ioo'")—will play an 
important part in the present paper. 


PROBLEM Io), The formulation of Ic can be obtained from the 
formulation of In‘ by the following changes. The index m is to be replaced 
by the index co everywhere except in (1.7) which is to be replaced by the 
condition 
(1. 10) (p, Aw) =0 


expressing the orthogonality of the Laplacian Aw to any harmonic function p 
of the set § of all harmonic functions of integrable square in S.* 


Here again we shall have to consider a Problem fo") generalizing Ico!" 


in the same way as 1,,'" generalizes Im”. 

The following inequalities are obviously true for any given set of arbitrary 
functions ¢;: 
(1. 11) Am [65] S [65] [ ]. 


It is known from the general theory of eigenvalues that the maximum of the 
minima in /‘), obtained by varying the 4;, is equal to the minimum in J 
and that this maximum minimorum can be obtained by taking for the ¢j the 
solutions w‘/) of the problems J‘/) =1,2,---,n—1). For this choice of 
the ¢; the problems /‘) and — become identical. A similar statement is true 
for the problems 7, and Joo) disclosing their connection with Im and 
Ix), As an immediate consequence of these well-known facts we can deduce 
from (1.11) the inequalities 


(1. 12) Am” = Ama = doo 


In 3 we shall prove the existence of the solutions in 7», and Ico") (as 
well as in the important auxiliary problems 2m‘ and f.o'")) for any bounded 


“It is known that a strong limit (see 2) of harmonic functions of the Hilbert space 
of all harmonic functions of integrable square in S is itself a harmonic function. Hence 
the set 93 is identical with the closed linear manifold spanned by all harmonic functions 
of integrable square in 8. Cf. S. Zaremba, “Sur l’intégration de l’équation bihar- 
monique,” Bulletin de VAcadémie de Cracovie (1908), pp. 1-29. 
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domain S of finite connectivity under the assumption that none of the boundary 
components of S consists of a single point. 

In 4 we prove that Am” tends to Aw”) in the case where the sequence 
(1.5) of harmonic functions px, of integrable square in S, is complete in this 
domain with respect to $$. (The terminology used here is the following: A 
sequence {yn} is said to be complete with respect to a certain class K of func- 
tions if the conditions = 0 imply y = 0 for every y of K.) 

In 5 we shall see that, for a very general class S, of domains, the limiting 
problem J‘) is equivalent to the classical problem J‘ .° In this case we have 
= A'™ so that is a non-decreasing sequence of lower 
hounds for the eigenvalue A“. 

The intermediate problems J,,‘") (or 2») differ from the modified 
problems introduced in W (§5) only in the assumption that the harmonic 
functions px belong to the more general class of functions of integrable square 
in 8S. This assumption will lead us in a natural way to a geometric interpre- 
tation of the problems , , Loo!” in Hilbert space, which will 


prove useful in several ways. 


Remark. As may be seen in W, § 14, a special sequence of harmonic 
functions, called “ suite privilegiée réguliére,” has been used for the integration 
of the differential problem corresponding to Zm‘"’. It has been recently proved 
that this sequence is complete in the space %.° From this follows that the 
convergence theorem remains valid if (1.5) is the “ suite privilegiée réguliére.” 

In 6 we prove for the domains of the class ©; that the variational problem 
I™ js equivalent to the differential problem of the vibrating clamped plate. 
Using the results of 5 we see at once that an equivalent differential problem is 
obtained if instead of the conditions (1.1), (1.2) we postulate the conditions 
(1.6) and (1.10). Let us note that as far back as 1909 Zaremba introduced 
these last conditions in the theory of the bending of a clamped plate.? How- 
ever he did not investigate the connection between his problem and other 

° The existence theorems for the problems J() considered in a domain of the class 
S, is an immediate consequence of this equivalence. 

*N. Aronszajn, “Sur une propriété de la fonction de Green et sur une suite de 
fonctions harmoniques introduites par A. Weinstein.” This paper was intended to be 
published in the Bulletin de la Société Mathématique de France. Let us mention that 
it has been already shown in W § 14 that the “suite privilegiée” is complete on the 
boundary C of S with respect to the class of functions continuous on C. 

The notations A(), A,,(m), win), w,, (m) used in the present paper correspond to the 


notations A?,, w,, and w,,,, in W. 


7S. Zaremba, “ Sur le probléme biharmonique restreint,” Annales de ’Ecole Normale 
supérieure, 26 (1909), p. 337. 
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problems of a more elementary nature. The reader may be reminded that the 
differential problem corresponding to Jn") differs from the one corresponding 
to Ico) not only in the substitution of the orthogonality conditions (1.7) for 
the condition (1.10), but also by an additional natural boundary condition. 
This condition plays an essential part in the integration of the intermediate 
problems in terms of the solutions of the membrane problem (see W, § 6 and 
§ 7, as well as the footnote 9 of the present paper.) 


2. Summary of some facts concerning the Green’s potential. In the 
following a functional operator will be frequently considered. Its definition 
involves the notion of the Green’s function. We assume that the Green’s 
function g exists for our bounded domain S in the (z,y)-plane. It is well 
known that the existence of g is proved for domains of finite connectivity pro- 
vided that the boundary of the domain does not contain isolated points. 

Let f(z, y) be a function of integrable square in S. Let us consider the 


operator 


Gf, considered as a function of z, y, is usually called the Green’s potential of f. 
It is well known that G(z,y;f) is a continuous function of (x,y) in S + C, 
vanishing on C. If f is bounded, @ possesses continuous first derivatives in S. 
If the first derivatives of f are bounded in S, G@ possesses continuous second 
derivatives in S. 

Let us now consider (f as a linear operator in the space § of functions f 
of integrable square in 8S. Gf defines a transformation of into itself, i.e. 
Gf is, for an f of integrable square in S, also a function of integrable square. 
It is easy to see that Gf is a completely continuous operator, i.e. that if a 
sequence {f;,} converges weakly to f, the sequence {G@f;} converges in the strong 
sense to Gf. 

Let us recall the definitions used here: A sequence {fx} in § is said to 
converge in the weak sense to f if lim (fx, ¢) = (f,¢) holds for every function 
@ in §. {fx} is said to converge in the strong sense to f if we have lim 
(f — fx, f = 0. 

Let us also recall the following properties of the scalar product which will 


be used in this paper. 


1. Let {fx} be a sequence weakly converging to f and {¢x} a sequence 
strongly converging to ¢. Then we have lim (fx, ¢x) = (f, ¢). 


2. If {fx} is a sequence weakly converging to f, lim inf (fxs fe) = Cf, f): 
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The operator G is symmetric, i.e. we have for any two functions f and ¢ 
the equation (f,@¢) = (Gf,¢). Furthermore we have (Gf, Gf) >0 and 
(f, Gf) <0 for any f 40. The second inequality states that G is negative- 
definite. 

Let w be a continuous function possessing first and second derivatives 
continuous in S as well as a Laplacian Aw =f of integrable square in S. It 
is well-known that the equation Aw = f is then equivalent to the equation 


(2.1) w=Gftp 


where p is harmonic. If w is continuous in S + C, the function p assumes 
on C the same values as w. If, in particular, w vanishes on C we have w = Gf. 
If f is a function of integrable square in S and w = Gf, we have Aw = f 


almost everywhere in 


3. Existence theorems for the problems /,,‘") and Ix‘). It will ob- 
viously be sufficient to establish the existence theorems for the problems /,,,‘") and 
[o'") which are more general than the problems J,,‘") and Io‘ respectively. 
We begin our investigation by giving a new formulation for these problems 
in order to make available a geometric interpretation in Hilbert space. To 
this end we consider the Laplacian Aw =f as the new unknown function 
instead of w. The function f must satisfy the following conditions equivalent 
to the conditions for w in fy,' and fa ™: 


1°. The equation Aw = f, where w is continuous in S + C and vanishes 
on C, is equivalent to the equation 


(3.1) w= Gf. 


2°. Using (3.1) we may write, instead of the orthogonality conditions 
(1.4), the equations (Gf,¢;) =0. G@ being symmetric we obtain finally in 
place of (1.4) the equivalent conditions 


3°. We have obviously 


(3.3) (rx, f) =0 for k == 
and 


(3. 4) (p.f) =0 


in place of the orthogonality conditions (1.7%) and (1.10) of fn and Lo™. 


°Cf. L. Lichtenstein, Journal fiir reine und angewandte Mathematik, 141 (1912), 
p. 12. 
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4°, Furthermore we have obviously 


(3. 5) I(w) = (Aw, Aw) = (f, f) 
and, by (3.1), 
(3. 6) H(w) = (w,w) = (Gf, Gf). 


With the present notation we have to determine the minimum of 
(3. 7) (Gf, Gf) 


in place of the minimum of J/H. We denote by JI," , and 


IIx the problems corresponding to Ln, Ico, Loo). Obviously we 


can restrict ourselves to the investigation of JJ, and IIo, the problems 
IIm™ and IIc being only special cases of the former. 


ProsteM II,,”. To prove the existence of a minimizing function for 
the expression (3.7%) among all non-identically vanishing functions f of the 
space §, orthogonal tu the harmonic functions of the subspace For n >1 
our functions f have to satisfy the additional orthogonality conditions 
(f, Goj) =0 for j =1,2,---,n—1. A solution of TIn™ will be denoted 
by fm'™[¢;] or more briefly by fn™. As will be seen a few lines later, the 
minimum in I,‘ is equal to the minimum i» in J," By substituting 
TI” for Ln we have obtained a geometrical formulation of our problem 
in Hilbert space. 

It is clear that there exist functions satisfying the conditions in Hy" 
and that the lower bound f of the expression (3.7) is finite for all such 
functions. In order to prove the existence of fn”, let ug consider a sequence 
{f.} of admissible functions for which our functional (3.7%) converges to its 
lower bound f. We may obviously assume, without loss of generality, that the 
functions f, are normalized,'i.e. (fx, f:) = 1, so that the expression (3. 7) 
becomes, for f = fx, equal to 1/(Gf;, Gf). As the norms of the f; are bounded 
we can extract from the sequence {fx}, according to the general theory of 
Hilbert space, a weakly convergent subsequence. To avoid unnecessary com- 
plications let vs assume that the sequence {f,} itself is already convergent 
in the weak sense and let us denote by f its weak limit. Since the operator 6 
is completely continuous, the functions Gf, converge to af in the strong sense. 
Using a result quoted in 2 we see that the non-decreasing sequence (Gfx, Gfr) 


converges to ( Gf, Gf) so that we have 
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The quantities (Gf;,,@fx) being positive and non-decreasing, (Gf, Gf) is 
obviously positive so that f does not vanish identically. f satisfies the con- 
ditions of our problem; in fact we have 


(f, Gipj) = lim (fx, = 0 for 1,2,---,n—1, 
(f, p) =lim (fx, p) =O 


for all pin B,,. Since (fx, fx) = 1 we have, according to 2, (f, f) =1. There- 
fore the quantity (f, f)/(GF, Gf) is not greater than 1/(GFf, Gf) which is the 
lower bound of the functional (3.7). This result proves that f is a solution 
of the problem 

Let us now obtain for f a functional equation corresponding to the Euler 
equation of the variational calculus. In order to obtain this equation let us 
consider an arbitrary function ¢ of © orthogonal to the functions Gd; as well 


as to the functions of %,,. Let f = f+ ep. Then we have 


7.f) (ft+@fte) 
(Gj, Gf) ~ + GIf + 


which gives us the inequality 


(7, f) [2e( GF, Ge) + Gg, S (G7, GF) + 
which is true for all real values of « in the neighborhood of 0. This inequality 
can hold only if we have 
(3.8) (Gf, Gf) (f. 6) = (ff) (Gf, Ge) 

By the symmetry of the operator G we can write (GGF, ¢) in place of (GF, Gd) 
so that we obtain in place of (3.8) the equation 


fo) — LD 6) 6) (n@GF, 
(f,¢ (a7, (GGf,¢) = n(GGf,¢ (uGGf, 


or, finally, the equation 
(3. 9) (f — ¢) = 0, 


which holds for all functions ¢ orthogonal to the G¢; and to the functions of 
the space B». The set of these functions ¢ is a linear manifold completely 
orthogonal to the linear manifold spanned by the G¢j; and Bm. By (3.9) and the 
general projection theorem this last manifold contains the function f — nGGf 
so that we may write 
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A n-1 
j=1 
where p is a harmonic function of and denote n — 1 constants, 


Both sides of this equation are functions of § and the equality (3.10) holds 
only almost everywhere in S. However it is obviously allowable to modify the 
definition of a solution of our variational problem in a set of zero measure so 
that we can choose a function f satisfying the equation (3.10) everywhere in 8, 
It may be easily seen by the “ Euler equation” (3.10) that ; is continuous 
and has continuous derivatives of the first order in S. Therefore, by 2, the 
function # = Gf is continuous and has continuous first and second derivatives 
in S. is obviously a solution @»( of so that p= 
In the problem JZm‘” the conditions 


(3. 11) (f, =0 for j= 1,2,---,a2—1, 


stand for the conditions (f, G¢;) = 0. We have written for for 
the time being. As in the former case, each solution of JJn,'") gives us a 
solution of 

The existence of a solution f in IZ»‘") can be proved in the same way as 
in [Im . It may however be noted that the Laplacians Aw,,‘® of the solutions 
Wm of Inf n—1) appear in the conditions (3.11) of 
so that the proof of the existence of the solutions of IZ" involves an indue- 
tion process. 

Let us denote for a moment the minimum in J7,,"") by ~. We obtain then, 
in place of (3.9), the equation 


(3. 12) (f —pGGf, ¢) =0 


where ¢ stands for any function orthogonal to the functions GGfm')) 
(j= 1,2,- -+,n—1) and to the functions of Bm. 
We deduce from (3.12) an equation similar to (3.10): 


n-1 
(3. 13) f =pGGf + + p 
=1 


and as in Im") we obtain the result that p is identical with the minimum 
Am” in Im") and that the function Gf is a solution w,'" of this last problem. 


Therefore we can write everywhere A»‘") instead of ~ and fm in place of f 
Putting in (3.12) ¢ = fm‘) where i > n and using (3.11) for f =-fn'” 
we obtain the orthogonality equations 


(3. 14) (fm™, fm) = 0. 
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Exchanging the indices 1 and n we see that (3.14) holds for any values of 
Let us now multiply (3.13) scalarly by (i= 1,2,---,n—1). 
Using (3.11) and (3.14), where we put fim” in place of f, we obtain b; = 0 
for j= 1,2,- - -,n—1, so that we have, instead of (3.13), the following 
“Euler equation ” : 


(3. 15) GE fm™ + P 
where p denotes a function of B».° 


Problems I1x‘") and Ix‘. The formulation of these problems is 
obtained by replacing in Im) and [Tm the index m by the index o and 
the manifold %,, by the manifold $8 of all harmonic functions of integrable 
square in S. The existence theorems can be obtained in the same way as before. 
As the existence of admissible functions in IJx or [Ic ™ may seem at a 
first glance less obvious than in the cases of JZ‘) or of I1m” let us mention 
that the Laplacian f = Aw of any function w (continuous and having second 
derivatives in S and moreover vanishing identically in the neighborhood of 
the boundary C) is orthogonal to $. 

In the present case we have in place of (3.15) the equation 


(3. 16) GG fa™ + p 
where p is a function of %. Let us also note that 


(3. 17) lim == 
n->0O 


In fact, foc") being not identically zero, we may assume that (foo, foo) 
=1. On the other hand, putting in (3.14) the index o instead of the 
index m, we have (fx ", =0 for ixAn. Since an orthogonal nor- 
malized sequence always converges weakly to zero,’® we have lim (Gfx, 
= (G0, G0) = 0 and 


1 
lim Ax == lim 


nO (Gfoao™, Gfa'") 


4. Convergence theorems. From now on we make the fundamental 


*We have p=4,P, where + are constants. Assuming 
that the functions p,,- - -,p,, are continuous in S + C we obtain from (3.15) imme- 
diately the following natural boundary condition: f,,() = Aw, (n) =a,.p,+--- 
+a,p,, on C. In the same way we see that the differentiability of the p,,---p,, in 
8 + C implies the differentiability of Aw,,(») on regular boundaries C. These facts were 


used in W. 
1° This fact is an obvious consequence of the inequality of Bessel. 
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assumption that the sequence of harmonic functions (1. 5), until now arbitrary, 
is complete in the space $$ '' and we prove the following theorem. 


CONVERGENCE THEOREM. Assuming that the sequence (1.5) is complete 
in B we have 
(4.1) lim Am!” = for n — 1, 2,- 


Let us prove first that the minimum  ,'"[¢;] in 7m tends to the 
minimum Ac [¢;] in fo for any fixed value of n and for m converging 
to infinity. Assuming the set ¢; and the index n to be fixed, we use the 
abbreviations 
(4.2) fm ™ [65] = fm and [6;] =Am (m—1,2,---andm= 2), 


so that the equation to be proved may be written 


(4. 3) lim Am = Acc. 

Without loss of generality we may assume that (fins fa) =1. There exists, 
therefore, a subsequence { fn,} of the sequence {Fm} converging weakly to a 
function f*. Obviously f* is orthogonal to the functions @¢; as well as to 
the functions of the sequence (1.5). Since the sequence (1.5) is complete 
in ¥% the function f* is orthogonal to any function p of $ as required in 
problem 

Let us consider now the limit of the non-decreasing sequence X; SA, 


=---. This limit is equal to the limit of the subsequence {A,,}. The 
condition of being more stringent than those of (m = 1, 2,- °°), 


we have 
(4. 4) lim Xm 


On the other hand we have 


(4. 5) lim Am = lim Am, = lim (Gfns Gfn,) = (Gf*, 


The equations (4.4) and (4.5) give us the following result 


1 
(Gf*, Gf*) 
Since Aw is finite, we have (Gf*, @f*) > 0 so that f* does not vanish iden- 


. . . . 
tically. For this reason f* is an admissible function in the problem [/o'" 


(4. 6) lim Xm = = he. 


11 The orthogonality of the p, is not required in our proof. It is important to 
notice this fact since the “suite privilegiée réguliére” used in W is not always 


orthogonal. 
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and we have therefore (f*, f*) /(Gf*, Gf*) Pn ia Since {Fing} converges 
weakly to f*, we have, by a result quoted in 2, (f*, f*) Slim inf (fm,. fm.) = 1, 
so that we have 


(Gf*, Gf*) = (Gf*, Gf*) 


IIV 


Ao 


Comparing (4.6) with (4.7) we see that lim Am —=Ac, or using again the 
notations of the Introduction, that 


(4. 8) lim Am = 


From this result the equation (4.1) can be easily obtained in the following 
way. 

We have from (1. 12) 
(4. 9) lim S 


Qn the other hand we have by the general theory of eigenvalues (see the Intro- 
duction) Ac [we'd] Putting in (4.8) = we we have 


lim Am!" [woo ] = Aw!” [woo] and therefore 
moo 


(4. 10) lim Am ™ [wee ] = doo ™. 


As was already mentioned in the Introduction, the maximum A,» of Am” [,;] 


is obtained by putting ¢j = wm) so that we have 


dn [woo J) ] < An ™ [wm =  ,,‘") 
and therefore 
(4.11) lim Am!” = dow. 


Comparing this inequality with (4.9) we obtain immediately the equation 


(4.1): lim An!” = which is the convergence theorem. 


Remark. The convergence theorem remains true if instead of the previous 
assumption about the sequence (1.5) we postulate that the sequence of the 
boundary values of the functions px(x,y) is complete in the class of all 
functions of integrable square on the boundary C, provided that the domain S 
is of the class Gy which will be defined in 5. The proof of this new con- 
vergence theorem follows immediately from the previous result, using the fact 
that, if S is of the class So, the completeness of the sequence {p;} on C implies 
the completeness of the sequence of the corresponding harmonic functions 
~x(v,y) in S.* The corresponding harmonic functions are of course to be 
defined by their boundary values by means of the Green-Poisson formula. 


2 Cf. the paper of N. Aronszajn quoted in footnote 6. 
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5. Equivalence of the problems I‘) and Ix‘"’. Both problems are 
well-defined for any domain 8. However, in order to prove the equivalence 
of J‘ and Ic", we shall have to make the assumptions that the boundary 
C of S consists of a finite number of continua without isolated points and that 
the following property is true for S: To every harmonic function p of inte. 
grable square in S and to every positive ¢ there exists a harmonic function j 
continuous in S+C and admitting in S bounded first derivatives so that 
(p—p,p—p) Se. We denote by S, the class of the domains enjoying 
this property. All domains considered in this paragraph will be of the class 
S, unless the contrary is explicitly stated. Let us mention that S, contains 
the class ©) of domains bounded by a finite number of simple closed curves, 
the mean curvature of these curves being bounded except for a finite number 
of angular points, the angles being > 0 and < 2z. 

The proof of the equivalence of J‘ and Jx‘” will be given for any value 
of n. In the case n > 1 we assume that the equivalence holds for the indices 
1,2,: - -,n—1 and that one and the same solution has been chosen for both 
problems. Our proof will involve therefore an inductive process. 

We shall prove first that for any admissible function the boundary 
conditions 
(5.1) w= (), lim w, = lim w, = 0 
of J‘ imply the conditions 
(5. 2) w= 0, (p, Aw) = 0 for p in 8 
of Ico"). Secondly we shall prove that a solution of Joo" satisfies the boun- 
dary conditions of J‘. Using these results we shall prove that every solution 
of J«'” is a solution of /‘"), and vice versa, so that Jx" is equivalent to J™, 
always provided that the domain S is of the class ©;. 

1°. In order to prove that the conditions (5.1) of 7 imply tie 
conditions (5.2) of IJo'"’, let us consider a harmonic function p satisfying 
the regularity conditions given in the definition of the class S,. Denoting by 
S, a domain completely interior to S and by (, its boundary, we have by 


Green’s formula 


_dw ap 
Sf, paw = (i ds. 


Assuming that the domain S, tends to S in such a way that the length of its 
boundary C, remains bounded (this assumption being permitted since C is 
rectifiable), we have by the conditions of 7 


(5. 3) Sf paw = (pj, dw) 
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Let us consider now a harmonic function p of integrable square in S and let « 
be an arbitrary positive number. Then there exists a p so that (p— p, p— p) 
<«. We have (p, Aw) = (p, Aw) + (p— jp, Aw), so that, by (5.3), we have 
(p, Aw) = (p—j, Aw) S V(p—p, p—>p) (Au, Aw) < Ve V (Aw, Aw). 
Hence for converging to 0 we obtain the required equation (p, Aw) 0. 


This result can be formulated in the following way: The class of admissible 
functions in J«‘" contains the class of admissible functions in J™. 


Qc 


Using the abbreviations w = wa”, A=Aco™ and putting Aw =f, 


we have in place of (3.16) the equation 
(5.4) f + p. 


Our aim is to prove that w satisfies the conditions (5.1) of J‘. In this 
proof we shall use an existence theorem for biharmonic functions (Dirichlet’s 
Problem for the equilibrium of plates) 

Let us consider a solution of the equation 


(5.5) AAv = AW 
where v is the unknown function satisfying the boundary conditions 
(5. 6) v= 0 and lim vz = lim vy = 0 


for (2, y) tending to the boundary. It is known that there exists a solution v 
of (5.5), (5.6) possessing a Laplacian f, = Av of integrable square.’* Since 
v has continuous second derivatives in S we may write v = Gf,. By the results 
obtained above, the conditions (5.6) imply the orthogonality of f, to all har- 
monic functions of integrable square."® 

Using (2.1) we may write instead of AAv = Af; = Aw the equation 
fp =AGw + p, = AGGF + pr, i.e. the equation 


(5. 7) — — pr, 
where p, is a function-of %. On the other hand we have by (5. 4), 


(5. 8) AGGf = f — p. 


13 R, Courant und D. Hilbert, Methoden der Mathematischen Physik, vol. II, Berlin, 
1937, Chap. VII, 9, no. 6. This book wiil be referred to as CH Ii. 

1¢ The following result has been proved in CH II, Chap. VII, § 9, no. 6 (In previous 
existence proofs quoted there somewhat more restrictive assumptions on the boundary 
were made): a) there exists a solution v of (5.5) of the class Q (defined loc. cit.) 
admitting continuous derivatives v,,,, Uy» C,,. of integrable square in S; b) this solu- 
tion v satisfies the conditions (5.6). 

%® This property holds even for the more general domains considered in CH II and 
is a simple consequence of the fact that v is of the class Q (cf. 7 of the present paper). 
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Since the decomposition of AGGf into the sum of a harmonic function and of 
a function orthogonal to all harmonic functions is unique in §, we have, 
comparing (5.7) and (5.8), the equations f = f; and p = p, so that we deduce 
from w= Gf and v=Gf, that w=vr. We see that a solution w of Io\” 
satisfies the conditions (5.1) of the problem [6 

Our proof uses an existence theorem which, in the generality here needed, 
was published in CH II at the end of 1937. By using some older papers of 
Zaremba,'’ a second proof of the same theorem can be given for a class of 
domains more restricted than GS, but still larger than Sp. 

The following proof is based on a lemma on the logarithmic potential 
which can be easily deduced from the considerations of Zaremba. Let us denote 
by X a point (x,y) of S and let a be the distance of X to the boundary C of S. 
We shall consider a function f(X) of integrable square in S satisfying uni- 
formly the conditions 
(5. 9) lim af (X) = 0 
for X converging in S to C. 

Let {X,} and {X’,} be two sequences of points in the (z, y)-plane with 
positive distances a, and a’, from C, satisfying the conditions 


(5. 10) > kita, lim a, = 0 


where k, and ky are independent of n. (XX’ denotes here the distance from 
X to X’.) It can easily. be shown, under these assumptions, that the logarith- 
mic potential 


(5.11) v(X) = f log V (x — €)? + (y— 1") f dédn 


satisfies the following equations 


(5.12) lim [ = lim dy dy = 


n= n= 


Let us consider now a class SG. of domains S possessing the following 
property: To every point Y of S corresponds in the exterior of S a point 1’ 


for which we have 


a’ >ka, XX’ <ka, 


where a and a’ are the distances of X and X’ to the boundary C, and &, and k, 

denote constants independent of X and X’.** For X converging to the boun- 
16 This result is obviously true for the general domains considered in CH II. How- 

ever the equivalence of J(n) and J, (") has been proved here only for the class ©. 


17 Cf. S. Zaremba, § 12, loc. cit.‘ 
18 This class is slightly more general than that of the paper of Zaremba. 
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dary of a domain S of the class S, the function v (5.11) satisfies by (5. 12) 
uniformly the equations 


dx dx dy dy 


Moreover, if f is orthogonal to the functions p of $8, the logarithmic potential 


(5.11) satisfies the obvious equations 


v(x, y) = (2,y;f) for (z,y) in S, 
v(x’, y’) =0 for (2’, y’) in the exterior of S. 


In this case we have 


so that, for Y = (2, y) tending to C, we obtain 


dx dx 


5.13 
OG(2,y;f) 1 ,. y) 
lim ———— = — lim ——— = 0. 
dy Qa dy 


Let us consider now a solution fo of IIo. fax! is orthogonal to the 
functions p of $$. Moreover fo‘ satisfies the condition (5.9). In fact we 
have foo =—AGGfx' + p and both terms on the right hand side satisfy 
(5.9). This is obvious for the continuous function AGGfo'. As for p, it 
was proved by Zaremba that (5.9) holds for any p of ¥%. It follows now at 
once that Gfoo'") satisfies (5.13), so that the solution wx” of Ix satisfies 
the conditions of the problem J™, 


3°. Let us consider again a domain S of the class G,.. Since the con- 


ditions of J‘ imply the conditions of J‘), we have 


(5. 14) SA, 


Jonsider now a solution wx'") of Ix‘). From the previous results we 


know that wo‘ satisfies the conditions of /‘), so that we have 
(5. 15) Noo I /H (wo) 


Comparing (5.14) with (5.15) we see that An) =A™, so that every 
solution of Jx‘") is also a solution of (Incidentally we have 
thus proved the existence of w'".) On the other hand a solution w™ of J‘ 
satisfies the conditions of J‘ and gives the same minimum A ™) == doo), 
It follows that the solutions of I™ and Ix are identical. (It may be noted 
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that by using the proof based on the results of Zaremba, we obtain the equi- 
valence only for the domains of the class S,- G2.) It is of interest to remark 
that it has been shown by one of the authors ?® that any domain with either 
of the following geometrical properties belongs to the class ©,. 


%. All domains of finite connectivity with a rectifiable boundary con- 
sisting of a finite number of arcs of bounded mean curvature, two arcs having 
at most their end points in common, the angles at the common vertices being 
> 0 and =2z. The angle 0 is admitted in some cases but the general case 
of the angle 0 has not yet been investigated. 


%. All domains with rectifiable boundary which may be called star 
domains in the strict sense, i.e. domains where each ray from a certain fixed 
centre has a single point of intersection with the boundary C of S. 


6. Equivalence of the variational problem with the differential 


problem. Using the results of 3 and 5 we shall prove this equivalence for the 


domains of the class S,. Let us prove first that every solution w'” of the 


variational problem I is an eigenfunction of the differential equation 
(6.1) AAw = AW 

satisfying the boundary conditions 

(6. 2) w= 0, lim w, = lim w, = 0 


and corresponding to the eigenvalue X=A™), 
In order to obtain this result let us use the notations 


(6. 3) wi) Aw™), 


Since a solution of /‘”) is also a solution of Joo , we have for f) the equation 
(6. 4) f™ a= Ds 


which is, with slightly modified notations, identical with (3.16). In fact 
we have put fo) =f) and have used the equation AW‘) =A”. From 
(6.4) we obtain, using (6.3), the equation Aw™ =A™Gw™ + p. Taking 
the Laplacian of both sides, we have, finally, the required equation AAw 
== (myn), 


1° N, Aronszajn, “ Approximation des fonctions harmoniques et quelques problémes 
de transformation conforme,” Bulletin de la Société Mathématique de France, 67 (1940), 
p. 137. 


él 
tl 
( 
| 
| 
all 

I 
W 
| 
e 
i. 
I 


nark 
ther 


con- 
ving 
ping 


case 


star 
xed 


tial 
the 
the 


on 


UNIFIED THEORY OF EIGENVALUES OF PLATES AND MEMBRANES. 641 


Let us prove now the converse result: every solution w of the differential 
eigenvalue problem (6.1), (6.2) which is continuous in S + C, and possesses 
continuous derivatives of the first and second orders in S and a Laplacian of 
integrable square in S, is a solution of the variational problem I‘ for a certain 
value of the index n. This statement implies the fact that every eigenvalue of 
the differential problem is equal to one of the minima A). 

To prove this result let us put Aw =f, w= Gf. By (6.1) we have then 
the following equation 


(6. 5) f =AaGGf + p’ 


similar to (6.4). As we have seen, the conditions (6.2) imply the condition 
(p’, f) =0 for every p” in §. 
We find, on multiplying (6.5) scalarly by f, the equation 


(6. 6) A= (f, f)/(Gf, Gf) =1(w)/H(w) 


so that we have the inequality A") Sa. If A“? =A, our statement is proved. 
Let us assume, therefore, A") << A. Since, by (3.17), limA™? = lim 


= o, there is an such that 
(6. 7) AMD 
Let us now multiply scalarly (6.5) by (= Aw) where w denotes a 
solution of (j= Using the equations (f‘), p’) =0 
we obtain immediately 
(6. 8) (f,f) =aA(Gf, for j= 1,2,---,n—1. 
On the other hand we have, putting in (6.4) nj and multiplying this 
equation scalarly by f, 
(6.9) (Gf, Gf) for j = 1,2,---,n—1. 
Taking the difference of (6.9) and (6.8) we obtain 

@, 
by (6. 7) 
(6. 10) (Gf, = (wv, =0 for 1,2,---,n—1. 
Since, by this equation, w is orthogonal to the solutions w‘/) of the problems 


Ii) (15 j= n—1), the eigenvalue A—J(w)/H(w) cannot be less than 
\™., Comparing this result with (6.7) we obtain the equation A=A™. 
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Furthermore, the function w satisfying the conditions of J‘) and giving the 
minimum A‘ of J/H is obviously a solution w™ of J™, 

Since J™ and Ix) are equivalent, we also have the result that the 
variational problems J«‘") are equivalent to the differential problem (6.1), 
(1.6), (1. 10).7° 


7. Comparison of the different kinds of boundary conditions. In the 
bibliography as well as in the present paper we meet several formulations for 
the “boundary conditions” in the problem of the clamped plate. It is of 
interest to investigate whether or not these conditions are equivalent. 

We shall compare the following conditions: 


A. w=0, lim w, =limw,=0, (Aw, Aw) < co. These are the con- 


ditions in J‘), 


w=0, dw/dn=0 on C, (Aw, Aw) < These are the classical 
conditions for a clamped plate. The condition dw/dn = 0 is required only at 


points of the boundary admitting a normal. 


C. w=0, dw/dn=0 on C except in a set of linear measure zero, 
(Aw, Aw) < 


D. w=O0onC, (Aw, Aw) < o, (p, Aw) = 0 for all harmonic functions 
p of integrable square in S. These are the conditions in Jo) as well as the 
conditions introduced by Zaremba in the biharmonic Dirichlet problem. 


EK. The function w belongs to the class & defined in CH II, p-. 528, no. 6 
(cf. also p. 481 and the reference to other papers there). 


We shall prove the equivalence of the variational problems of the vibrating 
plate no matter which “ boundary conditions ” A, B, C, D or E are used. We 
assume here, for simplicity, that the domain S is of the subclass % of the 
class ©, introduced at the end of 5. 

In the present paragraph our problems will be denoted by I4™, Ip and 
so on, according to the boundary conditions used. 

It is obvious that the conditions A imply B and that B imply C. On the 
other hand it has been proved that the conditions C are equivalent to D.” 


20In the same way we see that for any value of m the variational problems J, (”) 
are equivalent to the differential problem defined by the equations (6.1), (1.6), (1.7) 
and the natural boundary condition mentioned in footnote 9. 

21 The proof will be given in a forthcoming paper of N. Aronszajn, “ Recherches sur 
le potentiel logarithmique.” 
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Furthermore we have seen that a solution of the variational problem Jp‘ 
satisfies the conditions A. Comparing the minima (by a method similar to 
that used in 5) we see that the variational problems with the conditions A, B, 
C, D are equivalent. 

Let us consider now the condition KE. We prove first that E implies D. 
In fact one can easily see that a function w satisfying E belongs to the class 
% and to the class D introduced in CH II, Chapter VII. Using the results 
of § 4 of the same chapter, we see that w is continuous in S + C and vanishes 
on C. We shall prove now that w satisfies the third of the conditions D: Aw 
is orthogonal to every p in ¥%. In fact, by the definition of & there exists a 
sequence of functions w,, of the class ® defined in CH II, p. 528, no. 6, so that 
(p, Aw) = lim (p, Aw») and (p, Aw,) = 0. 

Consider now a solution w of Ip‘. In order to see that w satisfies the 


conditions EK we put f= Aw, so that we have 

(7.1) f=A™GGf + p. 

Consider on the other hand the equation of equilibrium of our plate 
(7. 2) Adv = 


where v is the unknown function satisfying the conditions EK. By CH II, 
Chapter VII, there is in this problem one and only one solution v, which 
satisfies a fortiori the conditions D. Putting Av = f, and using (7.2) we have 


(7. 3) fi =A GG + pi, 


where p, is a function of 8. Comparing (7.1) with (7.3) we obtain as in 5 
the equations p, =p and f, =f, so that vw. As required we have the 
result that w satisfies the conditions E. (For the equivalence of A and E ef. 
also CH II, p. 530). 

In order to obtain the equivalence of Jp‘ with Jz‘ we had to use an 
induction process with respect to the index n in a similar way to that in 5. 


8. Mixed boundary conditions. The problems with mixed boundary 
conditions," for instance the problems similar to J, are obtained by replacing 
the conditions (1.2) by the condition lim Aw 0 when (2,y) tends to a 
part T of C. We assume that T[ consists of a finite number of arcs with bounded 
mean curvature. Let us point out the changes which must be made in the 
formulations of J»‘") and In. In In‘ we have to introduce, instead of 
(1.5), a sequence p,(z,y), p2(#,y),° of harmonic functions of integrable 


22 Cf. W $18. 
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square in S vanishing on T. In Jx‘") we have to consider in place of B the 
subspace $°° of $ of harmonic functions vanishing on T. This subspace is 
also a complete space, i. e. a strong limit of functions in 8° is also a function 
in 8. In fact, let us map conformally the domain S upon a domain 8’ 
located in a (€,7) plane and bounded by circles, so that certain arcs T” corre- 
spond to T. Consider now the analytic continuation of our harmonic functions 
over the arcs I” using Schwarz’ principle. It can easily be verified that an are 
corresponding to an arc interior to T is located in a domain independent of 
p(&,) in which all p(é, 7) are of integrable square. Furthermore the integral 


Sf p°dédyn taken over this domain is less than M ff. p’drdy where the 


constant M is independent of p. 

It is well known that the strong convergence of harmonic functions implies 
uniform convergence in the interior of a domain. Considering again the initial 
domain S we see that the strong limit of a sequence in 8°) is itself a harmonic 
function vanishing on [. In this way we reach the conclusion that the results 
in the case of mixed boundary conditions are similar to those in the case of a 


clamped plate. 


9. Buckling problem. Let us consider the problem of the buckling of a 
plate, assuming, for the sake of brevity, that the boundary is clamped. The 
new problems are obtained by making the following modifications -in the 
variational problems of the vibrating plate. 

In I‘ the integral H(w) has to be replaced by the Dirichlet integral. 


D(w) = ff. + w,*) daxdy, 


and the orthogonality conditions (1.3) by the conditions 


(9.1) D(w, = Sf. (wewe')) + wywy))) drdy = 0 
for j= 1,2,°--,n—1. 


In /‘ the conditions (1.4) have to be replaced by the conditions D(w, ¢;) 
= (0 where the ¢; denote arbitrary functions continuous in S + C, vanishing 
on C and possessing bounded first derivatives in S. 

In Im” and Lm, H(w) has to be replaced by D(w) and the conditions 
(1.8), (1.9) by D(w, wm?) =0 and D(w,¢;) = 0. Similar changes are 
to be made in Jax‘) and foo, 

In order to formulate the problems corresponding to 


and I7x~‘™ we use Green’s formula 


(9. 2) D(w,v) = — (Au, v) 


di 
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which holds for any two functions w and v, continuous in S + C, v vanishing 
on C. It is assumed that v admits in S continuous first derivatives and that 
w admits in the same domain continuous second derivatives. Furthermore we 
assume the existence of the integrals (Aw,Aw), D(w) and D(v). Let us 
note that the condition (Aw, Aw) < x can be replaced by the condition that 
Aw is summable in S, so that we have a set of validity conditions for (9. 2) 
which is invariant under conformal mapping.** 

We can now formulate the problems corresponding to the problems of 8, 
replacing there the expression (f,f)/(Gf,Gf) by — (f,f)/(Gf.f) and 
(f, Gj) by (f,¢;). Let us mention that the functional — (Gf, f) replacing 
the functional (Gf, Gf) = (GGf,f) is also completely continuous and positive 
definite. For this reason all our proofs hold in the present case, the changes 
in the formulas being very slight. For instance, we obtain in JJ,‘ (or in 
IIx‘) instead of (3.15) the equation 


(9.3) f——AGf +p. 
Let us also mention that in 5 we have to write the equation 


AAv = — AAw 
instead of equation (5.5). 


LONDON, ENGLAND, 
UNIVERSITY OF TORONTO. 


_ 


** The equation (9.2) has already been established in CH II, p. 484 under somewhat 
different assumptions. 
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PRODUCTS AND NORMS OF IDEALS.* 


By C. C. MacDUFFEE. 


1. Introduction. The early work of Poincaré’ on the representation of 
ideals in integral domains of algebraic fields by means of matrices suggests that 
he may have been led into this investigation by the hope that ideal multipli- 
cation could in some way be accomplished through multiplication of matrices. 
It soon became evident that this cannot be done in any simple way, and no 
further results in this direction have been obtained. 

In the present paper this result is accomplished by means of a multiple 
correspondence. ‘To an ideal a correspond, besides the matrix A of the Poin- 
caré correspondence, h matrices A;, +, An where h is the class number 
of the domain. If 6 belongs to the ideal class b (where 1 represents the prin- 
cipal class), and if B, C correspond respectively to the ideal 6 and the ideal 
product a X b by the Poincaré correspondence, then 


C = A,B 


where the multiplication is ordinary matric multiplication. 

If a and 6 are two-sided ideals in a maximal domain of a semi-simple 
algebra over the rational field, and doubtless also in many other situations, 
it is true that the norm of the product is equal to the product of the norms 
of the factors.?, This is not usually true in the case of the product of one-sided 
ideals. A satisfactory substitute is given in this paper. Every ideal has, 
besides its ordinary norm, as many norms as the class number of the domain, 
and each norm of a product is always equal to the product of certain properly 
chosen norms of the factors. 


2. Notations. The notation in this paper has been chosen to agree with 
that of an earlier paper of the author,* of which this paper is essentially a 
continuation. We assume that % is the quotient field of the principal ideal 


* Received August 16, 1941; Presented to the American Mathematical Society 
May 2, 1941. 

1H. Poincaré, Bull. Soc. Math. France, vol. 13 (1885), p. 167. 

2M. Deuring, Algebren, Springer 1935, Chap. VI, § 4. 

* “ Modules and ideals in a Frobenius algebra,” Monatshefte fiir Math. und Physik, 
vol. 48 (1939), pp. 293-313. 
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ring R, and that is a finite algebra over & with the %-basis «1, €2,° °°, €n, 
and the constants of multiplication cijx, which belong to R. We assume that 
WY is a Frobenius algebra—i. e., that the determinant 


| LiCres + InCren | 


does not vanish for every choice of - in We assume that is 
the unit element of Y. 


The set of all numbers 
+ + + dnén; azeR 


constitutes an integral domain. An additive group Yt of numbers of 3 which 
is closed under multiplication by the numbers of ® is called an 9-module. 
An -module which is closed under multiplication on the left by the numbers 
of § is a left ideal. A right ideal is similarly defined. , 


Every left or right ideal a of has an ft-basis where 


Define the matrix A = (d;¢), and say that A corresponds to the ideal a. If A 
is non-singular, it is unique up to a left factor U which is a unimodular 
matrix with elements in R. The principal left ideal («] has as a corresponding 
matrix the matrix S(«) of the second regular representation of %. Similarly 
R™(a) corresponds to the principal right ideal [«), where R(a) is the first 
regular representation of a. 

A necessary and sufficient condition in order that A shall correspond to a 
left ideal is that there shall exist n matrices D,, D.,- - -,Dn with elements 
in R such that 

AR,* = Ry = R(e). 


Similarly A corresponds to a right ideal if and only if matrices F,, F.,- - -, En 
exist such that . 
AS; = Si; = 


Let a be an St-module with Rt-basis - and b an R-module 
with basis B,, -,Bn. The product a X 6 is the #-module 


> dij eR. 


If a is a left ideal, so isa Xb. If b is a right ideal, soisaXb. If A 
corresponds to a, B to b and C to a X b, then C is a greatest common right 
divisor of the matrices 


AS(B:), AS(Be),* +, AS(Bn), 
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and also a g.c.r.d. of the matrices 
BR™(a,), BR™(a2),- - +, BR(an). 


If A corresponds to the left ideal a with §t-basis %2,° *,%n, then 
AS(7) corresponds to a left ideal having the $t-basis called 
the ideal ar. Two non-singular left ideals a and 6 are said to be equivalent 
(a~b), or to belong to the same class,* if there are numbers 7; and rt, of § 
such that 


ar; = bro. 


Let A and B correspond to left ideals a and b, and let 
= D,*A, == D’,"B. 


A necessary and sufficient condition that a ~ b is that there exist a unimodular 
matrix U such that 


Dt = (t= 1,2,- - -, 2). 


3. Ideal Products. The matrix B corresponding to the ideal 6 is unique 
only up to a unimodular left factor. If 6b is equivalent to a so that 
Dt then 


BR; = TUB, UBR;* = DUB, 


so that UB, which also corresponds to 6b, has the same class matrices D,, D», 
-++,Dn as a. We say that two ideal matrices which have the same class 
matrices belong to the same minor class. By a proper choice of the unimodular 
left factor U, we can determine ideal matrices, all belonging to the same minor 
class, which correspond to each of the ideals of a class. Every minor class 
has a basis composed of n linearly independent matrices M,, M..- - -, Mn such 
that every matrix 


aM, + aoM + 


corresponds to just one ideal of the class of a. We use the symbol ~ to 
denote this correspondence. Conversely, every ideal of this class corresponds 
to at least one such matrix. 

Let us enumerate the ideal classes of § as the first (or principal), second, 


“If & is the rational field, R the ring of rational integers, and 9{ is semi-simple, 
the number of classes of left ideals is finite. See Deuring, loc. cit., p. 90. 
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-+ +, h-th, and assume a definite minor class of ideal matrices for every class. 
We shall denote the class matrices of the i-th minor class by 


Let ca X b be the ideal product of the left ideals a and b, and let 
a~A,b~B,c~C. Then C is a greatest common right divisor of the 
matrices 


BR*(a,), BR'(a2),- BR (an). 
But if B belongs to the 6-th minor class, 
BRT (a;) = (a;)B, (a;) =a,D, 


so that C is a greatest common right divisor of 


to) 


DT (¢,)B, DOT (a.)B,- (an) B. 
Define A, to be a g.c. r. d. of 


DT (a,), DOT(a,),- >, DOT (a,). 
Then A,B is a matrix corresponding to the ideal product a X 6. The g.c.r.d. 
of matrices is unique only up to a unimodular left factor, and so A» can be 
chosen so that A,B lies in the minor class which we have selected to represent 
the class af this product. That is, 


C = A»B 


where the multiplication is matric multiplication. 
Two ideal matrices B and B’ belong to the same minor class if and only 
if a number v of % exists such that B’ = BS(v) where S(v) corresponds to pv 


under the second regular representation. Now if C = A,B, then 
CS(v) { pBS 


If BS(v) has elements in R, so does CS(v), and CS(v) belongs to the same 
minor class as C. Thus if we select Ay so that A»B lies in a prescribed minor 
class, so does A,B’ for every matrix B’ of the b-th minor class. 

In this way we have a correspondence wherein every ideal a corresponds 
to h matrices A;, *,An where h is the class number of This is in 
addition to the ordinary Poincaré correspondence by which am A. We have 
proved 
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THEOREM 1. If aX 6c, and 6 belongs to the b-th minor class, then 


C= A,B 


corresponds to c, and C is in the minor class chosen to represent the class of ¢, 


In fact, from the matrices corresponding to a and 6 we can calculate all 
the matrices corresponding to the ideal product ¢. Let D be any non-singular 
matrix of the d-th minor class, corresponding to the ideal d. Since ideal 
multiplication is associative, 

p= (aX X D—aX (6X dD), aX bX 0—e. 
Then if P corresponds to y, 


P = = = A.BaD. 


Since D is non-singular, 


Y 
Ca = AcBa 
where the e-th minor class is the minor class of Bul. As we have seen, ¢ is 
independent of the particular matrix D chosen from the d-th minor class. 

Because of the lack of the commutative law, and the consequent non- 
existence of the class group, further results seem rather meager. 

4. Norms. Let a be an ideal of the class a, and let a~ A under the 
Poincaré correspondence, and let a~ ,, An under the correspondence 
of Theorem 1. Then N(a) =| A | is the ordinary norm of a. We shall call 
Ni(a) = | A; | the i-th norm of a. 

It is now possible to extend the theorem on the norm of a product to one- 
sided ideals in the following manner. 

THEOREM 2. /f 6 is an ideal of the b-th class, ae 


N(a b) = Ni(a)- N(b). 


If D is any matrix of the d-th minor class and B,D is in the e-th minor class, 


then 


Na(a X 6) = N-(a) Na(b). 


5. An Example. It was shown by E. J. Finan * that the matrices 


5 Duke Mathematical Journal, vol. 2 (1935), p. 484. 
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form a basis of a non-maximal integral ring XY of the total matric algebra of 
5 5 5 

order 4, that the class number of this ring is 3, and that the three classes can 

be represented by the three minor classes of matrices 


3d c 0 0 3d c 0 O 6 
in 
0 036 a OO ob a 0 030 a 


We shall call these Classes I, II, III, respectively. Class I is the principal 
class. 
Denote + yD, OT + 2D,T 4+ by DOT, 


Then 


zx 0 0 w xr 0 zx 0 0 
pwr 0 3w 0 0 0 WwW 
2 0 y z 0 3y Zz 
3y 0 0 2 y 0 0 sy 0 0 


Let kh, be the greatest common divisor (a, 3b, 3c, 3d), and similarly let 


k. = (a, b, c, 3d), k, = (3a, 3b, c, 3d), 
hk, = (a, 3b, c, d), k, = (3a, b, c, 3d), 
ke = (a, 3b, 3c, d), hk, == (a, b, c. a). 


Denote by ko, ks, the diagonal matrix 


0 
Then 
Ag = ks, ks, ks], A, = (ki, kes, bal, 
B, = [3k;, ks, ks, kz], B, be, 
B; = [3k;, kz, kz], C, = [ke, kz, ke], 
C, = kz, kz, 3k; ], C3 = kei. 
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010 0 3 10 0 
00 3 1 00 3 1 
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Here a is in Class I, and so is a’. 
N,(a) = 1, N(a?) = 4. 


Consider the ideal a’~ A’, 


Here a’ is in Class I but a” is in Class II. N(a’) =0, 


N(a’?) = 0, so that a’ is singular. 
Consider the ideal a” ~ A”, 


A A” 


Here a” is in Class I, a” is in 


different. 


In fact, a is idempotent. 


2 
6 
0) 
0 


1 0 
6 0 
0 18 
0 3 


N(a)=4 


6 


2 


Class III. N(a”) = 36, N,(a”) =3, 
N(a’”’*) =108. In fact, N.(a”) = 9, N;(a”’) =1, so all the norms are 


As we saw in 8, the class of a X 6 is not altered when 6 is replaced by 


any other ideal in its class. The above counter-example shows that this is 


not always true when the left factor is similarly replaced. 


classes do not always form a semi-group under multiplication. 
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Thus left ideal 


3.0 0 0 
100 0 210 0 0 Pa 
0 10 0 6 6 0 0 0 f 
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NUMERICAL CONTINUED FRACTIONS.* 


By J. D. BANKIER and WALTER LEIGHTON. 


This paper is primarily concerned with arithmetic properties of various 
types of continued fractions. A theorem due to Galois [3, p. 83] is generalized 
in Section 2. Later sections deal with properties of a proper continued fraction, 
a natural generalization of the classical “ regular ” continued fraction and the 
continued cotangent of Lehmer [1]. In Section 3, a result due to Legendre 
concerning the relations between the complete quotients of regular continued 
fractions with inverse periods is generalized. In Section 4, it is shown that a 


pure periodic proper continued fraction does not, in general, represent a reduced 
quadratic irrational ; sufficient conditions for such a representation are -deter- 


mined, and several theorems of Galois, Legendre and Muir are generalized. A 
sufficient condition that a certain class of quadratic irrationals will have 
periodic proper continued fraction expansions is determined in Section 5, and 
conditions that a rational number shall be equal to a convergent of a proper 
continued fraction are given in Section 6. 


1. Conjugate numbers. Convergent pure periodic continued fractions 
of the form 


ay ao (ly 


(1.1) 


will be considered in this section. The elements of (1.1) will be complex 
numbers with a, ~ 0 (n = 1, 2,3,-- -). 

The n-th convergert of the continued fraction (1) is denoted by An/Bn 
and the formulas 
(1. 21) Anno = + Ce 


(1. 22) Anno = A + (n-1)k-2Br-2, 
(1. 23) = Bes A + 
(1. 24) = + 
are obtained from the fundamental formulas [3, p. 14] 
Avyy-1 == Av-1,, + 


(1. 3) = + 


* Received August 29, 1941. 
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The value yo of the continued fraction (1.1) satisfies the relation 
[3, p. 16] 
Yom Ank-1Yo + nk-2 


and hence Yo is a root y of each equation in the set of equations 
(1. 4) Buy? + (ax — — MeAnk-2 = 0 (n 1, 2, *). 


If vy and A are both set equal to mk in the second of the equations (1.3), it 


will be found that 


Thus, if one of the numbers By, (nm = 1, were zero, an infinite 
sequence of these numbers would be zero, But this is impossible since the 
continued fraction converges. Hence every member of the set of equations 
(1. 4) is a quadratic equation. It will now be shown that these equations all 
have the same roots. It will be sufficient to prove that 


(1. 5) By, Buz 1 Bux 


for all positive integral values of n. The first of the equalities (1.5) may be 
established by subtracting equation (1. 23) from equation (1.24). The second 
equality is a consequence of relations (1.22) and (1.23) from which it 
follows immediately that 
A — Ax-2Bnr-1 = (A — Atv-2B 


It is now clear that the equations in the system (1.4) are equivalent to each 
other. The second root z) of these equations will be called the conjugate of y. 


2. A generalization of Galois’ theorem. The generalization of a result 
due to Galois is contained in the following theorem. 


THEOREM 2.1. Jf the pure periodic continued fractions 


le ak ay 
( ) 6, +5, + + +b, +6,+ 


+ + + by + dbo + + 
converge, and none of the partial numerators dy is zero, the value of the con- 
tinued fraction (2.12) is — zo, where 2 is the conjugate of the value yo of the 
continued fraction (2.11). 
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Two cases will be considered in the proof of Theorem 2.1, depending on 


ion 
whether or not one of the numbers Ang-2 (n = 1, 2,3,-- +) is zero. It will 
‘first be assumed that none of these numbers is zero. This assumption implies 
that yo is not zero and hence only a finite number of the numbers An (n = 1, 2, 
3,- ° -) can be zero. It will be convenient in what follows to define A_, = 0, 
dp = 1, and to make use of the convention that A_, = 1, B_, = 0, and By, = 1. 
Then there exists an integer m (= — 2) such that 4mn =0, and A, 


(n> m). 


The recursion formulas [3, p. 16] 


A n = n-1 dnAn-c 


2.13) (n = 2, 3,4 >, 
‘ite ( Bn = + (nBn-2 
the may be used to show that 
yng 
/ink-2 lk “A nk-m-2 
all = (nk —2 > m), 
Ank 1 by. 1 + +T Y nx-m-2 
where X,/Y, is the n-th convergent of the continued fraction (2.12). 
The above expression may be written in the form 
A ik-2 Bux. 1 
be Yo%o (nk —2> m), 
Ank 1 Anz-1 
nd 


and it follows that 


it 
Ank-2 
lim |] = — %,. 
Ank 1 


Then, since the continued fraction (2.12) converges, its value must be — 2p. 


If one of the numbers 1, 2,3,- +) is zero, one of the roots 
ch & Yo, 2» must be zero, and hence all these numbers are equal to zero. But this 
Jo. implies that is zero. Furthermore 


Bux-» A nk-1 


lt — (Yo + 20) — 20 = 


and, thus, 


lim (« Z 
The proof of Theorem 2.1 is now completed by showing, as in the first case, 
that 
Bus-2 X nk-m-2 
= == (nk —2 >m). 
Bauz-1 nk-m-2 
Ks 8. Periodic proper continued fractions. A continued fraction 


ay 2 ; 
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is said to be a proper continued fraction if its elements are integers which 


satisfy the conditions 
0 < (n = 1,2,3,---). 
The relations 


bo—=[yo], yn bn—=[yo] (n= 1,2,3,-- 


may be used to determine the unique proper continued fraction representation 
of a real number yp corresponding to the sequence of positive integers d,, a, 
* 

If the continued fraction (2.11) is a proper continued fraction, Theorem 
2. 1 may be expressed in a form more appropriate for the work of this section. 


THEOREM 3.1. If the pure periodic continued fraction 
& 
( ) + + bo +b, + 
is a proper continued fraction, the continued fraction 


converges to the value — ax/z) where z is the conjugate of the value yo of the 
continued fraction (3.11). 


Theorem 3.1 is an immediate consequence of Theorem 2.1. For the 
coutinued fraction (3.11) converges, since it is a proper continued fraction, 
and the continued fraction (3.12) converges since it has only a finite number 
of distinct elements and these elements are all positive. Division by 2 is 
permissible since it is the conjugate of yo, and yo is a quadratic irrational. 

Since the value of a periodic proper continued fraction is a quadratic 
irrational, the complete quotients of the continued fraction (3.11) are all 
quadratic irrationals of the form 


% > 


where D is a positive integer which is not a perfect square, and the numbers 
P,», Qn are rational numbers. The complete quotients take on only & distinct 
values, where & is the number of terms in the primitive period of the continued 
fraction (3.11). The complete quotients of the continued fractions (3. 11) 
and (3.12) are related to each other in a manner which is described in the 


next theorem. 
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THEOREM 3.2. If the first k complete quotients of the continued fraction 
(3.11) are 
[DI*+ Po Pes Pes 
the first k complete quotients of the continued fraction (3.12) are 


The proof of Theorem 3.2 bears a close resemblance to that of an 
analogous theorem [3, p. 84], and is left to the reader. 
The elements of a pure periodic proper continued fraction must all be 


positive, and, accordingly, all the complete quotients y, must be positive. 


This statement cannot be made about the conjugate numbers Zn, but these have 
a number of interesting properties some of which are described in the 


Theorems 3. 3-3. 9. 


THEOREM 3.3. If a conjugate number Zn, is negative, all of the conju- 
gale numbers z, (n > no) are negative. 
The proof of this theorem is strictly analogous to that for the corre- 


sponding theorem for regular continued fractions [3, p. 81]. 


THEOREM 3.4. The conjugate of the value of a pure periodic proper 


continued fraction is a negative number. 
Theorem 3.4 is an immediate consequence of Theorem 3. 1. 


THEOREM 3.5. There exists a positive integer no such that zn < 0 
(n> mo), where zn is the conjugate of the n-th complete quotient of the 
periodic proper continued fraction 
a An (hs a 

b, + + Dna + ba + Dhar + + + Da + + 

If the continued fraction (3.51) has a preliminary period of h terms, 
it follows from Theorem 3.4 that ny = h— 1 is a number which satisfies the 
conditions of Theorem 3. 5. 

The following theorems give a more precise criterion for the determination 


of the signs of the conjugate numbers. 


THEOREM 3.6. If 2, the conjugate of the value yo of the proper con- 
tinued fraction (3.51), satisfies the condition 


° 
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(3. 61) bo < Zo < Yo, 


there then exists a unique positive integer m such that the conditions 


A 2m 
(3. 62) iia < Zo < Bom > 
(3. 63) Zomer < 0 < Zom, 


both hold. 


The convergents with even subscripts are less than yo, and each one is a 
better approximation to yo than those which precede it [2]. Thus, since the 
convergents are rational numbers, and 2» is irrational, there exists a unique 
integer m such that condition (3. 62) holds. 

The equality 


‘ YnAn-1 + 
( 64) YnBn1 at... (n ) 


will still be valid if z, is substituted for y», and 2» for yo. The formula, which 
is obtained by this substitution, may be written in the form 


An-2 
Bn-» 
3. 65 n= — Oy = a= 2,3,4,° °°). 
(3. 65) a (n ) 
n-1 


Since each odd convergent is great than yo it follows from condition (3. 61) 
that 


2m-1 
Hence, condition (3.63) is an immediate consequence of conditions (3. 62) 
and (3.65). 
THEOREM 3.7. The conditions 
(3. 71) Zo < bo, 
(3. 71) “4 < 0, 


are equivalent. 


The equivalence of conditions (3.71) and (3.72) is apparent when it is 
recalled [2] that 


(3. 73) 


bo 


| 
| 


h 


as is shown in the next theorem. 
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THEOREM 3.8. If 2%, the conjugate of the value yo of the continued 
fraction (3.51), satisfies the condition 
ay 
Yo < Zo bo + 
there then exists a unique positive integer m such that the conditions 


Aoms 
Bom-1 


Z2m+2 < 0) < Zom+1; 


A 2m-1 


both hold. 
The proof of Theorem 3.8 is strictly analogous to that of Theorem 3. 6. 


THEOREM 3.9. The conditions 


(3. 9] ) bo 20s 
1 
(3. 92) <0, 


are equivalent. 


Condition (3.91) may be expressed in the form 
(3. 93) ay b129 — 


and the equation (3.73) may be written as 


a,b, 
94) vA 
bi — bob, 


It follows from (3.93) and (3.94) that z, < b,, and since 


it is seen that (3.92) holds. The steps in the above proof are reversible, and 
thus it is clear that the conditions (3.91) and (3.92) are equivalent. 


4. Reduced quadratic irrationals. A quadratic irrational is said to be 
a reduced quadratic irrational if it is greater than 1 and its conjugate lies 
between — 1 and 0. 

It is well-known that every pure periodic regular continued fraction 
represents a reduced quadratic irrational [3, p. 80]. This statement cannot 
be made, without qualification, about pure periodic proper continued fractions, 


a 
| 
_| 
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THEOREM 4.1. The pure periodic proper continued fraction 


ay (lo ay 


represents a reduced quadratic irrational Yo if bx-1 = ax. It does not represent 
a reduced quadratic irrational if bx. < ax and = 


It will be recalled that it was shown in Theorem 2.1 that the continued 
fraction (2.12) converges to the value — zo. The n-th complete quotient of the 
continued fraction (2.12) will be represented by wn. If bx-1 = ax it is clear that 
w, > da, and hence w) <1. This implies that —1< z) < 0, and, since the 
continued fraction (4.11) is a proper continued fraction, 1S ax S do < yo. 
Thus, if by. = ax, the value yo of (4.11) is a reduced quadratic irrational. 
On the other hand, if by, < ax, and if by. = ax_,, then 


We > 1> ay-1/We, W, < Ox, and Wo = > 1. 


Thus z < —1, and yp is not a reduced quadratic irrational 
An example of a pure periodic proper continued fraction whose value is 
not a reduced quadratic irrational is the continued fraction 


e+64+24+6+ 
whose value is ([273]% + 9) /4. 

All the complete quotients of a pure periodic regular continued fraction 
are reduced quadratic irrationals. Such need not be the case for pure periodic 
proper continued fractions, but there is a sub-class of these continued fractions 
whose members do have this property. 


THEOREM 4.2. If the elements of the pure periodic proper continued 
fraction (4.11) satisfy the conditions 


(4. 21) Dn = Anas (n =0,1,2,---), 
all the complete quotients of (4.11) are reduced quadratic irrationals. 


Theorem 4. 2 is an immediate consequence of Theorem 4.1. It should be 
noted that pure periodic proper continued fractions, whose partial numerators 
are all equal to the same positive integer, satisfy conditions (4. 21) since it is 
characteristic of proper continued fractions that ba 2a, (n = 1, 2,3,° °°). 

No proofs will be given of the theorems which follow in this section since 
they follow closely the proofs for the corresponding theorems for regular 
continued fractions [3, pp. 81-92]. 
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THEOREM 4.3. If yo is the value of the periodic proper continued 
fraction 

( b+ + Dn-1 + + + 
where 
(4. 32) Ansk == On (n = 


and the elements satisfy condition (4.21), and if the conjugate zo of Yo is a 
negative number, the continued fraction (4.31) has at most one non-periodic 


lerm. 


THEOREM 4.4. Jf, in addition to the conditions of Theorem 4. 3, it is 
required that z be greater than — 1, then the proper continued fraction (4. 31) 
will be pure periodic. 


THEOREM 4.5. Jf the elements of the periodic proper continued fraction 
(4.31) satisfy the conditions (4.21) and (4. 32), then 


(a) if —1 < 2% < 0, the continued fraction (4.31) is pure periodic, 
(b) tf 2 <—1, (4.31) has one non-periodic term, 

(c) if 0 < 2%, (4.31) has one or more non-periodic terms. 

THEOREM 4.6. The value of the periodic continued fraction 


a a a a a al “l 
b, + b2+ + bo + b, + 2bo + + + 


where all the partial numerators are equal to the same positive integer and 


bn = Dax (n = 1, 2,3,-- -), 
bn = (n = 1, 2, 3,- -,k—1), 


is the square root of a rational number. 


For example, the value of the continued fraction 


is [5/2]. 
THEOREM 4.7. Jf the complete quotients of the continued fraction 


(4.61) are written in the form 
DWE +Ps 


[D]* [D]*+P, [D]J*+P. 
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where D is a positive integer, not a perfect square, then 


Pai = (n = 0,1,2,---,&—1) 
On = (n == 0, 1, 2,- 


THEOREM 4.8. Jf the primitive period of the continued fraction (4. 61) 
contains k terms, then Py = Py, only when k is an even integer, and n = k/2, 
while Qn = Qnii only when k is odd, and n = (k —1)/2. 


Theorems 4. 6-4. 8 may be illustrated by the continued fraction 


3 3 3 3 3 


$4+443454541645+ 
Here, /; = 8, and the complete quotients are 
[73]* + 6 
1/9 
[73]*+ 8 [73] + 19/3 
8/3 
373 3 
— Li3l* + 19/3 
[73]* + 6 


5. Periodic proper continued fraction expansions. In the preceding 
sections the emphasis was placed upon the continued fraction itself, and not 
upon its value. In this section the continued fraction will be considered as a 
representation or expansion of the number which is its value. 

The properties of proper continued fraction expansions in the case where 
the members of the sequence {d,} are all equal to unity, have been studied in 
considerable detail. For example, it is well-known that not only does every 
periodic regular continued fraction represent a quadratic irrational, but the 
regular continued fraction expansion of a quadratic irrational is periodic. 
Such a result would not be expected to hold in general for proper continued 
fraction representations of quadratic irrationals. This is clear when it is 
recalled that if there is a monotone increasing subsequence among the partial 
numerators, then there will also exist such a subsequence among the partial 
denominators, and hence periodicity will not occur [Cf. 2]. Thus it is 
apparent that the question of the periodicity of a given expansion is dependent 
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not only upon the number which is represented by the expansion, but also upon 
the sequence of partial numerators which is used. 

The question arises as to what quadratic irrationals admit periodic proper 
continued fraction expansions other than a regular continued fraction expan- 
sion. This question is answered, in part, in the theorem which follows. 


THEOREM 5.1. Hvery quadratic irrational, which admits a pure periodic 
regular continued fraction expansion with an odd number of terms in the 
period, may be expressed in an infinitude of ways as a proper periodic continued 
fraction, the partial numerators being equal to the same positive integer, and 
the period consisting of two terms which are preceded by two terms. 


Represent by y) the quadratic irrational, and write its regular continued 
fraction expansion in the form 
I l 1 1 ] 
d, + d.+ + dh, +da+d,+ 4 


where h, an odd positive integer, is the number of terms in the period. Let 


(5.11) ilo 


Cn/Dn be the n-th convergent of the expansion. 


The continued fraction whose n-th convergent is An/Bn, where 
== B, = Dix (n = 0, “he 
and & is an odd multiple of h, may now be constructed [3, p. 200]. This con- 
tinued fraction is equivalent to the continued fraction 


1k + Chess Dyes + 


By substituting for / in (5.51) successive odd multiples of h the sequence of 


continued fractions referred to in the statement of Theorem 5.5 may be 
obtained. 
It remains to show that the continued fractions obtained in this way are 
proper continued fractions. This is done by referring to the relations 
= + Dx-2,2, 
Dax, +- Dx-_2,1); 
+ Dy-2,1 Dy + Dx-2,15 
which were obtained from the fundamental formulas [3, p. 14]. The proof 
of Theorem 5.1 is complete. 
It is interesting to note that the proof of Theorem 5.1 is independent of 


the length of the regular continued fraction so long as this period is odd. 
The theorem may be illustrated by considering the continued fraction 
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1 

whose value is ({[5]*-+1)/2. In this case h =1, and & may be any odd 
positive integer. The number ([5]*-+ 1)/2 admits an expansion of the kind 
described in Theorem 5.1 if the members of the sequence a,, d2,d@s,° °° are 
all equal to any one of the numbers 2, 3, 5, 13, 34, 89, 233. 610, 1597, 4181, 
10946, 28657, 75025, 196418,---. (There are integers other than those in 
the indicated sequence which result in periodic expansions). Three expansions 


are 
2 9 2 


-84+448+4 


5 5 5 
55+ 11+ 


233 233 233 233 
old + 121,393 393 + 521 + 121,393 + 521 
It is clear that Theorem 5. 1 is also valid for quadratic irrationals of the form 
wy + J where J is an integer, and w» is a reduced quadratic irrational with an 


odd number of terms in its period. 


6. Conditions that a fraction be equal to a convergent. Before sutli- 
cient conditions are obtained that a fraction be equal to a convergent of a given 
proper continued fraction, the following necessary condition will be established. 


THEOREM 6.1. If 


ay as 


is a proper continued fraction expansion of the real number yo. 


As * 
| (n = 1, 


(6.11) Bi( Bia + Bn) 


In the proof of Theorem 6. 1 use will be made of the well-known formulas 


(3. 64) Yo YnuBn Bn-1 


It is clear that 


(AnBn- 1 — An- 1Bn) (—1)"a,az - Ans 


(n = 1, 2, 3,° 


Since, by (5.1), = it follows that 
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sy means of the recursion formulas (2.13), it may be verified that 


Ann — 


and, hence, 


(n = 1, 2,3,---). 


(6.12) = Bn( Bax + B,) 


The first equality sign of (6.12) applies only if yas: = bn, but, in this even- 
tuality, the second equality sign cannot hold since by,; is then greater than 
fn.;. Thus, Theorem 6.1 is established. 

It will be useful in what follows to define what is meant by a modified 
terminating proper continued fraction. Such a continued fraction is obtained 
by replacing the final partial numerator bn by (bn—1) + dnii/bnir where 
ns1 = Onsy. It will be noted that this substitution does not change the value 


of the continued fraction. 


THEOREM 6.2. Lel 


(le 


bo 
1 


+ bs + 
be a proper continued fraction expansion of the number yo bo, and let 


a, 


be the (possibly modified) proper c.‘‘nued fractional expansion of a rational 


6. 21) Co+ (n= 1) 


number p/q Yo, where q is a positive integer, and where n is chosen in such 
4 fashion that (—1)" has the same sign as (Yo—p/q). A necessary and 
sufficient condition that p/q be equal to the n-th convergent of the expansion 


of Yo is that 

| } 

| * * An 
(6. ) Yo Vn( + Yn) 


where Y, is the denominator of the n-th convergent of the continued fraction 
(6.21). 


The necessity of condition (6.22) was established in Theorem 6.1. The 
sufficiency of this condition will now be established. Let Y, represent the 
numerator of the n-th convergent of the continued fraction (6.21). Since 
VnY¥o — Xn 0, the equation 

wWXn + 


W¥n + Yn-1 


(6. 23) Yo 
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defines a real number w. If X,/¥» is subtracted from equation (6.23) the 


equalities 
y Xs n-1 — Nni¥n) (--- 1) "aya, * 


Y, Yn(wYn + ) Yn(wYn -++ Yn 1) 


are obtained. Hence 


* * Anes 
= ~ = 
} n( wt + n-1) 


since (—1)" and (yYo— Xn/Yn) have the same sign. If equation (6. 24) is 
combined with the inequality (6. 22), the inequality 


Ans 


wy n + n-1 Anyi n + n-1 


(6. 25) 


results. The inequality (6. 25) indicates that w is greater than @,,,.. Equation 
(6.23) may be written in the form 


ay 


Yom 


An On+1 


a2 
C2 + + Cn + w 
Denote by 
Coss + 
the proper continued fraction expansion of w corresponding to the integers 


Inga,’ Since w is greater than = and 


(ly (ly (ln 


i 
at 

is a proper continued fraction expansion of yo. But the proper continued 
fraction expansion of a number corresponding to a given set of positive integers 
is unique [2]. Hence, c, = b, for all non-negative integral values of », and 
p/q is equal to the n-th convergent of the proper continued fraction expansion 
of yo corresponding to the sequence of positive integers 4). This 
completes the proof of the sufficiency of condition (6. 22). 

A corollary may now be stated. 

CoroLLARY 6.21. Jf a rational number p/q satisfies the conditions of 
Theorem 6.2 save perhaps condition (6.22), and tf 


a | < 9Y,? — 


then p/q is equal to the n-th convergent of the proper continued fraction 
expansion of the number yo, corresponding to the sequence of posilive integers 


G1, M2, 43," 
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The corollary will be established by showing that condition (6.22) is 
satisfied. It may be shown, with the help of the recursion formulas (2. 13), 
that 


and hence that 
Thus 


and (6. 22) is satisfied. 


The final theorem of this section contains a third sufficient condition. 


THEOREM 6.3. Jf Yo ts a positive number, not an integer; if 


(6. 31) Dp? — | AnYo > 0), 
(ly (tn ; 

n being selected, by modifying the expansion if necessary, so that (—1)" has 
the same sign as (Yo — p/q), and tf 
(6. 33) p= Xn, q= Y, (n> 0) 


where X,/¥V» is the last convergent of the proper continued fraction (6, 32), 
then p/q is the n-th convergent of the proper continued fraction expansion of 
yo corresponding to the sequence of positive integers 
{ci} 1, 2,3,-- -), 
where 
Cy = aj 
and the remaining elements of the sequence are arbitrary. 


Consider the inequality 


(6. 34) (-— 1) 
Yor n + A n 


The inequality (6.34) is valid when n > 1, since it may be shown by a simple 


induction that 


The inequalities (6.27) may be written in the form 


1S (n> 1). 
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and, when this result is combined with the inequality (6.34) it follows that 


(-— 1)"a,d2 AnOYo 
+ Xn 


It is obvious that the inequality (6.35) holds when n 1. By hypothesis 


(6. 35) YoXn-a < YoX'n 


(6. 36) X, (-- AnYo (n 0) 


If the inequality (6.35) is added to the equation (6.36), it is found that 
Yo( Yn-1 4 n Xn (n > 0). 


The weaker inequality 


+ Yn) < YoX n + Xn 
is valid when n = 0, and is equivalent to the inequality 


* * AnOYo By 


Yn(yo¥ n + Xn) ote Yn) 


Equation (6.36) may be written in the form 


(6. 37) 


Bal” 


Conditions (6.37) and (6.38) are equivalent to condition (6. 22), and, thus, 
p/q is the n-th convergent of yp. 


(6. 38) 


THE RIcE INSTITUTE. 
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ON THE 2-MATRICES OF TOEPLITZ.* 


By AUREL WINTNER. 


The theory of Q-matrices was developed by Toeplitz? for the case of 
analytic Fourier series (Laurent series). The restriction of analyticity is 
essential for the method of Toeplitz, since use is made of Cauchy’s theorem. 
The object of the present note is to develop the theory in its full generality, that 
is, for the case of those measurable functions for which such a theory is possible 
at all. 

Due to such an approach, some of the results turn out to hold even in the 


almost periodic case of relative measure. 
1. By a distribution function (mod 1) will be meant a monotone non- 


decreasing function 0 S21, of total variation 1. Two such 


functions, say ¢; and ¢2, will be considered as identical if and only if 
(1) + 0) —const. = 6(4 — 0), 


where = — $2(e?"'7). In this sense, the trigonometric 
momenta 


0 


determine @ uniquely, since, as a consequence of the trigonometric approxima- 
tion of Weierstrass, every function 0(z), 0 = #1, of bounded variation must 
satisfy (1) if it satisfies 
1 

(3) f = 0 for 

0 
According to the Herglotz formulation of the Toeplitz criterion of real har- 
monic functions which are regular and non-negative within the unit circle, 
there exists, for given numbers An, a distribution function ¢ satisfying (2) 
if and only if 

kk 

(4) >. An-méném 0, (Xo 


n=0 m=0 


where & and the € are arbitrary. 


* Received April 19, 1941. 

‘OQ, Toeplitz, “ Zur Theorie der quadratischen und bilinearen Formen von unendlich 
vielen Veriinderlichen, I: Theorie der Z-Formen,’ Mathematische Annalen, vol. 70 
(1911), pp. 351-376, more particularly § 7-§ 8. 
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IA 


Consider the class of those measurable functions f = f(e?™!'), 0 
which satisfy 


(5) | = 1, ie. 1/f(e?***), for every ¢. 
The n-th power, f" = f(e?™'t)", of such an f belongs to the same class for 
n=(, +1, +2,---,and has the Fourier series 
ie ©) 
where 
1 
(7) Onm(f) = dt, (n,m 
0 
In particular 
1 

(8) wno(f) dt = no(f) woo(f) i, 

0 


and so (4) is satisfied by An = ono(f) ; in fact, from (5), 


kk 1 
f dt EnEm = | > f dt => 0, 
n=0 m=-0 0 0 n=0 
where & and the é are arbitrary. Thus there exists a distribution function 
(mod 1) by means of which (8) is representable in the form (2); so that 


1 1 
(9) f f(e?™it)n (e2tir) n=0,+ 1, + 2,- 


( 0 


On writing the Lebesgue integral on the left of (9) as a Stieltjes integral, 
one sees, from the uniqueness theorem of the trigonometric momentum problem, 
that ¢(e°"'*) represents the Lebesgue measure of that subset of the interval 
0 =¢< 1 on which arg f(e?7'') < 2mr, where arg f(t) and « are thought of 
as reduced mod 1. Correspondingly, ¢(e?**”) will be called the distribution 
function of 


2. In the sequel, A = || dum || will denote an infinite matrix in which 
both n and m run through the values 0,+ 1, + 2,:--. The matrix will be 


said to be bounded if the corresponding «-ary bilinear form is bounded in the 
sense of Hilbert. The matrix A will be called non-singular if it is bounded and 
such that there exists a bounded matrix, B, satisfying 


AB=FK and BA =F, 


where / is the unit matrix. Then, according to Toeplitz, B is uniquely deter- 


mined by A, and can therefore be denoted by A-. 


| 
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If ¢ is a distribution function (mod 1), let A(@) denote the matrix 


(10) = || Ann () 


where the A are the trigonometric momenta (2). 
If 0/1, is a measurable function satisfying (5), let Q(f) 
denote the matrix 


(11) = || onn(f) 


where the » are the Fourier constants (7). 


For these two types of matrices, the following facts will first be established : 


(1) The matrix ts bounded if and only if ¢6= o(e*"'*), OS Sl. 


satisfies a uniform Lipschitz condition. 


It is understood that a function F'(s) is said to satisfy a uniform Lipschitz 
condition if 
(12) F(s,) — F(s2)| S Const. | s, — sz | 


where s,, s. are two arbitrary points of the s-range on which F is defined. 
Since 
eiB __ pia 
(13) 0 < const. < - —< Const. for 0S 2< B < 2z, 
4 
it is immaterial whether the uniform Lipschitz condition of (1) is meant to 


refer to s = e77'* or tos —=@. 


(11) The matric Q(f), which need not be bounded, is always such that 
02(f)Q*(f) exists and is identical with A(), where denotes the distribution 
function of f. 

It is understood that Q(f)Q*(f) denotes the matrix product 4A*, where 
A=Q(f), and that A* is defined as the transposed matrix of the complex 


conjugate, A, of the matrix A. 


(111) The matrix Q(f) is bounded if and only if the distribution func- 


lion, 6 = of f = f(e?™'*t) satisfies a uniform Lipschitz condition. 
A function F = F'(s) will be said to be of bounded distortion if 
(14) const. | s.—s, | S| F(s2) F(s,)| S Const. | s, —s, |, where const. > 0, 


holds for any pair s,, s. of points of the s-range on which F’ is defined. If F 
is a function of e27'! alone, (13) shows that (14) is the same condition for 


1, 
n. 
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(IV) The matrix A(q) is non-singular if and only if the distribution 
function, of is of bounded distortion. 


(1V) becomes false if one replaces A(¢) by Q(f). This is shown by the 
example f (e?7') = e°™'!t, which has indeed the distribution function ¢ = const. 
(= 1) for every (—1,2,- - +) but determines a bounded matrix Q(f) only 
when /=1. All that can be said in this direction may be formulated as 


follows: 


(V) In order that Q(f) be non-singular, it is necessary but not sufficient 
that Q*(f)Q(f) be non-singular. 


In the proof of these statements, use will be made, besides the matrix (10) 
defined by (2), of the ordinary Laurent matrix, 


1 
(15) L(q) dt ll, 
0 


where g = g(°7'') is any Lebesgue integrable function. If g,, gz and their 
squares are integrable in the sense of Lebesgue, then, by the polarized form of 
Parseval’s relation, 


(16) = L(g:) L(g2) = 
It is clear also from (15) that 


(17) L(1) =E, (# = unit matrix), 
and 
(18) L(g) =1L*(q). 


According to Toeplitz, L(g) is bounded if and only if 
(19) | g(e?™*t)| < Const. almost everywhere, 
and L(g) is non-singular if and only if 


(20) 0 < const. < | g(e?™‘#)| < Const. almost everywhere. 


3. In order to prove (1), we first observe that, if a matrix A = || dum | 


is bounded, then 


fo. 
ten < forn=0,+1,+2,:--. 


Hence 


| An($) |? < 20 


n=- 


is a necessary condition for the boundedness of the matrix (11). It follows, 
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therefore, from the Fischer-Riesz theorem that there exists a function § = 8(z), 
0221, of class (L) such that 


y 
An(¢) = § 8(x) ine dz for n=0, + 1, + 2,:-: 


(the fact that 6 actually is of class (Z*) will not be needed). On comparing 
this with (2), one sees that (3) is satisfied by 


A(x) = f 8(y)dy— 
0 
Since this @(a2) is of bounded variation, so that (3) implies (1), it follows 
from the fundamental theorem of calculus that the derivative, ¢’(e?"‘*), of 
the monotone function ¢ of e?7' is identical with 8(2) almost everywhere. 


Thus ¢(e°7**) is absolutely continuous and 


(21) A(¢) = L(¢’), 


by (10), (2) and (15). Since (19) is necessary and sufficient for the bounded- 
ness of (15), it follows that A(¢) is bounded if and only if | ¢’ | < Const. 
almost everywhere. Hence, in order to complete the proof of (I), it is 
sufficient to realize that a function satisfies a uniform Lipschitz condition if 
and only if it is absolutely continuous and has a derivative (almost everywhere) 
which is bounded on the complement of a zero set. 

Next, if f(e°"'') is a measurable function satisfying (5), then, by the 


polarized form of Parseval’s relation 


fa 1 1 - 
) n dt. f rer") mM p2wikt dt n ym dl. 
k=-00 0 


According to (7), (9) and (5), this can be written in the form 


x 1 
onk (f)@me(f) = f e2Ti(n-m)a dg (e?i*), 
0 


k=-00 
which, by the definitions (11), (10) and (2), is equivalent to 


(22) —A(4). 
This proves (II). 

(III) is implied by (I) and (II), since, according to Hellinger and 
Toeplitz, a matrix A is bounded if and only if the matrix AA* exists and is 
bounded. 

Since (20) is necessary and sufficient for a non-singular matrix (15), and 
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since (21) was shown to hold whenever the matrix A(@) is bounded, (IV) 

follows from the definition, (14), of a function of bounded distortion. 
Finally, (V) follows from (IT), (IIT) and (IV), since, according to 

Toeplitz, a bounded matrix A is non-singular if and only if both matrices 


AA*, A*A are non-singular. 


4. If f has an absolutely convergent Fourier series, then 
(23) = | onm(f)| << 
m=-OO 

for every n. In fact, if f(¢) has an absolutely convergent Fourier series, then 
(23) holds, by (6), for n=1. Hence, the case n= + 1 of (8) shows that 
(23) holds for n = —1 also. Since the product of two functions possessing 
absolutely convergent Fourier series possesses an absolutely convergent Fourier 
series, it follows from (7) that (23) holds for every n 2 0 (and, of course, 
for n = 0 also). 

Let fe 


denote measurable functions f satisfying (5). 

(VI) Jf f: =f, has an absolutely convergent Fourier series, the 
matrix product Q(f,;)Q(f2) exists for every fz = fe(e?***) and is identical with 
Q(fi(f2)), where fi(f2) = fi(f2(e*"') ). 

It is obvious from (III) that the assumption of (VI) does not imply the 
boundedness of any of the three matrices Q(f;), Q(fz), A(f:(fe)). 

Since (23) is satisfied by f = f,, one sees from (6) that 
ioe 


> (f; ) fi 
m=-00 


for every ¢. Since | f.(e?™**)| = 1 for every ¢, it follows that 
m=-00 


On multiplying this relation by e°™** and noting that (23), where f =f, 
insures the term-by-term integrability of the resulting series, one sees from the 
definition (7), that 


Onm ) ome (f2 ) == Wnk (fi (f2) ) 


m=-% 
According to (11), this is equivalent to 
(24) 0(f:)2(fz) =Q(fi(fe)) ; 


so that the proof of (VI) is complete. 
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If f is a measurable function satisfying (5), the same is true of the j-th 


iterate, where 


(25) (e2mity = fi(fi) j = 1, 2,- mf. 
If j = 0, let 


it being understood that the first e in e = e(e?™'t) is meant as a function 
symbol f. 


(VII) /f f(e®™*) is of constant absolute value 1 and has an absolutely 


convergent Fourier series, then 
(27) = (f) 
for j = 0,1,2,--- 


It is understood that the matrix on the right of (17) denotes the j-th 
power of Q(f). Thus (VII) is clear from (VI) and from the definition (25), 
if j > 0: while if 7 = 0, then (27) reduces, by (26), to the relation 


(28) Q(e) = = unit matrix), 


‘ 


which is obvious from the definitions (11), (7). 


If f = f(e?™'*) is a one-to-one transformation of the unit circle, | z | = 1, 
into itself, let denote the inverse mapping; so that 


for every (. 


(VIII) Jfa function f = f(e****) of constant absolute value 1 represents 
a one-to-one continuous transformation of the unit circle into itself and 


possesses an absolutely convergent Fourier series, then 
(30) Q(f)a(fo?) 
(the existence of the product on the left of (30) being a part of the statement). 


It is clear from (29,) and (28) that (VIII) is the particular case 
of (VI). 

Since the assumptions of (VIII) and the assertion of (VI) are not 
symmetric in the two functions, it does not follow that (30) can be replaced by 


(30 bis) 


although not only (29,) but also (292) is supposed in (VIII). 
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5. It turns out that this dissymmetry in (VIII) and the corresponding 
dissymmetry in (V) disappear if one combines the corresponding conditions, 


THEOREM. If a function f = f(e?™'') of constant absolute value 1 repre- 
sents a continuous one-to-one mapping of the unit circle into itself, the matrix 
Q(f) is non-singular if and only if the function f(e?™‘t) is of bounded dis- 
tortion; in which case the reciprocal matrix, Q"(f), is precisely Q(f-). 


Let f = f(e?™!) be a one-to-one continuous mapping of the unit circle 
on itself. Then it is clear, from the remark made after (9), that 


where ¢ denotes the distribution function, and f‘-”) the inverse function, of 
the function f (mod 1). Since this correspondence is involutory, it follows that 


(e?7it) = arg rie"), 


where ¢‘) denotes the distribution function of f"). Thus it is clear that 
all four functions f, f-, ¢, d") are of bounded distortion whenever one of 
them is. But if a function is of bounded distortion, then it satisfies a uniform 
Lipschitz condition and has, therefore, an absolutely convergent Fourier series, 
provided that it is periodic. Consequently, (VIII) is applicable not only to f 
but also to f‘-”, if f is of bounded distortion. Furthermore, if f is of bounded 
distortion, then, since ¢ and ¢‘-”) are of bounded distortion, ¢ and ¢‘"'? satisfy 
uniform Lipschitz conditions ; so that Q(f) and Q(f-') are bounded, by (ITT). 
Hence, in order to complete the proof of the theorem, it is sufficient to ascer- 
tain that Q(f) cannot be non-singular unless f is of bounded distortion. But 
this is implied by (V), since ¢ cannot be of bounded distortion unless f is of 
bounded distortion. 
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SEMI-SIMPLE ALGEBRAS AND GENERALIZED DERIVATIONS.* 


re- By G. HocHscHILp. 


Introduction. Roughly speaking, a derivation of an algebra is the infini- 
tesimal operation corresponding to an automorphism. This notion plays an 


7 important part in the study of the structure of Lie algebras and associative 
algebras, and its structural significance will be understood best by first recalling 
the connections between derivations and automorphisms in general. 

of The term “ algebra ” will be used to denote a linear set (not necessarily of 

at finite dimension) over a field, in which an operation of “ multiplication ” is 
defined as usual, except that we do not require associativity. By a derivation 
of such an algebra we shall mean a linear mapping of the algebra into -itself 

i which possesses the formal properties of ordinary differentiation, i.e. a linear 

of | mapping a—> D(a) of an algebra % into itself such that for any x, ye W we 

m | have D(z-y) = D(z) - where the dot indicates the operation 

F: of “ multiplication ” in 2.7 

f A simple example is given by the ring of all polynomials (with real 

d coefficients) in one variable. We may regard this ving as an algebra (in the 

ty above general sense) over the field of real numbers. The mapping which sends 

), every polynomial P(x) into its derivative D,(P) is clearly a derivation in the 

a3 above sense. Consider now the operator 7;, depending on the real parameter ¢, 

it which is defined by the formula 

of T:=1+tD.+ (1/2!)#D.2 +: - -=exp(tDz). 


Then, if P(z) is any polynomial, we clearly have 7;(P(x)) = P(# + ¢), and 
the family of mappings {7+} constitutes a continuous one parameter group of 
automorphisms. 

Let us now consider a more general situation: Let %& be an arbitrary 
algebra of finite dimension over the field of the real numbers. The set of all 
non singular linear transformations of {Mf into itself can be given the structure 
of a Lie group G. The corresponding Lie algebra, &, is the set of all linear 
transformations of %, commutation being defined by the formula 7, °T, 
=T.T,—T,T,. If T is any element of &, we obtain a one parameter sub- 


* Received May 1, 1941. 

1 This definition and the elementary theory of derivations will be found in N. 
Jacobson, “ Abstract derivation and Lie algebras,” Transactions of the American Mathe- 
matical Society, vol. 42 (1937), p. 206. 
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group g = {g:} of G, whose tangent at the identity £ of G is T, if we define 
E+t-T+ (172!)-T?+- --=exp(t-T7T). Since the condition that 
a transformation g « G be an automorphism can be expressed by a finite number 
of analytic equations in the coefficients of the matrix representing the element 
g, it is clear that the automorphisms of & constiiute a Lie-subgroup (i.e. a 
closed subgroup) H of G. 

On the other hand, the derivations of % constitute a subalgebra D of &; 
for, if D,, D2 are any two derivations of 2, so is D,° D,. We shall show that 
D is the subalgebra of 2 which corresponds to the subgroup H of G. 

Let h = (ht) be a one parameter subgroup of H which passes through the 
identify # for t= 0, and let Le 2 be its tangent at F, i.e. L =lim (h: — FE) /t. 

t-0 


If x, y are arbitrary elements of 2%, we have hi(x-y) =hi(x) -ht(y), which 
is easily seen to imply that L(r1-y) = L(xz)-y+a:L(y), i.e. that ZL isa 
derivation. or Le 

Conversely, let ) « 2; the corresponding one parameter subgroup of @ is 
given by g+=exp(¢:D), and a direct computation shows that g:(z- y) 
= gt(x) -g(y), i.e. that gre H. This proves our assertion. 

Let Y be an associative algebra with a unity element. If ¢ is any regular 
element of &, the automorphism a — c. a. c™ is called an inner automorphism. 
Algebraically, the inner automorphisms constitute an invariant subgroup K 
of the group H of all automorphisms of %f. Although we cannot say in general 
that K is also a topological (Lie-) subgroup of H, it is evident that we can 
define a topology in K such that it becomes a Lie group K* which is locally 
isomorphic with the group A, regarded as a subspace of H. It follows that 
there corresponds to K a certain ideal 3 of the Lie algebra D of H. In fact, 
the elements of 3 are the tangents at F of those one parameter subgroups of H 
which are contained in K, and if k; is such a subgroup the corresponding 
element / is given by the equation = lim — F£)/t, so that we have 


ki(a) =a-+t-I(a) + 0(¢t), for every element ae Y. 

The group constituted by the regular elements of Mf can be given the struc- 
ture of a Lie group, and it can be shown that the one parameter subgroups, in a 
sufficiently small neighborhood of the identity e, are of the form a; = exp (td), 
where a, is an element of 2%. Furthermore, it is easily seen that we can find 
an analytic mapping k; > a; of any given one parameter subgroup of K onto 
a one parameter subgroup through e of the group of regular elements of 2% such 
that k:(a) =a+-a-a:* for every aeM. For sufficiently small ¢ we have 
therefore k;(a) = exp -a- exp (— tao) =a-+ t(ao:a—a- a) + o(t), 
and a comparison of this with the expression above shows that we have 
I(a) =a,°a@—a-d. Derivations of this form are called inner derivations. 
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Suppose that J is any given inner derivation, i.e. = @— Qo; 
the corresponding one parameter group of automorphisms is given by 
ky = exp A straightforward computation shows that k:(a) = at: a- az", 
where a; = exp i.e. the automorphisms corresponding to the inner 
derivations are the inner automorphisms. We have shown, therefore, that 3 
is the set of inner derivations of %. 

We have a similar situation in the case of a Lie algebra. Let 2 be any 
Lie algebra over the field of real numbers and let T be a connected and simply 
connected Lie group whose Lie algebra is &. An automorphism of I will 
induce an automorphism of &, and conversely. An automorphism of 2 will be 
called an inner automorphism if it corresponds to an inner automorphism of I. 
As in the case of an associative algebra, it can be shown that to the invariant 
subgroup of the group of automorphisms which consists of the inner auto- 
morphisms there corresponds an ideal of the Lie algebra of the derivations of &, 
whose elements will be called inner derivations. A derivation D of the Lie 
algebra & is an inner derivation if and only if there exists an element J,« 2 
such that D(1) =1°1,, for every le 2. In the case of a general groundfield 
this is taken as the definition of an inner derivation. 

We shall be concerned with the study of the behavior of Lie algebras and 
associative algebras with regard to linear mappings of the derivational type 
which map a given algebra %, not necessarily into itself, but, more generally, 
into some algebra B containing YM as a subalgebra. These “ generalized deriva- 
tions,” as we should expect from the above considerations, are found to be 
significant for the structure of an algebra. In fact, we shall obtain a charac- 
terization of semi-simple Lie algebras and semi-simple associative algebras 
(over a non-modular field) in terms of their generalized derivations. In this 
respect there is a very close analogy between Lie algebras and associative 
algebras, which we shall exhibit by treating the two cases side by side. 

I have found it necessary to include proofs of a number of known results 
on representations of semi-simple Lie algebras, some of which (like the proofs 
of Whitehead’s lemmas) cannot be found in the literature. For these proofs, 
which served me as a guide in the present investigation, I am indebted to 
Professor C. Chevalley of Princeton University. 


1. Representations. For the sake of future reference we briefly review 
some fundamental results of the theory of representations of associative and 
Lie algebras. 

Definition 1.1. A representation is said to be completely decomposable 


if the corresponding representation space is the direct sum of irreducible in- 


variant subspaces. 
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Proposition 1.1. A representation, with the representation space §, is 
completely decomposable if and only if for every invariant subspace Q of § 
there exists another invariant subspace 0’ such that $8 is the direct sum of 


and 0’. 


The proof of this proposition is very easy and may be omitted here. 


THEOREM 1.1. The necessary and sufficient condition for an associative al- 
gebra to be semi-simple is that every representation be completely decomposable, 


This result is classical, and no proof need be given here. 


THEOREM 1.2. A sufficient condition for a Lie algebra to be semi-simple 
is that every representation be completely decomposable. 


Proof. We must show that a Lie algebra & satisfying this condition can- 
not possess a (non zero) solvable ideal. 

Let § be any solvable ideal of 2. Since in particular the adjoint repre- 
sentation of £ is completely decomposable we can find another ideal * of % 
such that 2 is the direct sum of § and §*. Hence it is clear that every 
representation of § can be extended to a representation of 2 by representing 
the elements of $* by zero matrices. It follows that § still has the property 
that all representations are completely decomposable. Hence it will suffice to 
show that every solvable Lie algebra $ of dimension d > 0 possesses a repre- 
sentation which is not completely decomposable. 

Now, if § is solvable it contains an ideal §* of dimension d— 1. Let h, 
be an element of § which does not belong to §*; then every element h « § can 
be written in the form h = a(h)h, + h*, where «(h) is a linear function on § 
(with values in the groundfield) and h* «§*. Let $ be a linear space of 


dimension 2 over the groundfield, and let the vectors ees constitute a basis 
for 

If we write P, = a(h)e: Pr(ee) = a(h) (e, +), the mapping 
h — P» is clearly a representation of § in which §* is annulled. The subspace 
spanned by es is invariant, but it is clearly the only invariant subspace of 
dimension 1. It follows that the representation P is not completely decom- 
posable. This completes the proof. 


THEOREM 1.3. (Cartan). Let 2 be a Ite algebra over a field of charac- 
teristic zero. If there exists a faithful representation 1—> P; of &, such that 
Sp(P:*) = 0 for every le, (where Sp(A) denotes the trace of the matrit 
A), then & is solvable. 
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THEOREM 1.4. (Cartan). Let & be a semi-simple Lie algebra over a 
field of characteristic zero. Let k — P; be a faithful representation of R, and 
suppose that ky, ko,- - -,kn constitute a basis for R. Then the determinant 
| Sp(Px,Px,) | 0. 


Both these results are well known. 


THEOREM 1.5. If & is a semi-simple Lie algebra over a field of charac- 
teristic 0, the adjoint representation A of R is completely decomposable. 


Proof. Let § be any ideal of 8. We have to show that there exists 
another ideal §* of & such that & is the direct sum of § and §*. Let §* be 
the set of all elements h* of such that Sp(AnAn*) = 0 for all he is 
an ideal of 8, and since the adjoint representation of a semi-simple Lie algebra 
is faithful we may conclude from Theorem 1. 3 that *¢ § is a solvable ideal. 
Hence we must have $* § = {0}. A dimension argument now shows that 
R is the direct sum of § and §*. 


THEOREM 1.6. Let YX be a semi-simple associative algebra over a field of 
characteristic 0. Let (a,,@2,:*-*,@n) be a basis of M, and suppose that 
Pa, Pas’ * *, Pa, are the matrices corresponding to the elements a; of this basis 
ina faithful representation P of X. Then | Sp(Pa,Pa,)| 0. 


Proof. Let us write % as a direct sum of two sided simple ideals, say 
Y= %,+%,+---+%. We have then & sets of indices, Jk 
such that a,¢« Mv for iely. Now Pa,Pa, =0 if i and 7 do not belong to the 
same set Jy, whence it is clear that 


k 
| Sp (Pa,Pa,) | (4,421.2...) | Sp(Po,Pa,) 


Every irreducible representation of an algebra is equivalent to an irreducible 
representation contained in the adjoint representation, and a simple algebra 
possesses only one irreducible representation (to within equivalence). Hence, 
if we denote the matrices in the adjoint representation by A, we have, for 
i,jely, Sp(Pa,Pa,) =v: Sp(Aa,Aa,), Where ry is a positive rational number 
depending only on v. It follows that | Sp(Pa,Pa,)| is a (non zero) multiple of 
Sp(Aq,Aa,)|, which is known to be different from zero for a semi-simple 
algebra. (Cf. Deuring, “Algebren,” Ergebnisse der Mathematik, vol. 4, part 1, 
pp. 33-34). 
THEOREM 1.7%. (Casimir). Let & be a semi-simple Lie algebra over a 


field of characteristic zero. Let P be any (non null) representation of &, and 
let $* be the kernel of this representation (i.e. the ideal of 2 which is annulled 
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in the representation P). Let § be another ideal such that Q is the direct sum 

of and $*; ( exists, by Theorem 1.5). If (hi, he) ts any basis 

of & there exists a dual basis of such that Sp(Pr,Pi,) = 
where 8;; is the Kronecker symbol (= 0 for and =1 fori=j). 

k 3 

Then, if 1 is any element of &, and hhol=Dyijhj, we hare 1h, 


jt 
k 
= Dyjihj. If we define a transformation T by the equation T = > Pr.Pi,. 
i=1 
we have TP, = PT for every le &. 


Proof. The existence of the dual basis (h;) follows immediately from 


k 
Theorem 1.4 since P gives a faithful representation of If hi = 


and 


k 
Loh; = we have yij = Sp(Pr,oi Pa, ) = Sp(PaProi,) = aj. Finally, 


i=1 


k k 
— Pv = D> (Pa, Pi, Pi — PiPr,Pi,) = (Pa — Paoli, ) 
i=1 i=1 
= DD Pi, — yis Pr, Pi.) = 9. 
i=1 j=1 


THEOREM 1.8. Let & be a semi-simple associative ulgebra over a field of 
characteristic zero. Let P be any (non null) representation of XM, and let $* 
be the kernel of this representation. * is a two sided ideal of XN, and there 
exists another two sided ideal § such that XM is the direct sum of § and §*. 


To any basis (hy, he) of we can find a dual basis (hy, 
k 

such that Sp(Pr,Pi,) =8i;. If a is any element of A, and a= > yajhi, 
j=1 

= k 
we havea-h; = DS yjihj. The transformation T = Ph, where h = hih,, com- 
j=1 
mutes with all the transformations of the representation P. 


Proof. The existence of the dual basis follows from Theorem 1.6. The 


remaining relations are easily verified as in the proof of Theorem 1. 7. 


2. Whitehead’s lemmas and their analogues for associative algebras. 
It is known that every representation of a semi-simple Lie algebra over a field 
of characteristic zero is completely decomposable. This result follows from a 


lemma of Whitehead’s which can be stated as follows: 


THEOREM 2.1. Let 2 be a semi-simple Lie algebra over a field of charac- 
teristic zero. Let % be a representation module of 2, and denote the transform 
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of a vector ee B by the transformation corresponding to an element le by l-e 
Suppose we have a linear mapping |—e(l) of & into B such that e(1° m) 
e(1) —l-e(m) foralll, meX. Then there erists a fixed vector in B 
such that == for every le& 


Proof. 1f 8 is annulled by 2 we may take e, = 0, and there is nothing to 


prove. If not, we employ the notations and results of Theorem 1. 7 and define 
> ke > . 
a vector fy = Sh; e(h;). We have then 
i=1 


l-fy= (hy)) = (hil) - e(hi) + (l-e(hi))] 


We are now in a position to prove our theorem by an induction on the 
dimension d of the representation space %. By the remark made at the outset 
we may suppose that d > 0, and that the theorem holds for every representation 
space of dimension < d. If our representation is not the null representation 
(which we may suppose), we have Sp(T) = k= 0, since the groundfield is of 
characteristic 0. Hence fl 0; therefore, if Q is the linear subspace formed 
by the vectors f « such that r(f) = 0, we have If QO— {0}, 
linear isomorphism of §§ and therefore possesses an inverse I-* which also com- 
mutes with all the transformations of our representation. Hence, if we put 

=I"(fo), we have 1: {I"(fo)} fo) = e(l), as required by 

the theorem. We may therefore suppose that OQ ~ {0}. Now © is an invariant 
subspace of 8 since = 0 implies that =/-T(f) = 0. Hence our 
representation in 8 induces a representation in $/Q, and, if H(1) denotes the 
= 
coset, modulo of e(/), the mapping /— of into still satisfies the 
conditions of our theorem. Since %/Q is of dimension < d, it follows from 
our inductive hypothesis that there exists an element /;¢« 8/2 such that 
E(l) =1- E, for every le. Let e, be any vector in this coset £,; if we put 
=e(1l) —1-e,, the mapping f(1) is a linear mapping of into 
such that f(1° m) = m-f(l) —I1-f(m). Since © is also of dimension < d 

there exists a vector such that f(/) =/-e, for all The vector 


@) =e, + e. will be the required vector, and our theorem is proved. 
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Before stating the analogue of Theorem 2.1 for associative algebras we 
make the following definition: 
Definition 2.1. Let & be an associative algebra over a field %. Let $ be 


a linear set over % which is at the same time an %-right and an W-left module, 
the operations being such that (apart from the usual associativity requirements 


for one sided modules) we have a: (e: b) = (a- 2) -b for all a, b « U and every 
Then is called a two sided M-module. 


THEOREM 2.2. Let WU be a semi-simple associative algebra over a field 
of characteristic 0. Let % be a two sided A-module over &, and suppose we have 


a linear mapping a—> e(a) of M into B such that e(a -b) =a -e(b) + e(a) bd. 
Then there exists such that e(a) = 


Proof. In the notation of Theorem 1.8 we have: 
h-e(a) =D hihi: e(a) = [e(hia) — e(hi) - a] 
t=1 i=1 


= e(hi) — Zhi: e(hi) fo —fo-a, 
i=1 =1 


where fo = > hi e(hi). 
i=1 
The proof now runs like that of Theorem 2.1; we may assume that the 
left representation in $ is not null, for otherwise we could operate in the same 
manner from the right, while—if both the left and the right representations 


were null—we could take e =(. The subspace 9, defined as before, is invari- 
ant for both the right and the left representation, and the induction goes 
exactly as before. 

An interesting application of Theorem 2.2 is the following: Let P, 
be the algebra of all matrices of order n over a field P of characteristic 0. Let 
9 be a semi-simple subalgebra and U an arbitrary matrix of P,». The elements 
of the form UA—AU, where Ae, together with all products of such 
elements by elements of 2%, span a certain linear subspace of Pn», which we may 
regard as a two sided M-module; Mt, say. It is easily verified that the mapping 
A—-UA—AU of & into M satisfies the conditions of Theorem 2.2. It 
follows that there exists a matrix M «9 such that U — M commutes with all 


the matrices of Y%. 


THEOREM 2.3. If an associative algebra XU possesses the property of 
Theorem 2.2 then every representation of X is completely decomposable. 
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Proof. Let $8 be the representation space of a representation P of &. If 
© is any invariant subspace of $$ we have to show that there exists another 
invariant subspace such that OQ Let us choose a linear subspace 
(not necessarily invariant, of course) such that OQ + Let Pa be the 


transformation of $$ which corresponds to the element a of Mf. Let ¢ denote an 
arbitrary vector in . According to the decomposition $ = Q + & we write: 


Pa(t) = Qa(t) + To(t), where Qo(t) To(t) eX. It is clear that the 
mapping t> Qa (2) is a linear mapping of Z into Q and the mapping 
i+ T. (f) a linear mapping of & into itself. From the fact that P is a repre- 
sentation we obtain the following relations: 
Pan() = Qun(#) + = PaPo(t) Pa(Qo(#) + To(2)) 
= (PaQo(#) + QoTo(#)) + ToT (2). 
Since the sum © + f is direct it follows that we must have 
Qav = + Ta = ToT». 


The set of all linear mappings Q of Z into forms a linear space over our 
groundfield: we denote this linear space by S. Now we may regard © as a 
two-sided %-module if we define the operations by elements ae 2 on elements 
QeS by the formulae: a-Q=—P.Q, Q:a=QT.. Consider the linear 
mapping a—> Qa of into S. We have Qa, = PaQs + = a- Qo + Qa’ 
Now, since % possesses the property of Theorem 2. 2, there exists an element 
Qo € S such that Oa P.Qo. 


Consider now the mapping of Tinto ¥. This maps onto 
some linear subspace of $8. We have + Q.(t)) = P,(é) 
= P,(t) + QoTa(t) —Qa(t) = Tat) + QoTa(t), which shows that % is an 
invariant subspace of 3. Furthermore, ee Qo(t) = 0 only if ta 6, so that 
our mapping an t+ Q,(t) is a linear isomorphism, whence we have that dim. 
R= dim. Finally, if ec ie. if and for some 


te, we must have ¢=0, and hence also e 0, whence Q°R = {0}. It 
follows that % is the direct sum of OQ and St, and our theorem is proved. 
The proof of Theorem 2. 3 we have just given is the precise analogue of a 


known proof for Theorem 2. 4 below: 


THeorEM 2.4. Jf a Lie algebra 2 possesses the property of Theorem 2.1 
then every representation of 2 is completely decomposable. 
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By Theorems 2. 1, 2.4, and 1. 2 we have now: 


THEOREM 2.5. The necessary and sufficient condition for a Lie algebra 


& over a field of characteristic zero to be semi-simple is that every representation 
of 2 be completely decomposable. 

We shall pursue the analogy between Lie algebras and associative algebras 
a little further: another lemma of Whitehead, which is used in the proof of 
Levi’s theorem on the decomposition of a Lie algebra into the direct sum of 
its maximal solvable ideal and a semi-simple subalgebra, can be stated as 
follows : 


THEOREM 2.6. Let B be a representation space of a semi-simple Lie 
algebra 2 over a field of characteristic 0. Suppose we have a bilinear mapping 


(x, y) f(z, y) of 2X into such that 


1) f(x,y) + Fy, r) = 0, 
2) F(y,2) + + 2:f(2,y) —f(y°z,z) + f(z%y, 2) 
4 f(x°z,y). 


- 
Then there exists a linear mapping x— e(x) of L into B such that 


f(x,y) —2-e(y) —y-e(z) + 


We shall not write out the proof of this theorem. It is very similar to 
that of Theorem 2.7 below and requires the same methods we have employed 


already in the proof of Theorem 2. 1. 
There is an interesting analogue of this theorem for associative algebras; 


it is as follows: 


THEOREM 2.7. Let & be a semi-simple associative algebra over a field of 
characteristic 0. Let 8 be a two-sided U-module and suppose we have a bi- 


linear mapping (a,b) f(a, b) of into such that a f(b, 

+ f(a, bc) —f(a, b)-e+ f(ab, c). Then there exists a linear mapping 

e(a) of into such that f(a,b) —a-e(b) + e(a) -b —e(ab). 
Proof. In the notation of Theorem 1.8 we have: h- f(a, b) — Shah 


v 


+ Shi: f(hia, b), where we have put ¢:,(a) = Shi: f(hi,a). Now, as a con- 
i=1 i=1 


| 
4 
| 
ig 
if 


rit 


SEMI-SIMPLE AL“EBRAS AND GENERALIZED DERIVATIONS. 687 


sequence of the properties of the bases (h;) and (hi), we have > hi: f(hia, b) 
i=1 


— —a-e,(b). Hence h- f(a,b) —a-e(b) + 
— ¢,(ab) 


Let now © be the linear subspace of $8 formed by those elements g for 


which h:g Suppose first that Q = {0}. Then the mapping 
= 

=TI(e) possesses an inverse I~’, which commutes with all the elements of %, 


regarded as operators on $8, and we may then take e(a) =TI"{e, (a) }. 
Next, let us suppose that both the left representation and the right 


representation are null. Our condition on the mapping f then becomes: 


f(a, be) = f(ab, c). Let (4,9) denote the direct sum of the linear spaces 
% and %. To every element a of YM we have a transformation of (%, 8) which 


is defined by the formula (0, e) >a: (b, e) = (ab, f(a, b)); it is easily 
verified that this defines a representation of % with (2,8) as representation 
space. The subspace (0,8) is clearly an invariant subspace. Since every 
representation of is completely decomposable there must exist another invariant 
subspace O* of (2%, 8) such that (Mf, 8) is the direct sum of (0,8) and O*. 


Let us write, according to this decomposition, (a,0) = (0, e(a)) + q*(a). 
We have then 


b- (a,0) (0, e(a)) + b-q*(a), i.e. (ba, f(b, a)) =bh-g*(a) «O*. 


On the other hand, we have 
(ba, f(b, a)) = (ba,0) + (0, f(b, a)) = (0, e(ba) ) + q*(ba) + (0, f(b, a) ). 


It follows that (0, e(ba)) + (0, f(b, a)) == 0; the mapping a —> —e(a) is a 


linear mapping of & into $ such that f(a, b) =— e(ab), and our theorem is 
verified for this case. The theorem is trivial if 8 is of dimension 0, and we 
can now proceed by induction as in the proof of Theorem 2.1, since we shall 
have Q +4 for either the left representation or for the right representation, 
unless we have the case just disposed of. As an application of Theorem 2. 4 
we give a proof of the well-known result that every associative algebra over a 
field of characteristic zero can be represented as the direct sum of its radical 
and a semi-simple subalgebra.” 


2 J. H. C. Whitehead has communicated a proof of this result to N. Jacobson, which 
utilizes the same ideas as the proof given here. 


| 
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Let be any associative algebra over a field of characteristic zero, and let 
% denote the radical of &. We may clearly suppose that #4 {0}. If we 
have #? = {0}, 2/R? is of smaller dimension than YM. Hence, if we suppose 
that the result has already been proved for all algebras of smaller dimension 
than & (it is obvious for dimension one), we have that &/R? — S* + W*,, 
where ©* is the radical of and is a semi-simple subalgebra of 
which is isomorphic with But it is clear that — R/R?*, and 
hence that 2[*, is isomorphic with 2/R. Now, there clearly exists a subalgebra 
of such that — Y,/R?, ahd we have then — R/R? + 
Since R/R? ~ {0}, we have dim. YM, < dim. M%. Hence there exists a sub- 
algebra Y.-of %f,, i.e. also of 2%, which is isomorphic with %,/R?, and hence 
also with such that 2, — R? + %., and we have R-+ 

The only difficulty arises if #? — {0}. In this case we note that # may 
be regarded as a two-sided %/%t-module, the operation with elements of 2/R 
on # being that of multiplication of the elements of # by an arbitrary repre- 
sentant in 2% of an element of Y/R. (Since R* — {0}, all representants of a 
given coset, modulo §t, will induce the same transformation of .) 

Let us choose a linear subspace © of % such that Y—=R+ 6. We have 
then a one to one correspondence a <> a* between the elements a of 2/R and 
the elements a* of S. Set f(a,b) — (ab)*—a*b*, Then f(a,b) «R for 
any a,b «U/% and gives a bi-linear mapping of A/R K A/R into R. Now, 
we have f(a,b)-c+f(ab,c) = ((ab)* —a*b*) -c+ (abc)* — (ab) *c*, 
a: f(b, c) + F(ab, c) ((bc)* — b*c*) + (abc)*—a*(bc)*. But if 
aeN/R, FeR, we have Hence we have f(a,b)-c+ f(ab, c) 
= (abc) * —a*b*c* =a-f(b,c) + f(a, bc), i.e. f satisfies the conditions of 
Theorem 2.4. It follows that there exists a mapping a—@ of U/R into R, 
such that f(a,b) = a*b + ab* —ab, i.e. (ab)* —a*b* = a*b + ab* —ab. 
If we set d=a*+4 we have, therefore, ab = a*b* + a*b + ab* — (ab)* 


+ ab = ab, whence our result follows immediately. 


8. Derivations. 


Definition 3.1. Let U be any algebra (not necessarily associative) ; let B 
be another algebra (of the same kind) which contains % as a subalgebra. A 
linear mapping a— D(a) of & into B such that, for any elements 7, y «YU, 
we have D(x: y) = D(x) -y+2-D(y) is called a derivation of 2 into B. 
A derivation of 9% into itself will sometimes be simply called a derivation of 2. 

If & is an associative algebra contained in another associative algebra 8, 
it is easy to verify that the mapping a — ba —ab, where b is any fixed element 
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of B, is a derivation of & into B. This derivation can trivially be extended to 
a derivation of 8 into itself. 

Similarly, if 2 is a Lie algebra contained in another Lie algebra R, we see 
from Jacobi’s identity that the mapping 1—>1°k, where k is any fixed element 
of R, is a derivation of 2 into R which can be extended to a derivation of R 
into itself. 


Definition 3.2. If M is an associative algebra, the derivation a—> aoa 
— Mao, Where ad is any fixed element of %, is called an inner derivation of 2%. 

If 2 is a Lie algebra, the derivation 1 > 11), where J, is any fixed element 
of &, is called an inner derivation of &. 

It is known that a semi-simple Lie algebra possesses only inner derivations.® 

For associative algebras it has been shown‘ that, if %& is a semi-simple 
subalgebra of a normal simple algebra St, any derivation of %f into itself can 
be extended to an inner derivation of . 

Before we generalize these results we make the following definition: 


Definition 3.3. Let % be an associative algebra, or a Lie algebra. 2 is 
said to be reflexive if every derivation of 2 into an arbitrary algebra 8 ~ 
can be extended to an inner derivation of 8. 


THEOREM 3.1. A Lie algebra is reflexive if and only if it possesses the 
property of Theorem 2.1. 


Proof. 1). Suppose that a Lie algebra & satisfies the condition of 
Theorem 2.1. If & is any Lie algebra containing 2, we may regard it as a 
representation space of &, the transformation of & corresponding to an element 
le being the mapping k->kol. If now D is any derivation of 2 into R 
we have D(l°m) = D(l) °m+/°D(m) = D(l) °m— D(m) ol, which 
shows that the mapping /—> D(l) satisfies the conditions of Theorem 2. 1. 
Hence there exists an element ky¢« such that D(l) =k)°l, whence we see 
that 2 is reflexive. 2). Suppose that 2 is reflexive. Let 8 be a representation 
space of 2. We define a Lie algebra ® whose underlying space is 2 &X $B by 


the commutation rule (l,e) ° (m,f) = (l°m, m-e—lI-f). (It is easy to 
verify that Jacobi’s identity is satisfied). S& contains (2,0) as a subalgebra 
isomorphic with &. 

°K. Yosida, “ A characterization of the adjoint representations of the semi-simple 
Lie rings,” Japanese Journal of Mathematics, vol. 14 (1938), p. 170. 

*Cf. N. Jacobson, “ Abstract derivation and Lie algebras,’ Transactions of the 
American Mathematical Society, vol. 42 (1937), p. 214. 
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Suppose now we have a mapping 1—>e(1) of 2 into 8, as is considered in 
Theorem 2.1. This gives a mapping (1,0) > (0, e(l)) of (2,0) into R which 
is a derivation since (0, e(I om)) = (0,m -e(1) -e@(m)) = (0, e(1) ) 
© (m,0) + (1,0)°(0, e( m)). But (2,0), being isomorphic with , is reflexive, 
and hence there exists an element (Io, &) eR such that (0, e(1)) = (1,0) 


© (lo, @o), which implies that e(/) =1- (— eo), as required in Theorem 2. 1. 


This completes the proof. 


THEOREM 3.2. An associative algebra is reflexive if and only if it 


possesses the property of Theorem 2. 2. 


Proof. 1). If ¥ is any associative algebra containing Y% we may regard 
B as a two-sided Y%-module. A derivation D of & into B is a mapping of the 
type considered in Theorem 2.2. The conclusion of Theorem 2.2 becomes 
the statement that D is an inner derivation of 2. Hence if 9 has the property 


of Theorem 2.2 then it is reflexive. 2). Suppose that % is reflexive and let 


8 be a two-sided M-module. We construct an algebra B over the linear space 
by defining multiplication as follows: (a, e)- (b,f) = (ab,a-f+e-b). 
The rest of the proof is the same as the corresponding part of the proof of 
Theorem 3. 1. 
From Theorems 3.1, 2.4, 2.1, 1.2 and 3.2, 2.3, 2.2, we have now: 


THEOREM 3.3. If an algebra (Lie or associative) is reflexive then every 


representation of it is completely decomposable. 


THEOREM 3.4. An algebra over a field of characteristic zero is semi- 


simple if and only if it is reflexive. 


Remarks. 1). We have shown without any assumption on the ground- 
field that if an algebra is reflexive then it is semi-simple. The converse was 
proved with the restriction that the groundfield be of characteristic zero. That 
this restriction is necessary for associative algebras is seen from results of N. 
Jacobson who considered the derivation algebras of certain fields of charac- 
teristic p. (Clearly, if a field were reflexive, its only derivation would be the 
mapping which maps every element on 0; but this is not the case for charac- 
teristic p). We refer to: N. Jacobson, “Abstract Derivation and Lie Algebras,” 
Transactions of the American Mathematical Soctety, vol. 42 (1937), p. 217%, 
for these results. 

For Lie algebras, the necessity of our restriction is seen from the following 


example: 


le 


n 
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Let P be the field of the integers mod. 2 and define a Lie algebra of 
dimension 3 over P by the following equations of structure (7, y, z is a basis 
of the Lie algebra): r°y=2z, 2°4=y. The Lie algebra thus 
defined is clearly a simple Lie algebra. But the linear mapping D defined by 
the equations D(x) =z, D(y) =y, D(z) =0 is a derivation which is not 
inner. 


2). It may be useful to point out that the condition that an algebra 
be reflexive is genuinely stronger than the condition that all derivations of & 
inlo itself be inner. 

In fact, consider the Lie algebra 2 of dimension 2 over (e. g.) the fie'd 
of the rational numbers, with generators x,y, where r°y=—~z. It is easily 
verified that every derivation D of 2 into itself is of the form D(x) = az, 
D(y) = Br. If we put z= ay— Br we have D(r) = D(y) = 
i.e. D is an inner derivation. But 2 cannot be reflexive, since it is solvable. 

Similarly, the associative algebra of all matrices of the form ne ), with 
coefficients in the field of the rational numbers, is clearly not semi-simple and 
hence cannot be reflexive; but it is easily seen that every derivation D of this 
algebra into itself is of the form D(£,,) = @F.,, = D( E22) 
= — al.,, where we have written /,, for the matrix pif etc. Now, if 
dy = 2B, + BE... we D(a) = aya —aa, for every element a of this algebra, 


i.e. D is an inner derivation. 


4. Derivation algebras. If Mf is any algebra, the derivations D,, D2. - 
of & constitute a Lie algebra of linear transformations, commutation being 
defined by the formula D, ° D, = D.D,— D,D.. The Lie algebra thus ob- 
tained is called the derivation algebra of 2. We propose to study the structure 


of derivation algebras. 


Definition 4.1. A subset X of an algebra (Lie or associative) is called 
characteristic if D({3) Cy for every derivation D of the algebra. 

For example, it is easy to verify that the center of a Lie algebra is always 
a characteristic ideal. Similarly, the center of an associative algebra is always 
a characteristic subalgebra. 

We shall require the following: 


THEOREM 4.1.° Let 2 be a Lie algebra over a field of characteristic 0: 
let § be its radical (the maximal solvable ideal). Then § is a characteristic 
ideal. 


® This was first proved by H. Zassenhaus, Hamb. Abhandlungen, Band. 13 (1940), 
p. 79. 
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Proof. Let § §® - - {0} be the sequence of the 
successive derived algebras of §. Let D be any derivation of 2. Suppose that 
Di#(§*™) C § for all i= 1, 2,- - - ; (this holds trivially for k = p). Then 
we shall show that Di(§6™) 1=—1,2,---. 

Since §™ is an ideal of 2 it is easy to see that the set [$6 + D($™) | of 
all elements of-the form h + D(h’), where he § and h’e §™ constitutes an 
ideal in 2. If hi, hoe S™ we have 2 D(h,) ° D(hz) = D?(h,° he) mod. §, 
and it follows from our inductive hypothesis that D(h,) © D(hz) «©. 


Hence the derived algebra [$+ D($)]’ is contained in §: 


[S$ + D(S™] is therefore a solvable ideal of 2, and since § is maximal we 
must have D(§™) C §. 

Suppose we have already proved that Di‘($™) C © for alli<n. Then 
[$6 + is an ideal in &, for D"(h) °x=D"(h©x) mod. for all 
heS™ and xe. The derived algebra [§ + D"(§™)]’ consists of sums of 
elements of $ and elements of the form D"(h,) ° D"(hz), with hy, hoe S™. 
But D(h,) ° D" (he) =1/onC,- D?"(h, mod. §, whence we may con- 
clude, as before, that we must have D"(§“) C §. Thus we have shown that, 
if D‘($%) C © for all i, then also Di($™) C ® for all i, and our theorem 
follows by induction on k. 

In exactly the same manner we can prove: 


THEOREM 4.2. The radical of an associative algebra over a field of 
characteristic 0 is a characteristic ideal. 


Let now %& be a Lie algebra or an associative algebra over a field of charac- 
teristic 0. In either case we may write Y= § + RK, where § is the radical of 
YW and & is a semi-simple subalgebra. If D is any derivation of % we have 
D(S) © §. On the other hand we know that there exists an element ay « 
such that D(k) = ka, for every (In the associative case, will 
stand for the expression a4 —ka,). Let Dag, denote the inner derivation 
effected by a. If we put D’ = D— Dg, we have D’(®) = {0}. We have, then, 
D’(h©°k) = D’(h) (for Lie algebras) or 


D’ (kh) = kD’ (h) \ (A) 
D’ (hk) = D’(h)k J (for associative algebras). 


Conversely, any derivation of § satisfying the condition (A) gives a 
derivation of 9 if we define D(k) = 0 for every ke. Hence we have: 


THeEorEeM 4.3. Every derivation of U is the sum of an inner derivation 
and a derivation which annuls &. 


A derivation of § can be extended to a derivation of %& if and only if it 
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is the sum of an inner derivation (by means of an element of 9, not necessarily 
of §) and a derivation with the property (A). 
We are now in a position to prove the following result: 


THEOREM 4.4. The derivation algebra D of a Lie algebra & over a field 
of characteristic 0 is semi-simple if and only if & is semi-simple. 

Proof. If 2 is semi-simple, D consists only of inner derivations. More- 
over, since the center of 2 reduces to {0}, D is isomorphic with L and hence 


is semi-simple. 


Suppose now that D is semi-simple. Let us write = § + §, as before. 
Denote by Do the set of the inner derivations of & which are effected by the 
elements of §. If Dy; is such a derivation, and PD is any other derivation of & 
we have Dr; ° D == Dp,,), whence it is clear that Dg is an ideal in D. Since 
§ is solvable, it follows moreover that Dg is solvable, and hence must reduce 
to {0}. This means that § is the center of &. Since every derivation is inner 
as far as ® is concerned, this implies that every derivation maps & into itself. 
Finally, every derivation of the center § can be extended to a derivation of 2 
which annuls &, and the same statement is true if § and & are interchanged. 
Every derivation is the sum of derivations obtained in this manner; in fact, 
2 is isomorphic with the direct sum of the derivation algebra of © and the 
derivation algebra of &. Since § is abelian, its derivation algebra is the Lie 
algebra of all linear transformations of §, and this is clearly not semi-simple 
unless § = {0}. This completes the proof. 

With regard to associative algebras it is known that the derivation algebra 
of a normal simple algebra is simple (N. Jacobson, “Abstract Derivation and 
Lie Algebras,” Transactions of the American Mathematical Society, vol. 42). 
We shall prove: 

THEOREM 4.5. Let M be an associative algebra over a field of charac- 
teristic 0, and let D be the derivation algebra of MX. Then D is semi-simple 
or {0} if and on ly if M is semi-simple. 


Proof. If % is semi-simple its derivation algebra consists only of inner 
derivations. Let us denote by 2%; the Lie algebra obtained from % by defining 
the commutator of two elements as a° b = ba—ab. Then it is clear that the 
derivation algebra of % is isomorphic with %:/3, where 8 is the center of 7. 
Now, it is known that the derived algebra 1’; of %; is semi-simple or {0}.° 


®W. Landherr, “ Uber einfache Lie-sche Ringe,’ Hamb. Abhandlungen, Band 11 
(1935), pp. 41-64. N. Jacobson, “ Simple Lie algebras over a field of characteristic 0,” 
Duke Mathematical Journal, vol. 4 (1938), p. 536. 
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Let § be the radical of %;. Then § ° %; is a solvable ideal in YM’; and hence 


= {0}. But this means that 6 C 8 (in fact = 8). Hence 
is semi-simple or {0}, which proves the first part of our theorem. 

Suppose now that D is semi-simple or {0}. Write &% = R +R, where 
is a semi-simple subalgebra and t the radical of Mf. It follows, then, as in the 
proof of Theorem 4. 4, that ft is contained in the center of 9 and hence that & 
is mapped into itself by every derivation of %. Let # OD R? D- - -D RF = {0} 
be the series of the successive powers of 9%. It is easily seen by an induction 
on the exponent 7 that every R* is a characteristic ideal of 9. Suppose that 
{0}. 

If 8? = {0} we can define a derivation D of & as follows: 


D(r)=r ifreR; Dk) =0 if ke®. 


It is clear that D is really a derivation of 9%. If D* is any other derivation of 
we have 


(D° D*)(r) = (D*D — DD*) (r) = D*(r) — D(D*(r)) = 0 if rehR 
(since D*¥(r) 
—— D(D*(k)) =0 if ke® 
(since eR). 
Hence D © D* = () for every D* «D, which contradicts the hypothesis that D 
is semi-simple or {0}. Hence Si? ~ {0}, and so, in the series above, & > 2. 
If ro « R** we can define a derivation D,, of 2 as follows: 
if reR; D,(k) =0 if ke&. 
(Again, the verification that this is really a derivation is trivial.) 
If D is any other derivation of 2 we have 
(D,,° D)(r) = D(ror) — D(r) = if re R, 
(since D(r) ®t) 
and (D,,° D)(k) = — D,,(D(k)) =90 if ke, (since D(k) €®). 
Hence D,,° D = Dy r,), which shows that the derivations of the form 
D,,, to <« K**, constitute an ideal in D. Since there is at least one non-zero 
derivation of this type (otherwise we should have R*-! = {0}), and since the 


ideal just defined is clearly abelian, we have again reached a contradiction. 
Hence #t = {0} and 2% is semi-simple. 


PRINCETON UNIVERSITY. 
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THE LIMIT OF THE RATIO OF ARC TO CHORD.* 


By GrorGE COMENETZ. 


1, Introduction. This paper deals with a problem in the geometry of 
Euclidean space of three complex dimensions. Given a fixed point O on an 
analytic curve in this space, let V be a variable point which approaches O along 
the curve. The problem is to find the limit of the ratio of the are OV to the 
chord OV. If the space were real the limit would of course always be unity,’ 
and even in complex space the limit is unity whenever the direction of the 
curve at O is not isotropic, that is, whenever the tangent line at O is not an 
isotropic line. But if the direction is isotropic the limit as a rule is a complex 
number other than unity, as Kasner discovered.* For the corresponding 
problem in two dimensions he found a theorem, quoted below as Theorem I, 
which shows how the limit is related to standard geometrical quantities con- 
nected with the curve. In Theorem II we present a similar result for curves 
in three dimensions. 

After the flat spaces of two and three dimensions, the question is con- 
sidered in a curved two-space, namely a surface lying in the given Euclidean 
three-space. A curve is drawn on the surface, passing through a given point O. 
What is there about the geometry of the surface at the point, and of the curve, 
which determines the value of the limit? Then, what kind of a set of limits 
can be obtained at a given point on a surface by using all possible curves? 
The latter question was answered by Kasner.’ An answer to the former, based 
on Theorem II, is given below in Sections 3 and 7. 

If the curve under investigation is not isotropic at the given point O, 
the limit is unity as already mentioned. If the curve is isotropic at O and 
also throughout a neighborhood of O, that is, if it is an isotropic curve, the 
limit is zero, for the arc vanishes identically (and the chord does not, for we 
assume the curve is not an isotropic straight line; if it were, both are and chord 
would vanish and no ratio could be formed). The determination of the limit 


* Received August 29, 1941. Abstracts in Bulletin of the American Mathematical 
Society, vol. 38 (1932), p. 192; vol. 45 (1939), p. 87. 

1 This theorem dates back at least to Newton’s Principia, Book I, Lemma VII. 

2“ The ratio of the are to the chord of an analytic curve need not approach unity,” 
Bulletin of the American Mathematical Society, vol. 20 (1914), pp. 524-531. 

*“ Complex Geometry and Relativity: Theory of the ‘ Rac’ Curvature,” Proceedings 
of the National Academy of Sciences, vol. 18 (1932), pp. 267-274. 
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therefore becomes a problem only when the curve is isotropic at O itself, but 
at no other point within a neighborhood of O. This is interesting because the 
curves studied in complex differential geometry are usually either not at all 
or else wholly isotropic, whereas here the attention centers exactly on the 
isolated isotropic points of ordinary, non-isotropic curves. 

Somewhat analogous to this is the fact that in the discussion of curves 
on a surface two cases must be treated, depending on whether the tangent 
plane to the surface at O is an isotropic plane or not; and the case in which 
it is isotropic is considerably the more complicated of the two. 

In Section 6 we investigate the isotropic net of curves on a surface, at a 
point where the tangent plane is isotropic. Such a point is singular for the 
differential equation ds? = 0 of the isotropic net. The various things that can 
happen are described in Theorems III-V. 

The theorem of Kasner on the geometrical determination of the limit for 
curves in the plane is as follows. 


THEOREM I. Let O be a regular point on an analytic curve in space of 
two complex dimensions. If the direction of the curve at O is not isotropic 
the limit of the ratio of arc to chord is 1. If the direction at O is isotropic, 
let n be the order of contact of the curve with its isotrome tangent line at 0. 
Then the limit of the ratio is 2(n + 1)#/(n+ 2). 


The corresponding theorem for three dimensions is this: 


TuHeEorEM II. Let O be a regular point on an analytic curve in space of 
three complex dimensions. If the direction of the curve at O is not isotropic 
the limit of the ratio of arc to chord is 1. If the direction at O is isotropic, 
let n be the order of contact of the curve with tts isotropic tangent line at 0, 
and let m be the order of contact of the curve with the isotropic plane which 
contains that isotropic line. Then if m > 2n the limit of the ratio is +1, 
and if m < 2n the limit is 2(m + 1)8/(m+ 2). If m= 2n, isotropic curves 
exist which have contact of order m with the given curve at O. If there exists 
in addition an isotropic curve having contact of order higher than m with the 
given curve, the limit is zero. If no such isotropic curve of higher contact 


exists, the limit equals 
8/[8 — (m + 2)?/4(m + 1) J, 


where & is the value at O of the derivative of the radius of curvature with 
respect to arc-length. For a suitable curve this can become any complet 
number other than + 1, 2(m-+ 1)4/(m + 2) and zero. 


Thus in three dimensions, as in two, the limit depends on orders of contact, 
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which are integer invariants; but in three dimensions it may also depend on a 
differential invariant, the derivative of the radius of curvature with respect to 
are-length. 


2. Proof of Theorem II. We assume as known that the limit of the 
ratio of are to chord is 1 when the curve’s direction is not isotropic.* 

Suppose, therefore, that the direction of the curve at O is isotropic. We may 
take O as the origin and the isotropic straight line y = 0, z = «a as the tangent 
line at O. Then the equations of the curve in some neighborhood of O may be 
expressed by two power series, 

where 0, AO, v= 1 and m= 1 (if y=0 we say that v= o, and 
then there is no dy,,; similarly if z= ir, m = oo and there is no Dm,;). 

The isotropic plane which contains the isotropic line y = 0, z = iz is the 
plane z= iz. The integer m represents the order of contact of the curve with 
this plane at O. The order of contact n of the curve with its isotropic tangent 
line is the smaller of the two integers m and v or either one if they are equal, 
that is, 

n=min(m,v). 

First suppose that m > 2n, in which case n is v, so that m > 2v. Let c 
stand for the chord and s for the arc, each measured from O to a variable 
point (2, y,z) on the curve. Then 


7 
By substitution from (1) and (2), 


= +) + + +--+) TA, 


+ [(v+1)%a% 0" 
+ [—1+ 2i(m + 


~” 


‘In this case the arc and chord are functions of the parameter of the curve each of 
which separates into two distinct branches in a neighborhood of the given point. It is 
understood that corresponding branches of these two functions are selected to form the 
ratio of are to chord, corresponding branches being those which have the same derivative 
at the given point. If such a selection is not made the ratio can approach both + 1 
and —1. However in the remaining discussion, where the curve’s direction is isotropic, 
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Dividing s by c (the two + signs are independent), and writing PR for the 
limit of s/c as x approaches zero, we see that 
R=+1 
as Theorem II states. 
The next hypothesis is that m < 2n. Then m < 2v. Calculating as above 


we have 
C= (2tbms1) + 
0 
9 
L2i(m +4 1) 2 + 


R=2Vm+1/(m-+ 2). 


This confirms the third result in Theorem II. 
Suppose finally that m = 2n, which means that m = 2v. In this case 


The leading coefficients cannot both vanish as that would require m to be zero. 
5 | 


Hence 


(4) 


(If + 2tbm., = 0, then R = ow.) 

The fact that there exist isotropic curves Y = V(x), Z=Z(x) which 


have contact of order m with the given curve may be recognized as follows. 


For Y (xz) any convergent power series in « may be chosen which agrees with 
(1) up to and including the term dzvx*’. Then Z’(x) is determined by the 
condition for an isotropic curve, 


1+ Y"+2Z2"—0 or (— 1 — 


From this we compute that 


i(y+1)? 


As this series agrees with (2) through the first 2v or m terms, the isotropic 
curve Y = Y(x), Z =Z(zx) touches the given curve (1), (2) to the order m. 


we shall not try to avoid ambiguity of sign. The limit in every case will then be 
indeterminate as to sign. Thus all the square root symbols are to be understood ambigu- 
ously. If we were to consider the square of the ratio of are to chord instead of the ratio 
itself, then there would always be a unique limit. 
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On the other hand, an isotropic curve having contact of order higher than 
m with the given curve will exist if, and only if, the coefficient of x?’*! in (5) 
equals the coefficient of 2”*! in (2). This condition may be written as 


H = (v + + + 1) = 0. 


Now returning to (4), we see that if an isotropic curve exists which has 
contact of order higher than m with the given curve, so that H = 0, then R 
will be zero. 

Suppose, on the contrary, that there is no isotropic curve which touches the 
given curve to an order higher than m. Hence H is not zero. From the 
ordinary formula 
2 


for the radius of curvature r, we can then calculate that 


20mav?(m + 1) 
for the given curve (1), (2).° The limit of r/s as x approaches zero is 8, the 
derivative of the radius of curvature with respect to are-length at O, because 
rand s both vanish at O (similarly the limit of the ratio of arc to chord is also 
the derivative of the arc with respect to the chord). From (3) and (6) 
therefore, 


2(m + 1)bmadt 


This can be solved for the ratio a*v.;/bm.,. Substituting the result in (4) and 


~ 


simplifying, we find that 


4(m+1)_J 


which is the formula given in Theorem IT. 

By assumption dy,;, bm. and H do not vanish, but av,; and bm, are other- 
wise unrestricted. It follows that 8 in (7) may have any finite complex value 
with the exception of zero and + i(m + 2)/m. Now from (8), R* is a linear 
fractional expression in 8. Hence R can be any complex number, including 
©, with the exception of zero, + 1 and 2V¥m-1/(m-+ 2). This ends the 
proof of Theorem II. 


* The radius of curvature in the sense of limit of the ratio of are to angle-difference 
does not exist at O. We define r to be zero at O, zero being the limit of r as a point 
on the curve approaches 0. 
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The theorem implies that if the limit of the ratio of are to chord is known 
to be zero for a certain curve at a certain point, then the order of contact of 
the curve with its (necessarily isotropic) tangent line at the point is half the 
order of contact with the isotropic plane containing the tangent line. In 
particular this is true at every point of an isotropic curve. But it is easy to 
show that directly, by applying the condition 1 + y’* + 2? = 0 to (1), (2). 


3. Surface with non-isotropic tangent plane. Let O be a given regular 
point on a given analytic surface 8. Let C be an arbitrary analytic curve on 
S, regular at O. 

The limit # of the ratio of are to chord of C at O is determined by the 
curve’s m and » or its 8 or its behavior relative to the neighboring isotropic 
curves, all as described in Theorem II. But C is now not a general curve 
through O, but a member of the restricted class of curves that lie on S. Its 
m and n and so on are therefore, in turn, at least partly determined by S. 
To describe this determination and the consequent determination of F in 
geometrical terms is the main object of the rest of the paper. The figures and 
quantities we employ may be of use in other problems in the geometry of 
surfaces in which orders of contact are significant. 

Let 7 be the tangent plane to S at O. In this section we treat the case 
in which T is non-isotropic. In Section 4 we define an invariant analogous to 
order of contact, preliminary to a discussion in the remaining sections of the 
rather involved geometry when 7’ is isotropic. 

As T is now assumed non-isotropic, there lie in it two isotropic straight 
lines passing through 0. Let these be called Z and L’ and let their respective 
orders of contact with S be p and p’. 

If C is tangent neither to Z nor to L’, the limit F is 1. 

Suppose now that C is tangent to L. Draw the plane M which passes 
through Z and through the normal to S at O. This is the isotropic plane that 
contains L. Let the curve of intersection of M with S be named D. Since 
the order of contact of Z with S is p, the order of contact of LZ with D is also p. 

Let m denote the order of contact of C with D. The order of contact 
of C with plane M is the same m (this can be deduced from the definitions of 
the order of contact of a curve with a curve and a curve with a surface, and the 
fact that a line through a point of C and a point of D approaches parallelism 
to T' as the two points approach 0). Let n be the order of contact of C and I. 

If a, B, y are three curves tangent at a point, and if a8, By, ay denote 
their orders of contact one with another, there is the obvious triangle inequality 


(9) ay = min(2@B, By), 
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in which the equality sign holds if #84 By and may or may not hold if 


ap = By. 


Applying this to C, D and L we have 
(10) n=min(m,p) if m-~p, n=m or p if m=—p. 


There are three cases, depending on the size of m as compared with 2p. 

First, if m < 2p, it follows from (10) that m < 2n; for if m=-p, 
then n= m and hence 2n>m; if p< m< 2p, then n—p and again 
2n > m. Second, if m—2p, we see that n—p and therefore m= 2n. 
Third, if m > 2p, then n = p and. m > 2n. Thus when m is less than, equal 
to or greater than 2p, m is correspondingly less than, equal to or greater 
than 2n. 


Let us use the abbreviation’ 
Ry=2[h + 1]3/(h + 2). 


By Theorem II, when m < 2p, R has the value R,,. When m > 2p, R is 
+1. Suppose finally that m = 2p. 

The surface S contains just one isotropic curve, which we call £, that 
passes through O in the direction of L. It is that member of the isotropic 
net of curves ds* = 0 on S which is determined by the direction element O, L. 
The order of contact of HE with M must be double its order of contact with L. 
by the remark at the end of Section 2. As we saw just above, a curve on the 
surface can have this property only if its order of contact with D is 2p. 
Consequently EF has contact of order 2p with D. 

If an isotropic curve in the Z direction has contact of order higher than 
2p with S, it has contact of order higher than 2p with EF (it is even true that 
if it has contact of order higher than p with S, it has that same order of 
contact with #). We omit the short calculation which proves this. 

If C, with m equal to 2p, is drawn so as to coincide with £ or at least 
to have contact of order higher than 2p with E£, R will be zero by Theorem II. 
If the order of contact of C with F is exactly 2p, the minimum possible value 
in virtue of the triangle inequality applied to C, D and E, then C cannot 
have contact of order higher than 2p with any isotropic curve. If it did, the 
latter would have contact of order higher than 2p with S, but exactly 2p with 
E on account of the triangle inequality, in contradiction with the previous 


paragraph. By Theorem II, R then equals 
8/[8 — 


un expression which never has the values + 1, Rz», or zero. For a suitable 


curve C it can have any other complex value, but because C is confined to 8 
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this does not follow from Theorem II. It requires a separate proof, which we 
omit, showing that $ can still have any finite value other than zero and 
+t(p+1)/p. 

Summary. There are the surface S, the point O, and the isotropic line 
L through O having contact of order p with 8. There is the curve D on SN, 
the normal projection of Z upon S. There is the isotropic curve F on N, 
having contact of order 2p with D. These are all the fixed elements. 

Draw a curve C on S touching D to the first order at O. Now imagine (, 
always remaining on the surface, to be altered gradually so that its order of 
contact CD or m with D rises steadily through the integers 1, 2,3,--- until 
finally C merges with D. The progress of C will be accompanied by changes 
in the value of the limit RF according to the following rule: 


CD or m< 2p: R=Rn; 
CD = 2p, CE = 2p: R=8/[8 —1/R*.)]*, which may be any number 
but +1, Rey and 0; 
CD=2p, CE>2p: R=0; 
CD>2p: R=+1. 


Of course if p= ©, that is if Z lies in S, only the first stage occurs. 
Curves touching the other line L’ behave in the same way, p being 
replaced by p’ and D and F by correspondingly constructed curves 1” and LK’. 


4. Order of coincidence of directions. In order to investigate the case 
of a surface with an isotropic tangent plane, we find it desirable to define an 
arithmetic invariant of a family of directions, analogous to the order of 
contact of a curve with its tangent line. 

_ Let there be given a one-parameter family of directions /(/), which we 
may represent as straight lines through the origin O, having direction 
numbers which are analytic in the parameter ¢. Suppose that as ¢ approaches 
a certain value ¢, the lines approach a certain line /(¢,), and furthermore 
suppose that the plane determined by /(¢) and I(t.) approaches a certain 
plane J. Take a fixed point P on /(¢,) distinct from O and pass a fixed plane 
K through P not containing /(t)). Let /(t) cut K at a point Q(f). In Kk 
draw a fixed non-isotropic line j through P. Draw a line from Q(/) to a point 
N(t) on j, in some fixed direction not parallel to J. If » is the order of the 
infinitesimal distance PN relative to {— to, we shall say that the order of 
coincidence of the directions /(¢) with the limiting direction /(f,) is p. 
(If =1(to), p= 

Suppose that e(¢), f(t), g(t) are direction numbers of /(¢), approaching 
the direction numbers e(to), f(to), g(to) of U(to) as ¢ approaches ¢,. Then p 
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equals the order in /—¢, of that one (or those) of the three two-rowed 
determinants in the matrix 


e(ty) f (to) g(to) | 


(11) e(t) f(t) g(t) 


which has (or have) lowest order in ¢— to. Thus » does not depend on the 
choice of P, K, j and the direction of QN. We omit the proof of this formula. 

The integer » may not be purely geometric, since it depends on the para- 
meter ¢. But if ¢ has geometric meaning then » does become purely geometric. 
For instance, if the /(¢) are a set of directions associated with the points of a 


curve (they then form a “ series”), and if ¢ is are-length along the curve, 
p is geometric. Even if ¢ is merely the 2-coérdinate employed as parameter 
along the curve, » is still geometric, the reason being that for any xr-codrdinate 
which can be used as parameter «— 4, is of the first order relative to the 
a—2, for any other, so that the order of PN is independent of the par- 
ticular z-codrdinate. For example, if the /(¢) are the tangent directions along 
the curve and / is the «-codrdinate, » equals the order of contact of the curve 
with its tangent line at /), as is easily proved. 

If neither /(¢,) nor J is isotropic, » is simply the order of the infinitesimal 


angle between /(/,) and /(¢) relative to t — fp. 


5. Surface with isotropic tangent plane. Once more let O be a given 
point on a given surface S and let C be any curve on S passing through 0. 
We now suppose that the plane 7 which is tangent to S at O is an isotropic 
plane; it therefore contains a single isotropic line LZ passing through O. Let 
p be the order of contact of L with S at O. Let F stand for an arbitrary one 
of the curves on S’ passing through O and having contact of maximum order, 
that is of order p, with L. 

We may take O as the origin and assume z = tx as the equation of T’. 
Then L is the line z=tr, y=0. The equation of the surface, arranged 
according to powers of y, may be written as 
(12) z= (tr + Cp, + -) 

+ (dya* + +: + (> yy? +: 
where p= 1, A= 1, #0 and d,~ 0 (if there are no terms after wr in 
the first parentheses there is no ¢p,:, LZ lies in S, and we say that p= «; 
similarly it may be that A= o). 

The equations of a curve on S tangent to L are 


(13) = dy, + av. +- 


~ 
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where v= 1 and a,, #0 (or v may be ©); (14) is obtained by substituting 
(13) into (12). No power of x lower than 2?’*? appears among the terms 
symbolized by the last three dots. 

The order of contact n of this curve with L is given by 


(15) min p). 


The curves F’ are therefore represented by (13) and (14) when v= p. It 
follows that they have contact of order p with the tangent plane 7’. 

Any two of the F-curves have contact of order at least p with one another, 
and, conversely, any curve on S which has contact of order at least p with an 
F is itself an F. This follows easily from the definition of the F’s and the 
triangle inequality (9). 

The direction numbers of the normal to § at a point of one of the curves 
F are 0z/0x, 0z/dy,—1, where the differentiation is performed in (12) and 
then y is eliminated by means of (13). Since v= p the direction numbers are 


t+ (p + ° ado +- 


except that in the middle number the leading term is not necessarily the one 
given, as a term in 2”*? also may occur there. These direction numbers become 
1, 0, —1, the direction numbers of LZ, when zx = 0, for Z is the normal to 
Sor T at O. 

Let gq stand for the order of coincidence of the normal of S with its 
limiting position LZ, evaluated along one of the curves F, relative to the 
parameter x. Applying (11) we find that 


(16) q = min (A, p). 


Thus the purely geometric integer g depends on the surface S and the tangent 
line LZ, but not on the particular one of the curves F. It is just as intrinsic 
to the geometric object consisting of S and L as is p, the order of contact of 
S with L. 

We now come to the general curve C on S, for which it is required to 
find the limit R of the ratio of arc to chord. If C is not tangent to L, FR is 1. 
Assuming therefore that C is tangent to L, we may suppose it to have the 
equations (13) and (14), in which v may again be any positive integer. 

The order of contact n of C with L, defined by (15), has also another 
meaning. It represents what might be called the order of contact of C with 
the class of curves F’; that is, the least order of contact which C’ has with any 
member of the class. The fact is that when n < p, C has contact of order n 
with all the F’s, and when n = p the orders of contact of C with the F’s have 
all values from p upward, indeed C is itself one of the F’s. These things are 
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obvious either from the triangle inequality or from (13) and (14). Thus to 
assign the value of n, which is what we shall do in order to fix the position of 
( to a first approximation, has a geometric significance within the surface S. 
The intrinsic description of n is here less simple than in the non-isotropic 
tangent plane case, because there the curve of intersection D of S with the 
isotropic plane through Z could be introduced as a reference curve, and here 
this cannot be done. 

However, a portion of the intersection of S with the isotropic plane T 
does figure in the present case whenever gp. The following lemma 
introduces it. 

LemMA. In the class of regular analytic curves that lie on the surface S 
and have contact of order q or higher with the straight line L at O, there ts 
none that lies in the tangent plane T when g > 4p. When gq S4p, T contains 
exactly one such curve, G. The order of contact of G with L is p—q.® 


To prove this we observe from (12) that the whole intersection of S and 
T obeys the equation 
To find a curve of the required kind lying in this intersection we substitute 
(13) with v=q into (17) in order to determine v, dv.1, If g=p, 
A= p by (16), and obviously (17) cannot be satisfied. If $p < q < p, then 
g=dA and v=A; asv+A+1>p-+1, again no solution is possible. But 
if g 4p, it is found that the power series (13) is uniquely determined 
with vy = p—A, that isn = p—q. The first p — 2q coefficients 


(OF Ap_quis* are obtained from 


Cp+1 == (), 
Cp+2 + + Ay: — 0, 
(18) 
The question remains whether the power series thus determined is con- 
vergent. This may be settled as follows. In (1%) substitute y= ua?" and 
remove the factor 2?*'. The result is 


(19) (Cosa + Cpt +°**) 
+ (a+ 


°The class of curves described exists only when gp, since no curve on S has 
contact of order greater than p with L. It can be shown that when q < p, p—4q is the 
order of coincidence with its limiting position L, along any curve F and relative to z, 
of that normal to F which touches &. 
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in which the coefficients of u*,u*,- - - all have the factor x. By the ordinary 
implicit function theorem there exists a convergent power series in 2, 


Cp+1 
dy 


“= — 


which satisfies (19). Multiplying it by z?*" we obtain a convergent power 
series which satisfies (17). Since such a series exists, it must be the same as 
the unique one that was determined formally in the previous paragraph. This 
completes the proof of the lemma. 

It is now possible to determine accurately enough for our problem the 
order of contact m between a curve C on S and the isotropic tangent plane 7. 
At this point, however, three types of surfaces must be distinguished, depend- 
ing on whether q is greater than, equal to, or less than 3p. On a surface of 
the first type it is enough to know the value of n, the order of contact between 
C and LZ (or between C and the class of curves /’), in order to decide about m. 
On surfaces of the second and third types it may be necessary also to be given 
the order of contact of C with the curve G defined in the lemma. This last order 
of contact we shall call &. By the triangle inequality / = min (n, p—q), 
the equality sign certainly holding when n+ p— q. 


Surface of type I: q>4p. Under this type A > p/2 by (16). 


Case Ia: n< dp. From (15) n =v, and hence vy < p/2. Thus p +1, 
vy+.A+1 and 2v-+ 2 all exceed 2n + 1. It follows from (14) that m > 2n. 


Cases IB: and ly: n>tp. Then v= p/2 and 2v + 2 
>pt+il. AsrA>p/2,v+A+1>p+1. Therefore m = p. 


Surface of type II: a=4p. Under this type g =A = p/2. 


Case IIa: n<q. Asn< p/2, n=v and vy < p/2. Again p+ 1, 
v+rA+1 and 2v+ 2 all exceed 2n +1. Therefore m > 2n. 

Case IIB: n=q. As n=v, p+1i=—v+A4+1<%&w42. It was 
remarked above that k = n or gq. Two subcases are necessary. 

Subcase IIB,: kg. The coefficient ay,, in (13) must have a differ- 
ent value for the curve C than for G. Hence the first of equations (18) does 
not hold. It is then clear from (14) that m =p. 


Subcase IIB.: k>q. This time the first of equations (18) holds, 
and m > p. 

Case Ily: n>q. Then v >q. Hence v+A+1>p-+1 and 
2v+2>p+1. Therefore m =p. 


Surface of type III: q< 4p. Under this type g=A < p/2. 


‘| 
( 
| if 
if 


lary 


THE LIMIT OF THE RATIO OF ARC TO CHORD. 707 


Case Illa: As in case m > 2n. 


Cases IIIB: n=q, and Illy: q<n<p—qg. Then n=v, and 
Alsov+A+1< 2v+2. Therefore m=—q-+n. 


Case I118: n=p—q. As n=vandaA<y, 
< 2. 

Subcases p—q Sk < 2p — 3q, and k = 2p — 3q. 
The coefficients dy.,,° °° .d% in (13) must have the same values for the curve 
C as for G (this condition is vacuous when k = p—q), and it is easy to see 
that a,., must have different values. This means that of the equations (18) 


those beginning with c¢,,,,° °°, Cg. must hold for the curve C, while the one 
beginning with ¢¢.., must not. It is then clear from (14) that m=q-+k. 


Subcase I1I8,: k >2p—3q. Here equations (18) all hold. Therefore 
m > 2n. 
Case Ille: n> p—q. As in Ily, m = p. 


6. The isotropic curves on a surface. In Section 3 we made use of the 
two isotropic curves £ and E£” that pass through a point O of a surface S, 
when the tangent plane 7 at O is not an isotropic plane. The positions of 
these curves were described to the extent that their orders of contact with 
certain reference curves D and D’ were given. This section is devoted to a 
similar discussion of the case when 7’ is isotropic. The object therefore is 
to describe the number and position of the regular analytic isotropic curves 
lying on a surface and passing through a point of the surface at which the 
tangent plane is isotropic. The results are complete except for one case in 
which a question of convergence remains unsettled. 

As in the previous section, L is the isotropic straight line in T, p is the 
order of contact of Z with S, and q is the order of coincidence of the normal 
of S with L, evaluated along any curve on S of maximum contact with L. 

The results are stated in the following three theorems, one for each of 


the three types of surfaces. 


TueEoreM III. Ona surface of type I (¢q >4p), when p ts an even 
number there are two isotropic curves that pass through O. They have contact 
of order 4p with L and with one another. When p is odd there are no (regular 
analytic) tsotrogic curves. 

TueorEM IV. On a surface of type II (q =4p), either there ts just 


one isotropic curve, and it has contact of order q with L; or there are two, 
of contact q with L and with one another; or there is one tsotropic curve of 
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contact q with L, and there are (complex) 01 other isotropic curves of contact 
q with L and with the first one, these 1 having some single order of contact 
higher than q among themselves. 


THEOREM V. Ona surface of type III (q < dp), there are two isotropic 
curves through O. The order of contact of one of them with L is q, and of 
the other p— q. 


Whenever there are just two isotropic curves they will be called EZ, and 
#,, On a surface of type JI, F, will stand for the curve of contact q with L, 
and £, for the curve of contact p—gq. On a surface of type JI, if there is 
just one isotropic curve it will be called E,. If there are 1+ o', we shall 
refer to the single one as F, and to the o' as the F,’s. 

To prove these theorems we take the equation of S in the form (12). 


If there exists a regular analytic isotropic curve on S passing through 9, 


it has equations of the form (15), (14) obeying the condition 
(20) 1+y¥?+ 7? =0, 
On a surface of type J,A > p/2 by (16). Suppose p is odd. From (13), 
(21) = + 2(v +1) (v + °°. 
If v= p/2, then from (14), 


(22) 1+ 72? = 


Since 2v cannot equal p, the sui of (21) and (22) cannot obey (20). Simi- 
larly if v < p/2 it is easy to show that (20) cannot be obeyed. Hence when 
p is odd there are no isotropic curves on a surface of type /. 

Suppose p is even. It may be shown first, that v = p/2; second, that 
dy,, must satisfy 


(23) (v + + 2i(p + 1) = 0; 


and third, that for each of the two distinct values of av,, obeying (23) there 
exists a unique power series (13) such that (13) and (14) satisfy (20). 

To ascertain that these series converge, we start from the differential 
equation of the isotropic curves on a surface whose equation is given in the 
form z= f(z, y): 


(24) (1+ + 2fefyy + (1+ fa?) =0. 
This may be written 

on 
(25) y = 1 + te" 


From (12), 
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Let 
(26) y= WU, 
where v= p/2. As A> p/2, 

(1+ fe? + fi?) = 2" [—2i(p + Doon 
Since the power series in z and wu within the brackets has a non-vanishing 
constant term, there are two distinct power series which are square roots of it. 


Substituting either one in (25) and dividing by 2’-? we have 


r{[—2i(p + +: 


This differential equation is of the form 

(28) ru’ — bu = + + + 
where =-—v and diy = [— 2t(p+ 1) 


Briot and Bouquet proved that when b is not a positive integer, (28) has 
a power series solution 


i= 
1—5b 


which vanishes when z = 0, and only one such solution.’ Consequently there 
exist two convergent power series, 
_ 2i(pt 
l+yp 
that obey (24) or (20). These must be the series that were determined 
formally above. Theorem III is therefore proved. 

In the case of Theorem V, g =A < p/2. It can be shown as above, 
though the details are more complicated, that for an isotropic curve either 
v=A or v= p—aA, and that corresponding to either value of v just one 
power series (13) can be formally determined. When v = p—A the curve F, 
has contact of order k = 2p — 3q with the curve G@ defined in Section 5. 

In the convergence proofs we make instead of (26) the substitution 


(29) y= + u), 
where dy,, is the leading coefficient of the power series formally determined 


in the preceding paragraph. (It is convenient to do this in two steps, first 
y=2"y, then v —ay,, +u.) After this substitution has been completed 


grt -, 


7 Journal de V Ecole Polytechnique, vol. XXI (1856); or Goursat, Cours d’Analyse 
Mathématique, 4th ed. (1924), vol. II, pp. 523-526. The writer owes this reference to 
Professor Kasner. 
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and 2” has been divided out, two distinct square roots may be extracted as 
before. By choosing a suitable one of the two roots, we can reduce the equation 
to the form (28) with 6 equal to — (A+ 1)(2A + 1)/(3A + 1) in the case 
v=A; and with more difficulty to the same form with b equal to —p—1 
in the case v= p—A. 

Finally consider a surface (12) of type 1J (q =A = p/2). In order for 
the curve (13), (14) to be isotropic we find that v must equal A and a,, 
must be a root of the quadratic equation 


(30) (A + + + 1) 1) 0. 
There are four mutually exclusive special subclasses of surfaces of type JJ 
of which account has to be taken. Two of these are defined respectively by the 


conditions 
(31) + 1)?ep + (p + 1)d,? = 0, 


(32) 2i(p +1) (A+ + (p+A+1)d? =0. 


The third subclass consists of those surfaces of type // for which there exists 
some integer 6 > 1 such that 


(38) 
+ (p+ 4)[pA+ (p+A+ 1)6] =0. 

The fourth subclass is defined by p—=q = «, and (30) does not apply to it. 

A general surface of type /7, that is one which belongs to none of the 
four subclasses, contains two distinct isotropic curves of contact p/2 with L 
and with one another. For since (31) does not hold, (30) has two distinct 
roots d,;. Since (33) does not hold, it can be shown that corresponding to 
each root a unique series (13) can be determined such that the curve (13), 
(14) is isotropic. In the convergence proof, using the substitution (29) and 
then employing (30) we arrive at an equation 


(34) aw + (A+1)(u+ ay) = 
—idy+2(---) +[[ (A+ 1) + — 2tAdyu + - 
Since (32) does not hold, (A + 1)av,, + id, cannot vanish for either root 
dy; By a suitable choice of the square root, (34) can be reduced to the 
form (28) with 


(A + (p + 
(AF 
This 6 cannot equal a positive integer 6— 1, where @ is an integer greater 
than 1, or (33) would hold. Hence there are just two isotropic curves, F;, 
and 

For the subclass of surfaces defined by (31) the quadratic equation (30) 
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has a double root. In this case it can be shown just as above that there is a 
unique isotropic curve 

For the subclass (32) it is possible to show as in the general case that 
just two distinct power series (13) can be formally determined. Convergence 
can be proved as above for one of these, so that there is certainly at least one 
isotropic curve #,. The av, for the other series (13) obeys the relation 
(35) (A + + = 0. 

On account of this the constant term of the series under the square root sign 
in (34) vanishes, and we cannot proceed in the same way as before. The 
writer does not know whether this second series converges or not, and hence 
does not know whether or not there is a second isotropic curve E, in this case. 

However, for the purpose of our main problem there is a way around the 
difficulty. It can be shown that on a surface of type IJ the locus of points at 
which the tangent plane to the surface is isotropic includes one curve’ and 
only one which has contact of order g with L. The proof is similar to that of 
the lemma in Section 5. Let this curve be called W. Now the a,, of W 
obeys (35). Consequently if there is an £., W has contact with it of order 
higher than g. In the problem of the limit of the ratio of arc to chord, all 
that matters about HZ, is its leading coefficient av,,. Hence for that problem 
W, having the same dy,; as Es, will serve instead. 

For the subclass (33) there are two distinct values of ay,,. Correspond- 
ing to one of these it may be proved as above there exists an isotropic curve F). 
Corresponding to the other a,, the formal determination of the remaining 
coefficients in (13) comes to a stop at av.g. In general no ay,, and hence no 
curve FE, exists. Only if a certain relation among ¢p.g and other coefficients 
in (12) is satisfied can ay,g be determined, and then in fact it can be taken 
arbitrarily. The determination of the further coefficients in (13) with any 
given choice of dy, is then possible and unique. In the convergence proof an 
equation of the form (28) is obtained with b equal to 6—1, a positive integer. 
In this case it follows from the work of Briot and Bouquet that when the 
series (13) can be determined formally, it converges. Consequently either 
there is no F,; or else there are «' F.’s corresponding to an arbitrary com- 
plex parameter av,», having contact of order gq with FE, and q+ 6—1 with 
one another. When there is no F. let a curve U be drawn on the surface with 
vy equal to q, av., equal to the value for which #, could not be determined, 
and Chosen in any manner so that (13) converges. 

When p—q=oo the surface contains a single isotropic curve F,, 
namely the isotropic straight line LZ. This last subclass of type I/, it can be 
shown, includes all isotropic developable surfaces. 

The following statements can be proved by simple computations that we 
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omit. Among the curves on a surface of type J which have contact of order 
p/2 with L, those and only those have contact higher than p with some 
isotropic curve (not necessarily on the surface), which have contact higher 
than p/2 with EF, or else with #,. On a surface of type J/ curves of contact 4 
with Z have contact higher than p with an isotropic curve when, and only 
when, they have contact higher than q with F,; or H., in the general case of 
just two isotropic curves; with F,, in the case of the subclass (31) ; with £, 
or W in the case of the subclass (32) ; with 7, or any of the F.’s or U in the 
case of the subclass (33). On a surface of type III curves of contact q with L 
have contact higher than 2q with an isotropic curve when, and only when, 
their contact with EZ, is higher than qg; and curves of contact p—q with 1 
and 2p—3q with G@ have contact higher than 2(p—gq) with an isotropic 
curve when, and only when, their contact with F, is higher than 2p —3q. 


7. The limit at an isotropic point of a surface. A curve C on a surface 
S passes through a point O of S at which the tangent plane 7 is isotropic. 
What is the limit F of the ratio of arc to chord of C' at O? The answer follows 
from Section 6, the table at the end of Section 5, and Theorem II, and we 
need only state what it is. 

To summarize, we recall that L is the single isotropic straight line in 7 
that passes through O, p is its order of contact with 8, / is any curve on S 
having contact of order p with LZ, and q is the order of coincidence of the 
normal of § with Z evaluated along any F. The order of contact of C with L 
or with the F’s is denoted by n. The tables below are arranged according to 
ascending values of n, from n 0, when C passes through O in a direction 
other than that of LZ, to the maximum n= p. The abbreviation Ry was 
defined in Section 3. Even though C is confined to S, it can be shown that 8, 
the derivative of the radius of curvature with respect to arc-length, is arbi- 
trary enough so that the formulas in which it appears below can assume all 
the values indiccted. On surfaces of types J and JIIJ, F, and F, are the 
isotropic curves of Theorems JJI and V. On surfaces of types IJ and ///. 
G is a curve of intersection of S and 7 described in Section 5, and k stands 
for the order of contact CG. The isotropic curves ZH; and EF», the isotropic 
tangent plane locus W, and the curve U on a surface of type IJ were defined 


in Section 6. 


Surface of type I: gq >4p 


n=0:R<—1 
O0<n< p/2: Re +1 
n= p/2, CE, =CE, = p/2: R =8/[8 — 


W 
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K 
wi 
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which may be any number but + 1, Rp and 0, 


n= p/2, CH, or CE, > p/2: R=0 
R=—R,. 
Surface of type IT: q=4p 
n=0: R=—1 
O0<n<q: R=+1 


n=, k= q, CE, =q: R=38/[& 
which may be any number but + 1, FR, and 0 (if there is an E., W or U), 


n=q, k=q, CE, or CE, or CW or CU>q: R= 
k=+1 
R=R,. 
Surface of type IIIT: q << 4p 
n=0: R=1 
R=+1 
n=q, CE, =q: R=8/[8 


which may be any number but +1, Rug and 0, 


n=q, CH, >q:k=0 
q<n<p—q: 
n= p—q, p—qsk<2%p—3q: R— 
n= p—q, k= 2p—3q, CE, = 2p—3q: R=8/[8 — |, 


which may be any number but + 1, Re:pq) and 0, 


n= p—q, k =2p—3q, CH, > 2p—3q: k= 
n= p—q, k>2%p—3q: R= 
R= 


0 
P—q<nsSp: 


Ry 

Under type J, if p is odd the third and fourth cases do not occur; if 
p= 2 the second case does not occur. Under type IJ, if p=2 the second 
case does not occur; if p= q = © only the first two cases occur. Under type 
IIT, if ¢g=1 the second case does not occur; if p= 2q-+1 the fifth case 
does not occur; if p= oo only the first five cases occur. Theorem VIII of 
Kasner’s 1932 paper, dealing with the various possible totalities of limits at 
an isotropic point of a surface, follows from this enumeration. 

The table shows that the limit always begins with the value 1, and ends 
with R, when the curve is, so to speak, in the shadow of LZ. But from first to 
last the distinct stages, if the surface is of type 777, can number as many as ten. 
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SEMI-ANALYTIC UNITARY SUBSPACES OF UNITARY SPACE.* 


By N. Copurn. 


I. Introduction. We consider an n-dimensional unitary space Kn (real 
topological space of 2n dimensions) as the imbedding manifold. Into this KX, 
we imbed an Hermitian X, of m dimensions (m < n; real topological space of 
2m dimensions). Since the theory of analytic unitary subspaces Km in Kn has 
been investigated,’ we restrict ourselves to the theory of semi-analytic unitary 
subspaces in Kn. We denote such a subspace by Sm. 

Our approach is from the group viewpoint. By use of composite invariants 
of Kn, we construct a theory of Xm in Kn which is a generalization of the theory 
of Km in Kn. It is shown that use of non-composite invariants of K» leads to 
a more general but very complicated theory of Xm in Kn. Now, the Xm is 
invariant under the semi-analytic group of subspace codrdinate transformations. 
By definition, 1, is an Sm when a set of preferred codrdinate systems, related 
by a group of coérdinate transformations (the group of S,,), exists for which 
certain components of the connection of X» vanish. It is shown that the 
analytic group is a subgroup of the group of Sm which in turn is a subgroup 
of the semi-analytic group of Xm. The metric tensor of S,, is discussed and 
it is shown that if a codrdinate system exists in S» for which the ranks of 
certain matrices formed from the metric tensor of S,, are m, then S» is a 
unitary Euclidean space. This is a surprising result. Analytically, it means 
that the conditions that an Hermitian Y,, be an S,, are very restrictive. 


II. Composite affinors of X,, and K,. Let the codrdinates of Ky be 
denoted by the complex numbers (A, » = 1,2-- +n). In terms of their real 
and imaginary parts, these numbers are given by 
(2.1) + iy, j= /—1. 
For the conjugate variable 2", we write 
(2. 2) == — iy’. 

Thus, we may associate with any vector function of position v\(, ”), the con- 
jugate vector v“(@",&). This latter vector is obtained by replacing 7 by 


—i wherever i occurs in the former vector. In particular é is replaced 
by é* and vice versa. In the case of an affinor, the conjugate affinor is formed 


* Received June 2, 1941. 
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in the same manner as indicated above for a vector. This conjugate affinor is 
indicated by starring each unstarred index of the original affinor and removing 
the star from each starred index of the original affinor. Thus, if a,p* denotes 
the metric tensor of K,, we write ” 


(2. 3) * 


It can be easily shown that the existence of any affinor equation implies the 
existence of a conjugate affinor equation which is obtained by replacing 1 
by -—7 and any unstarred index by the corresponding starred index or vice 
versa. We denote this result by writing “conj.” to the right of the original 
equation. 

Another operation which we use, is the formation of the transpose. This 
term is borrowed from matrix notation and is only applicable to affinors of the 
second order. It implies that two indices are to be interchanged; the star of 
an index retains its position. Thus, , 


(2. 4) (@yp*)’ = 


We now require that the metric tensor of K, shall possess Hermitian symmetry. 
By definition, this means that 


(2. 5) [ (ayu*) od = 
By use of the previous definitions, (2.5) becomes 
(2. 6) = 


A simple example will show that (2.5) or (2.6) implies that the off-diagonal 
elements of the matrix ay* are Hermitian symmetric. Thus, if a)2* = 3 — 7%, 
then = 3 + 71, etc.: 

We conclude the discussion of K, by defining its transformation group. 


Definition 1. The allowable codrdinate transformations in Ky shall be 
analytic with non-vanishing Jacobian 
(2.7) conj. 


In most of our work, we shall find it advantageous not to distinguish between 
starred and unstarred indices of Ky. Thus, we shall use the single Greek 
capital, say A, to represent the corresponding Greek small case letter and its 
star, say A, A*. For instance, we write 


(2. 8) A=),A*; M=yp,p*; P=—p,p*; etc. 


Note that there are now three invariants under the group (2.7). For, if 
vd (wd, and —> (Wd, are two vectors of Kn, then 
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(2.9) ww; we"; wvr, . 


are the three invariants under (2.7). Of these three, the last is a composite 
invariant, being the sum of the first two. Hence, use of the Greek capital 
letters is restrictive in-that only composite invariants enter. On the other 
hand, use of the lower case Greek letters requires the introduction of several 
affinors of the same type. This point will be stressed in (2.31) to (2.38) 
when certain of the projection-affinor’s components are discussed. Choosing 
between these evils, we elect to use the Greek capitals and hence composite 
invariants of Ky. 
Let the equations of the semi-analytic VY», in Ky be given by 


(2.10) == conj., a,b,c,d =1,2,- --m, 
where 7“, 7° are the complex surface codrdinates of Xm and m <n. These 
surface codrdinates can be expressed in terms of real variables wu*, v* by means of 
(2.11) nt = ut + = — iv". 

In a manner similar to (2.8), we write 

(2.12) A=a,a*; B=b,b*; C=—c,c*; \D—d,d*; etc. 


However, in this case, the notation is forced upon us. This can be seen by 
defining the group of allowable coordinate transformations in Xm; 

Definition 2. The allowable coérdinate transformations in XY shall be 
semi-analytic with non vanishing Jacobian 


(2. 13) = (9, 9%"), conj. 


Evidently, such transformations form a group. We observe that if w, 
— (Wa, Wat) and v4— (v2, v%) are vectors of Xm, then the single invariant 
under (2.13) is wav4. Note that neither wav’, nor wav, is individually 
invariant; their sum wav4 is invariant. Hence, for the present, we shall 
confine ourselves to quantities of ,, whose components are expressible in 
large type indices. 

The projection affinor of XY» in A, is obtained by forming the various 
partial derivatives of (2.10). We write 


(2. 14) B, conj., 0a 0/0n?. 
By use of (2.8), (2.12), we may write the above in the concise form 


The affinor (2.15) can be considered as being composed of 2m vectors of Ky 


E 
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which span the local tangent Euclidean unitary space U», of Xm. By forming 
the differential of (2.10), we find 
(2. 16) dé == 


Por the element of are length in Kn, we have the well known formula 


(2.17) ds” = 

With the aid of (2.6), we may write the above formula in the more symmetric 
form 

(2. 18) 2ds* == (ayy* + dé\dé", 


and by use of (2.8), the equation (2. 18) becomes 
(2. 19) 2ds* =a, dé*d&™, = = 0. 


Substituting (2.16) into (2.19), we obtain the element of are length along 
Xa; 

(2. 20) 2ds? = BoA Bp! dy?. 

We define the metric tensor of Xm as the Xm projection of the metric 


tensor a (of rank 2n) of Ky, 


AM 
(2. 21) = Bp™. 
Evidently, the rank r of acp is r= 2m. We shall require that Xm possess a 
metric tensor dcp of rank r = 2m. 

We briefly discuss some properties of dcp. By substituting (2.21) into 
(2.20), we obtain the formula for Xm are length 


(2. 22) 2ds? = icp dy. 
From (2.6), we see that a, y, is symmetric (formally). Hence from (2. 21), 


it follows that 
(2. 23) acp = ape. 


Furthermore, by writing out the relations (2.21) for specific C, D, and 
forming the conjugate equations, we obtain the following relations which are 
invariant under (2. 13), 


(2. 24) (dca) * ac%a*, (Aca*)* = Con]. 
Note that the relations (2.23) are equivalent te 
(2. 25) ed == Ade. = da*c, ac*a* da*c*. 


By forming the transpose of the second equation in (2.24) and its conjugate 


and use of (2.25), we obtain 
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(2. 26) [ (dca*) * ]’ = [ (acta) *]’ = 
We summarize these results as follows: 


THEOREM 1. The components of the metric tensor of Xm, dcp (dca, Aca*, 
Acta, Acta*) have the following properties (1) the matrices dca*, Acta are each 
Hermitian symmetric; (2) if we order the rows of the matrices dca*, acta by 
the first index, then the aca* matrix is the transpose of the ata matrix and vice 
versa; (3) the matrices dea, Acta* are each real symmetric; (4) if we order the 
rows of these matrices as in (2), then dca is conjugate to acta* and vice versa, 


Let us define the contravariant components (a?) of the metric tensor 
of Xm by means of the equivalent formulas 


(2. 27) aPCapp == = 


where Bz represents the unit affinor of XY» whose components have the values 
0 (for CA and 1 (forC =f). These components (a?°) satisfy relations 
of the form (2. 24), (2. 25). 

Finally, we define the remaining components of the projection affinor of 
Xm in Ky. By analogy with the theory of the analytic Km in Kn, we write 


(2. 28) B, C aPC 
By transvecting (2.28) with Bg and using (2.21), (2.27), we obtain 
(2. 29) = 

We conclude this section by defining the components 

(2. 30) By* = 


We are now in a position to show the difficulties attending the use of 
non-composite affinors of Kn. The equations (2.15), (2.16) must now be 


written as 
(2. 31) Ba = 048, conj. 


(2. 32) d& = conj. 
By virtue of (2.32), the relation (2.17) becomes 
(2. 33) ds? = dy?. 


The vital question arises now: “ How shall we define the metric tensor of Xm?” 
An apparent clue is the fact that only the symmetric part of a),*Bc\Bp“ enters 
into (2.33). Let us try the definition 


(2. 54) adop = anp*B 
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where the parentheses indicate a symmetric product formed on the indices 
involved. The corresponding definition of (2.28) would be 

(2. 35) = aPC conj. 

But then, the result corresponding to (2. 29) is no longer valid and this result 
is essential for some of the remaining theory. The only other apparent possi- 


bility is to define 
(2. 36) dop = 


The metric affinor agp is now no longer symmetric. The results corresponding 
to (2. 29) become 


(2. 37) = aPCB Br = aPCanp = Bz”. 
(2. 38) = aPC By*Br == aPCanr Br“. 


Since (2.37), (2.38) should be conjugates, the theory must be modified. 
These difficulties are responsible for our decision to use composite affinors 
of Kn. 


III. The connection of X,, in K,. First, we shall study the Xm covariant 
differential of X,, affinors. We define such a differential as the X,, projection 
of the K, covariant differential, that is, 


(3. 1) == B oe", = Bobw.,. 

Next, we define the \, covariant derivative of an XY,» affinor as the 1, pro- 
jection of the K, covariant derivative of the affinor, that is, 


3.2 
V'ptc = wm. 


By multiplying (3.2) with dy? and use of (2.16), (3.1), we obtain 
ny 

(3.3) 
= dyPV' pwc. 


The development of the theory is evidently analogous to that of Riemannian 
space save for the fact that the indices have a duel range.® In particular, 
we note that (3.1) may be written as 


(3. 4) yo B, C(dv4 TAyp vP) 
where Typ, the connection of Ky, has the non-vanishing components (Tn, 


and 
(3. 5) TA yp (@yapr)atA, 


= 


720 : N. COBURN. 


Now (3.4) may be written in either of the two following forms ; 


(3.6) dv — Bp + BOMATPy av? dy®, 
(3. 7) = dv© + 


where [xp are the components of the XY» connection. Hence, by comparing 
the right hand sides of (3.6), (3.7), we obtain 
(3.8) = BOMATP yy + Be BCMA BCpBMpBAy. 

We now require that the 1, shall be a semi-analytic unitary space S,. 
This means that the connection of XY shall have as its non vanishing com- 
ponents (Tea, T"eta*). But this last statement has no meaning unless a set of 
preferred codrdinate systems is specified in XY» (the [rp are not the com- 
ponents of a tensor under the group 2.13). Furthermore, the group of S,, 
must transform one preferred codrdinate system into another such coordinate 
system. With this in mind, we write 


Definition 3. An X, shall be denoted by Sm if: (1) a set of preferred 
codrdinate systems exist in X» such that 


(2) the coddinate transformations from one set of preferred coérdinates to 
another such set form a group. 

We shall refer to the group entering the above definition as the group 
of Sm. By the above definition, the characteristic property of the group of Sn 
is that the T%.*7, Tea*, Tea, transform under this group as tensors. It is 
difficult to determine this group of Sm. However, we shall prove 


THEOREM 2. The group of analytic transformations 
(3. 10) = econj., 
is a subgroup of the group of Sm. 
By expanding (3.8), we obtain 
(3. 11) = + Bi, conj., 
Tite = Bra, conj.. 
= + Be, deBa, conj. 
By differentiation of (3.10), we obtain the equations 


(3. 12) = == conj. 


t 
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(3. 13) 4 0, end 0, con). 

From (3.10), (2.15) and (2.29), we can easily prove 

(3. 14) BA,, BA,B¢.., A Be con]. 


Multiplying the first equation of (3.11) by B’s¢¢, and using (3. 14), (3. 13), 
the equation (3.11) becomes 


where 

(3. 16) +B d, con). 


The second equation of (3.11) furnishes a similar result. However, the third 


equation is more troublesome. Upon multiplying by B’t)d’ we obtain 
c 


P’d'e MA 
The second term on the right hand side of (3.17) may be written as 
(3. 18) BO — B , Bd 
With the aid of the formula (2. 29), we find 
(3. 18) B’e* BA, — = 0. 


Hence the second term of (3.18) vanishes. Substituting (3.18) into (3.17), 
the right hand side of the latter is, by definition, I’.a. and hence (3.17) 
becomes 

(3. 20) = Tare, CON}. 

The equations (3.15), (3.20) establish our theorem since (3.9) has been 
shown to be an invariant equation under (3.10). Since (3.9) is not invariant 
under the group of semi-analytic transformations (2.13), the group of Sm is a 
subgroup of this group (2.13). Hence, we have found upper and lower 
“bounds ” for the group of Sim. 


IV. Properties of the metric tensor of S,,. If we denote the metric 


tensor of Sm in K» codrdinates by a’ “ie then from (2.21), (3.1), we obtain 


, BPE = BAM 
(4.1) Bi ps Bor 


_ is the fundamental tensor of Kn, it has the property 


Since 
Since a, 4, 


0. 


(4. 2) da 


AM 
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By taking the covariant differential of the first equation in (4.1) and using 
(4. 2), the second equation in (4.1) becomes 


(4. 3) = 0. 


Hence the metric tensor ac¢z of Sm is also a fundamental tensor. We conclude 
this introductory section by defining the Riemann-Christoffel affinor of Sx, 


where [DC], [D | F | C] implies that the alternating product is to be formed 
on D, C. 


We are now in a position to prove 


THEOREM 3. The metric tensor acy of Sm in Ky has the following 
properties: (1) the components dca (and acta) are analytic * functions of the 
surface parameters; (2) if the components of dca (and acta*) are of rank m in 
some codrdinate system, then they are related to the components T*;, (and 
Te" ;*.*) in that codrdinate system by the same relation as exists in Riemannian 
space*®; (3) if the components acta (and dca*) are of rank m in some coordi- 
nate system, then they are related to the components T*s-_ (and Te ;*c*) in that 
coordinate system by the same relation as the metric tensor of K, is related to 


its connection.® 
By expanding (4.3), we obtain the relations 


dy! (O;*ac%a) — Te Qe*adn™ = 0, con]. 


Since the displacement vector dy” — (dy°, dy) is arbitrary, we can assign 
to it: (1) the arbitrary real components (2%, B,y,- - -,%,B,y,° °°); (2) the 
arbitrary pure imaginary components (i, 1B, ty,- °). 
Upon replacing (dy°, dy”) by these two systems of components in each equation 
of (4. 5), it will be found that each equation of (4.5) splits into two equations. 
The new system is 


= 0, conj.; — pelea — pace = 0, conj.; 


4.6 
— = 0, cOnj.; — TY = 0, conj. 


The first equation of (4.6) leads to the first conclusion in our theorem. Since 
this relation is invariant under the group of Sm, it appears as if the group of 
Sm is the analytic group. In order to obtain the remaining conclusions, we 
assume that: (1) at least one codrdinate system exists in which the rank of dca 
is m; (2) at least one codrdinate system exists in which the rank of ac*a is m. 
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The coordinate systems of (1) and (2) need not coincide. Note that, in 
general, the ranks of dca, acta are not invariant under the group of S». In the 
specific codrdinate systems of (1) and (2), we introduce the symmetric quan- 
tities b°¢, defined by 


(4. 7) = Bee, = Bee, conj. 


Again, we stress the fact that (4. 7) are not invariant relations. However, with 
the aid of these quantities, we find that in the codrdinate systems of (1) and 
(2), 

(4. 8) Mace = [Oaaze + — Osdac], conj.. 

(4. 9) = con]. 


The relations (4.8), (4.9) are equivalent to the statements (2), (3) of our 
theorem. 
As a direct consequence of equation (4.8), we obtain 


THEOREM 4. /f one codrdinate system exists in Sm for which the rank of 


dca tg m, then in all codrdinate systems Teac (and T®g*-*) are symmetric, 


If a codrdinate system exists in S,, for which the rank of dca is m, then 
by (4.7%) be¢ exists. Hence (4.8) is valid in that codrdinate system. Since 
ea is Symmetric in all codrdinate systems, it follows from (4.8) that in our 
particular codrdinate system Tae is symmetric. Now Tae (and Ta*-*) are the 
only non vanishing components of the connection of S;,. Hence the connection 
of Sm is symmetric in the above specified coordinate system. The components 
of the connection are transformed under the group of Sm by 


(4. 10) = Trp + yp. 


Evidently, if 'x» is symmetric in one codrdinate system, then it is symmetric 
in all codrdinate systems. Thus, our theorem is established. 
By use of (4.8), (4.9), we can prove 


THEOREM 5. I/f one codrdinate system exists in Sm for which the ranks 
of bath aca, acta are m, then the Riemann-Christoffel affinor of Sm vanishes. 


From our assumption, the equation (4.8) is valid. Since dea is analytic, 
it follows that b°@, d;aca are analytic. Hence Tea is analytic, that is, in the 
above codrdinate system, 

(4. 11) 0;*T“ea = 0, conj. 


Furthermore, by our assumption, the equation (4.9) is valid. By direct 
differentiation of (4.9) and substitution into (4.4), it follows that 


= 
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(4. 12) = 0, conj. 
Since (4.11) is equivalent to 
(4. 13) conj., 


and all other components of R;--4° vanish, it follows that in the above coérdi- 
nate system 


/ 
(4. 14) R.A =0. 


Since (4. 14) is a tensor equation, it is valid in all coérdinate systems of S». 
Note that it follows from this argument that (4.11) is a tensor equation. 
The invariance of (4.11) strongly suggests that the group of S,», is the analytic 
group. 

From Theorems 4 and 5, we obtain 


THEOREM 6. If one codrdinate system exists in Sm for which dca, dcta are 
both of rank m, then S» is a unitary Euclidean space. 
By definition,’ a unitary Euclidean space is a unitary space for which [gp 
is i ay 8. 
symmetric and vanishes 
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BISYMMETRIC TENSOR ALGEBRA. PART I.* 


By Ricuarp H. Bruck and T. L. Wane. 


Introduction. In general the literature of tensor algebra is relatively 
incomplete in a number of respects. For example, the concepts of determinant, 
adjoint, and inverse have received little attention. The object of the present 
paper is to develop these concepts in considerable detail for tensors of the 
form A where (i) = that is, for tensors with p contravariant 
and p covariant indices with respect to an n-dimensional codrdinate system. 
The components, or elements, of the tensors lie in some field, which we shall 
assume to be of characteristic zero, although parts of our theory will go through 
without this restriction. The algebra of all such tensors, for a given p, will be 
referred to as a total 2p-tensor algebra, the tensors being of order 2p. 

A sub-algebra of the total 2p-tensor algebra may be obtained by restricting 
attention to those tensors which are bisymmetric; that is, to tensors A® 
=A 6 which are left invariant when both the 7’s and the j’s are subjected 
to the same arbitrary permutation. Because of the significant place of bisym- 
metric tensors in both pure and applied mathematics [1], [2], the authors were 
prompted to devote special attention to this sub-algebra. One advantage of a 
complete, self-contained treatment of the algebra of bisymmetric tensors is that 
it provides-a natural and vivid realization of a semi-simple algebra. 

We use in this paper, along with the principles of abstract algebra, the con- 
cepts of rank and rank tensor developed in Part I. With the aid of these 
concepts we are able in Part II to give an adequate theory of bisymmetric 
tensors in terms of the immanant tensors introduced by one of the writers in a 


previous paper [3]. 


1. Total 2p-tensor algebra. Familiarity with the concept of a tensor, 
and with the elementary operations of addition of tensors and multiplication 
of a tensor by a scalar are assumed [4]. In view of the fact that we use 
multiplication of tensors in a special sense in this paper, we give particular 
attention to this operation. 

The ordered product C'(} of two tensors A{} and B® is defined by 


A (2) (m) — (7 (1) 
(1) AM B CH 


(m) (j) 


This product is evidently unique and non-commutative. 
* Received April 29, 1941; Presented to the American Mathematical Society, May 2, 
1941, and abstracted in the Bulletin of the Society, vol. 47, 1941, pp. 373-374. 
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That an algebra of 2p-tensors with the product defined in this manner 
might be of interest was indicated by the property of immanant tensors [3], 
which are mutually orthogonal idempotents in the sense that 


(2) (2) 


according as a = Bor not. Here, as elsewhere, we represent the null tensor by 0, 
If 8; is the simple Kronecker delta, it is evident that 


J1 Je 


(7) jp 


is the unit tensor under the multiplication defined by (1); for 


(3) AM == §(?) Alm == (3) 


(m) (j) (m) 
The 2p-tensors, subject to the operations mentioned above, constitute a 


total linear associative algebra. 


2. Extension of the use of indices. In order to define the determinant, 
adjoint, and inverse of a tensor A® we need to extend certain familiar ideas 
and principles. In this section the summation convention will be used but the 
entities considered will not be assumed to have tensor character. 

Let N be an integer and let a, #- - - ay be N distinct fixed labels. These 
need not be integers; in fact in the applications each label will consist of a set 
of integers. Let R, 8S, T, Ry, S:, T:,: - - be labels capable of ranging over 
the fixed labels 2,,@2,: - -ay. Finally let Ar‘ be a set of N? elements of the 
underlying field. We shall speak of Ar‘ as a matrix, and define the sum, 
products, ete. of two matrices in a manner which should be clear from the 
ordinary theory of matrices, if we substitute in the latter the range ,, a, °- * ay 
for the range 1,2,- - -,N. The unit matrix will be designated by “ the simple 
Kronecker delta ” 875; that is 


(4) 575 = 0, 1 according as ST, == 


The determinant of a matrix Ar‘ will be defined by 


A a Au + 
ay, ds an 
Aw 
(5) 
A®N AGN + + 4 
ay az an 


It is clear without comment that the usual product rule for determinants will 
hold ; if 
(6) Ap® By? = 


tl 


a 


| 
( 
( 
is 
( 
0 
( 


Mer 


[ 3], 


(), 


a 
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then 


(7) 


As is usual in tensor algebra we may introduce the “ generalized, Kronecker 
delta ” 


Sy Si 
By -- + 
(8) T. Tul. 
Sn $Sn ..-§SN 
| | 


In terms of this symbol it may be shown that 


(9) Aq N! A 3 A: A 
Again, the adjoint 47% of a matrix A7‘S may be defined by 
J : 
(10) §SSa---Sw AT: ATs+-++-ATN; 
(WN —1)! TT's...Tn ~ Sq ~ Ss Sn ? 


and the inverse of a non-singular matrix by 


1 
| A | 


(11) ApS — |A| XO. 


We find it useful to introduce the concept of a rank matrix. If k=WN 
is any fixed integer, the set of quantities 


AS. Si Sy 
A A A 
AS ++ 4& 


ASk.. Sk 
An aS 


comprises the totality of all k by k minors of the determinant | A,r‘ | ; this set 
may also be regarded as a matrix, and we shall adopt this viewpoint. Making 
use of the usual definition of the rank of a two-way matrix or determinant, 
let us suppose that A7S has rank r. Clearly then the matrix (12) vanishes 
unless k =r, while the matrix obtained for k =r has at least one non-zero 


component. 


Definition. If a matrix ArS has rank r, then AS:---S* is the rank matrix 
r 
of A 


THEOREM |. Let the rank matrix A Sie of a matrix AS have the 
1 Qee- r 
non-zero component 
: 
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the B’s and y’s being fixed labels. Then 


1 
where we define 


Proof. Since ArS has rank r, the determinant (5) has exactly r linearly 
independent columns. According to (13), the columns labelled y;, y2,° °°, yr 
form a linearly independent set. Hence 


(16) => Ay +- A, Sur? + A, Sur’, 


where the w’s are a set of elements which it will not be necessary to evaluate, 
Because of (16) it is clear by the rule for the multiplication of determinants 
that 


(17) A 

Uyr Yree Yr | 

| “7, | 

in which has been defined by (15). Now let us put S,S.: S, 


= Br; from (17), (15), and (13) we obtain 


| 


Tr 

Uyr 
T; Tr 


Then (18) and (17) combined give (14). 
Corotuary. The rank of the rank matrix of a non-zero matrix is wnity. 
Proof. If we use the notation (S) = S,S.: - -S,, then the rank matrix 

may be denoted by A {7}, and equation (14) becomes A‘S) A‘S) - Acm, 
Once we have chosen a proper set of fixed labels for the range of (S), we may 
define a determinant of A (>) and a corresponding rank. That this rank is unity 


follows from the fact that 


| AG) 4 (Sd 
(73) (Si). 4 (Sa). 4 0) 
(73) (T2) 
When S, 7 take on the range 1, 2,- - -, N instead of the range 2,, 2, 


ay this theorem becomes Kowalewski’s theorem [5]. 
As a simple example of the application of the theorem. we note that 875 has 


to 


W 


th 


by 


d 
is 
( 
he 
(; 
of 
(3 
A 
N 
(2 
TI 
K 
7a 
K 
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determinant 1 and hence has rank N. Thus the “ generalized Kronecker delta ” 
is the rank matrix of 875, and we have 


here 
(20) 
— 


3. The determinant of A‘). The essential step is to identify the label S 
of Section 2 with the ordered set of tensor indices (1) : 
(21) S == (4) ty. 
As the p indices i run independently over the range 1 to n, S will take on 
N = n? fixed labels, which, when arranged in any assigned order, we may take 


to be the @,, %,° - -,%y of the previous section. 
Here 878 = 8°) is given by (2), Section 1; and hence, from (8), 


(i) §lid § (4) 


(i) (ja) (jn) 
(22) § (i) (in). come (ji) (jo) (jn) 


(jn) 


(je) Gn) | 
We use 


this notation being a simple extension of that of the Introduction. When 
p= 1, so that (1,) may be replaced by 1), and NV = n? = n, (22) becomes 


Sie 
JiJ2+++Jn 
| Sin in 
iy Je jn 


This last, studied by Murnaghan [6] and others [7] is known as the generalized 
Kronecker delta. Hvidently the tensor defined by (22) constitutes a generali- 
zation of that defined by (23); we propose to extend the term generalized 
Kronecker delta to apply to (22) as well. 

The generalized Kronecker delta defined by (22) has the following values: 

(1) 0, if two or more of the WN sets of subscripts (or superscripts) are 
equal. 

(2) 1, if the N sets of subscripts differ from the N sets of superscripts 


by an even permutation ; 
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(3) —1, if the N sets of subscripts differ from the N sets of superscripts 


by an odd permutation. 


Kquivalently we might say that the generalized Kronecker delta is skew-sym- 
metric in the N sets of superscripts and in the WN sets of subscripts, and that 


§ — ], 


If k= N, we may define 


(jr 
| § (te) « 


The identity 


25 § (i)... (ie) (iN) (N — (DG)... Ce) 
(25) (31) (22) 2k) (ikea) (71) (2) Gk) 


readily follows. In particular we single out the indentities 


( 6) GN) ) 
and 


(27) § (41) (ig) Cin) — 


For a tensor A 4 and any particular integer / we may define a tensor 
a a in the manner indicated by (12). If r is the greatest value of k 
(Qk 
for which the latter tensor does not vanish, we shall call r the rank of At 
and 7 the rank tensor of A‘’), Evidently r is an arithmetic invariant. 
1) +++ (jk j 
For a given p the unit tensor for the corresponding total 2p-tensor algebra is 
eet given by (2); and the rank tensor of iis is the generalized Kronecker 
delta §(4)--- (iw) for this algebra. 
(ji) --- 
With (19), (20), and (21) in mind we have 


(28) § (41) (ig) Cin) = § (41) (ig)... (in) . 
(51) (Jo) (GN) (91) (jz) 
where 
§ (i) (ig)... Cin) § (in) (ig) (iw) 
(29) 


§ 
(93) (jo) (91) (Ja) --- CIN 


The two entities defined by (29) are skew-symmetric in the N sets of indices; 
moreover §%%---¢N == § = 1, 
Although fhe ae defined by (22) is unmistakably an absolute tensor, 

since it is an algebraic sum of absolute tensors of the same order, it is less 
evident that the entities defined by (29) are also tensors. We shall prove the 
latter point presently. 


Definition. We define the determinant | A | = | = | of A by 


(3 


by 


SL 


wa 


an 


Tl 


Tl 
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30 | A | == ——§ (in) (ig)... (in) 4 (i) 4 (in) 4 Cin) 


Lemma. The determinant, | A |, satisfies the relations 


( ) (71) (rg)... (rn)! | CN) 4 

(31a) § (ry) rn) | A | == § (41) (i2)--- (iN) 4 (ri) 4 (re) AON), 
(41) (jz) (jn) 


Proof. We give the proof for (31). Multiplying both sides of (30) 


by 8 , and using (28), we obtain 
(1)... (rn)? 
(en) (ry)... (rn) ($n) ~ (4) (in) 7° 


Since the entity in square brackets is skew-symmetric in the (7)’s in the same 
way that 6‘) ---(éw) js skew-symmetric in the (1)’s, (31) follows. 


THEOREM II. 8, and are relative tensors of weights w 
4)..-QN 


and —w respectively, where w = pN/n. 


Proof. In (381) set 


A(3) thi fia - - - 
(r) ry 2 rp 
Thus if 
(ry)... (rn) (ji) .--(§N) 11 rip TNp 
(31) states that 
(ry)... (rn) jt ja jo | (rn) 
Thus 8, ) (yy transforms as a relative tensor, and a simple caculation shows 
13) 


that its weight w= pN/n. The proof for 8“)---Cn) follows similar lines. 

It is implicit in Cramlet’s work [8] that any relative tensor such 
as §(4)---Gw) jig a rational integral function of the relative tensor 8‘‘:--- 
As an illustration, let n = p=2; N = 2? =4; here the unit 
tensor is A fourth order determinant expression for 
is obtained from (22) by putting (j1) =1,13; (J2) =1,23 (73) = 2,13 (Js) 
= 2,2. Expanding this determinant by two-rowed minors in the direction of 
the columns, and using the identity = + we obtain 


§ (ix) (ig) (is) (ig) Lave 
etiztse - - 


THEOREM III. The determinant of the product of two tensors is equal 


to the product of their determinants. 
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Proof. Let 
CW — 4{@ Bim, 


(j) (m) (4) 
hen 
N! ~ (iy) (ix) 
1 
(jn) Am Bi Bian 
(43)... (in) . Gin) 
are (iy)... (in) « 
| A | N! Bim 
=|A|-| Bl. (by (30)) 
or 
|C|—|4|-| Bl. 
4. The adjoint and inverse of A‘ i}- The cofactor mci) of Afi) in | A | 
1 1 
is given by 
1 
— (N—1)! Gi) Ua) GN) 
Forming the product of this with A ‘4), we get 
p (41) 
(iy) (N—1)! (my) (ja) (in) 
1 
1 
(41) (ig) (in) ‘ 
~ (N—1)! 1A! (by (31)) 
(N—1)! (i) (in) 
1 
! (i ) . 
or 
(4) (0) | / §(%) 
(33) At [4 | 
By a similar procedure, using (31a), it may be established that 
y p y 
(4) Of (m) 
(33a) | A | 


The tensor % i , defined by (32), we call the adjoint of -1 a” 


The inverse of a non-singular tensor is defined by 


] 


( 
(: 
ll 
si 
ce 
tl 
de 
al 
gi 
[l 
{2 
[3 
[4 
[5 
[6 
[7 
[8 
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1 
Obviously from (33) and (33a) 


5. Remarks. If the unit tensor si¢ be replaced by an idempotent 
numerical tensor Cte, and the total 2p-tensor algebra by the subalgebra con- 
sisting of all tensors of the form Oe a oe it is natural to inquire con- 
cerning the formation of an inverse and determinant. One would hope that 


the rank tensor of a would play the réle of the generalized Kronecker 
delta ota as in formulas (30) and (34), and that there would be an 
analogue of formula (25). 

In Part II these hopes and anticipations are fully realized upon the 


groundwork of the present paper. 


UNIVERSITY OF ALABAMA. 
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By Ricwarp H. Bruck and T. L. Wane. 


1. The group ring of the symmetric group on p letters and the algebra 


of absolute numerical tensors. Let r= (1°---? ) andr= (12-:-? ) be any 
two permutations of the symmetric group on p letters; we denote these briefly 
by r= ),r=(¢ ). Then zr = ), by the customary method of forming 
wt Tt 
permutations [1]; the opposite order of multiplication is sometimes used 
(see Weyl [2]). 
In this paper we use the terminology and results of Part I! and assume, 
as there, that the underlying field has characteristic zero. 


From the unit tensor = may be formed conjugate ten- 
Ju 
sors, or isomers, of the type — —§4 §i2 The product 
(j) (jr) jm jmp 

of 8(® and 8) , under the multiplication defined in Part I, is seen to be 8?) 

(jx) (jr) (jmr) 
(i) (m) § (4) 


Thus the set & of all linear sums of the unit tensor and its isomers forms a 
tensor algebra. We now state two basic theorems. 


THEOREM I. Any absolute numerical tensor is, for some p, a member 


of the algebra &. 
This is merely a restatement of the results of Cramlet [3] and Knebel- 
man [4]. 


THEOREM I]. For a given p the algebra & comprises the commutator 
algebra of the algebra of all bisymmetric tensors, and conversely. 


Proof. If a tensor commutes with all bisymmetric tensors, it must, in 
particular, commute with all tensors of the form A om equiv- 
valently it must be an absolute numerical tensor and belong to &. Again, 
if Af‘) is any tensor, not necessarily bisymmetric, and if a’ = ("3°") 


=(_/°---?, ) is the inverse permutation of z, it follows that 


(4) (m4) __ 4 (4) 
A im) 


* Received April 29, 1941; Presented to the American Mathematical Society, May 2, 
1941, and abstracted in the Bulletin of the Society, vol. 47 (1941), pp. 373-374. 

1 Richard H. Bruck and T. L. Wade, “ Bisymmetric tensor algebra. Part I’; this 
JOURNAL, vol. 64 (1942), pp. 725-733. 

This paper will be referred to as Part I. 
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but 


(i) (m) —— § (ir’) (m) —— A lin’) 
(mr) At Ais 


If is bisymmetric, A and so commutes with all bisymmetric 
tensors. Conversely, if is to commute with &, the equation A mA 
or the equivalent equation A {{) = A‘), must hold for all 7; that is A{*) must 
be bisymmetric. 

It is important for our purpose to note the homomorphic correspondence 
between the group ring G, of the symmetric group on p letters and the algebra 
2, In fact we may set up the correspondence 
where a is any member of Gp. In view of (1) the correspondence is a homo- 
morphism. If ”, the dimension of the codrdinate system, is = p, the corre- 
spondence is indeed an isomorphism, but when n is less than p this is not true. 
In fact, let A(7) = 1, + 1 according as the permutation z is odd or even. 
then under (2) 


but the tensor on the right is zero forn < p. (See [5]). 


2. The subalgebra defined by an idempotent. The theory of this section 
is a generalization of Section 8, Part I, the essential change being that the 
unit tensor 8{‘) is here replaced by a more general idempotent C Gy In so far 
as possible, the treatment of this section runs parallel to that of the former 
section. It has been necessary in some places to introduce new proofs. Often, 
however, a proof used in Part I may be applied to the present needs merely 
by replacing the letter 8 by the letter C; in such a case we omit it in the 
interest of brevity. 

Let C(t) be a numerical idempotent tensor; thus C/{#) is an absolute 
numerical tensor, satisfying the relation 
(3) CW = 


(m) (j) 


Let r be the rank of CH - then its rank tensor is 


CER) (jr) 
(de) 71 (4a) 


($1) (Je) ir) 


C Cir) (ir). - (ir) 
) 


(i (jo) (jr) 


As in Theorem I of Part I, this factors: 


1 
(43) (49)... (1 (4g)... (ir) 


(c+ 0). 
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We should point out that we may have a certain freedom of choice in regard 
to the entities on the right hand side of (5). In fact, let C ABs... Br be a non- 


zero component of the rank-tensor ; clearly there will be more than one choice 
Br and of the subscript labels yiy2° y,. 


of the superscript labels 8,82: - 


Once our choice has been made 


That the entities and 


course of the work. 


(in) Cir) (i)... (ar) 


are tensors will appear in the 


It seems desirable to make the following remarks of an anticipatory nature, 
We shall give particular attention to the algebra of bisymmetric tensors, which 
in the future we shall denote by 8. For AOC B the set S of all tensors 
= Of} A (is clearly a subalgebra of the total 2p-tensor algebra with 
unit tensor C'{i) but it is not in general a subalgebra of 8. We shall find that 
when C‘‘) is an immanant tensor (and so lies in the centrum of the commutator 
algebra 2) the corresponding algebra © is, however, a subalgebra of B. For 


any A Bi!) C the relations 


Cm — BH AM and A Bim . 


hold ; from this we may conclude that in case © is a subalgebra of B it is in 
addition an invariant subalgebra of 8. 

We define the determinant A{A) = Ac(A) of a bisymmetric tensor A a 
with respect to 6 = CBC by 


{7 (i)... Cir) A 


LemMA I . Let T (4) (i)... 


of subscripts ard in the r sets of superscripts, with the further properties: 


) be a tensor, skew-symmetric in the r sets 


T (is) Cir) C (a) Tm)... Cir) T (in) 


for some scalar X. 


Proof. If we consider the determinant (4) to be expanded as an algebraic 
sum of r! terms, we may deduce from (a) and the skew-symmetry properties 
that 


Similarly, from (b), 


(in) Cir) T Cr) =r! T (i) 


By 


Bec 


In 
pos 
fae 


an 
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By combining (8) and (9) we have 
1 


FF (45) 000 (89) coe F(R)... (my)... (mr) 


Because of (5) the right hand side agrees with (7), where 


1 
(mm)... (mr) (1)... (lr) 
(r!)? (1y) (Ir) -(mr)* 


In other words, the properties ascribed to 7 %)---‘i*), and which are clearly 
(jr)? 


possessed by Mo ea suffice to characterize the latter to within a scalar 
factor. 
From (7) and (8) follows 


Y (4)... (tr) (i) (ir) 
(m4)... (mr) (ji). “aie 


By (5) this may be written 


h (m,)... (mr) ooo (Je) re coe (fr) ? 
whence 


(10) 


(4)... Cir) 
LemMaA II. The determinant Ac(A), defined by (6), where At’) ts bi- 
symmetric, satisfies the reiations : 


(11) ‘Ac(A) =C Alm)... 


(jy) (my)... (mr) ~~ (fy) (jr) 


(lla) C Cir) Ac (A) = (mr) ANG Ade). 


(m,) (mr) 


Proof. We shall merely prove (11), the proof for (11a) being analogous. 
Let 
(12) T (i) Cir) Cir) A Alm), 


(ji)... (jr) (my)... (mr) (jr) 
It is readily verified that A Bin satisfies the hypotheses of Lemma I. 
. jr) 


By (12), (6), and (10) this last equation may be written A-r!—r! Ao(A). 
Hence A = Ag(A), and 


(jr) (my)... (mr) 
On specializing in (12a) the superscripts of the rank tensor in accordance 
with (5a), we obtain (11). 
From Lemma II, we obtain, corresponding to Theorem II of Part I, the 


CoroLuary. C and C'‘4)---(ir) are relative tensors of weights w 


(4)... (ér) 


and —w respectively, where w = pr/n. 
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The product theorem for bisymmetric tensors may be deduced from 
Lemma IT: 
(13) Ac(A) Ac(B) = Ac(P); = Als), BY. 


(m) (j) 


The adjoint of A ri with respect to S is defined to be 


(j) (r—1)! (ir) ? 


and the corresponding inverse is 


1 


The proof of the fundamental properties 


(16) A (i) Qf (m) == (i) Alm Ow 


(m) (j) (m) (j) (j) 


requires the identity 
(17) C (ir) (7 1)!C in). 


(Ja) (4a) 


Formula (17) is a special case of 


Y (ix)... (ae) Cir) (pp — Cie) 
which we shall now prove. For any s we define 

‘ 
(41) 
CUD 

C Y (4,)..- (40) 


Vis). . (Vas) 
| ¢ (91) 


Expanding this determinant by the last row, and rearranging indices, we get 


Thus, putting (js) = (t), we have 


‘ 4a) (hoa) (40) (1 (4a) hea) 


where ps = ps A (s—1). For s=r-+1 the tensor (19) vanishes, and 


hence from (20), 
0 = (ir) 


(j1) (Jr)? 
The tensor on the right is not zero; therefore pri. = fae r= 0, or 
t 
9 
(21) 


Thus ps = r—s +1, and by using (20) successively for s =r, r—1,-° 
k + 1 we obtain (18). 
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In equation (21) we have a fact of considerable importance; namely, that 
the rank of an idempotent tensor C‘® is equal to C\?). This corresponds to the 
j i 


well-known fact in matric algebra that the rank of an idempotent matrix is 
equal to its trace. 

In this section we have restricted ourselves to a numerical idempotent 
tensor fie. and to the algebra of bisymmetric tensors. If A 7 is not a bisym- 
metric tensor, we may still define the invariant (6); it is in fact the deter- 


Af) (1 (m) 
(m) (7) ? 


minant of 
Ac(A) = Ac(CAC). 


We find however that 


Ac(A) +: Ac(B) = Ac(ACB) : 
this is a reflection of the fact that the mapping 


(1) (m) (j) 


of the total 2p-tensor algebra upon the algebra © is not a homomorphism. 
Again, even if the idempotent pr is not numerical, the theory of this section 
will go through completely, with one exception, provided we restrict ourselves 
to an algebra of tensors commutative with bei The exception is that the 


entities (#1) --- (i) and will not be tensors. 
ty) 


3. The direct sum of two algebras. Let the numerical tensors af? and 


EF‘) be mutually orthogonal idempotents: 


(4) (i) (4) Fi(m) — (i) 
pi E D{m) = 0. ? 
(m) (m) 
It follows from (22) that cw = J) (i) ES is a numerical idempotent tensor. 
(j) 
Let r, s, { be the ranks of C, D, and # vidual Then by contraction and 


by use of (21), r—=s-+¢. Consider the rank tensor 
(i)... (ér) 
he) 


(93) (93) (jr) (jr) 


The determinant on the right may be expressed as the sum of 2" determinants 
of r rows and columns; the only non-zero ones will consist of s columns of D’s 

and ¢ columns of E’s. Each such determinant may be expanded by minors, 
giving sums of products of s-rowed determinants of D’s with t-rowed deter- 
minants of #’s. Thus, finally, i as may be expressed as an algebraic 


sum of (r!/s!t!)* products, of which the leading term may be taken to be 


| 


“740 RICHARD H. BRUCK AND T. L. WADE. 


Let = be any permutation of 1,2,---,r with the 
restriction that the numbers 7, and also the numbers are 
written in the natural order; let + be another permutation of 1,2,-- -,r 
subject to the same restriction. Then a typical term of the sum whose leading 
term is (24) is 


+ J)lim)..- (it,) (ite) 
where the sign is + or — according as 7 and r differ by an even or an odd 


permutation. We note that there are r!/s!¢! terms for which 7 =r, all pre- 
ceded by a plus sign. 


THEOREM II]. For a bisymmetric tensor 
(26) Ac(A) = Ap(A) Ag(A). 


Proof. In forming Ac(A) as defined by (6), where is written 

LJ «+. r 
as a sum as described above, if we consider only those terms for which + =z 
we readily obtain the right hand side of (26). Any term for which 7~7 


will give zero. In fact, if r 547, one of the numbers mi72° - - 7, must coincide 
with one of the numbers * consider the case 7; The 


invariant corresponding to this term will vanish with 


) (ik) (ite) Cis) (irr) 4 (jr) 
(jm) (jas) (Jarr-1) (ik) (4k) 
(ik) (1) ..- . (inr-y) (irr) . (je) 


for, since bee is bisymmetric, 
j 


Ai Di} Athy) At? ? 


the last step following from (22). A similar argument holds for the other 
cases. 

Just as we have, in Theorem III, linked the determinants of A a with 
respect to C, D, and so we may link the adjoints (2), pil (2), where 
these are defined relative to the idempotents C, D, and F in the manner, 
indicated by formula (14). 


THEOREM IV. 


The proof of Theorem IV follows the same lines as the proof of Theorem III. 
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This follows from (27) by dividing through by Ac(A) and using (26). 
Theorems III and IV may be immediately extended to the case when C He 

isa sum of any finite number of mutually orthogonal numerical idempotents. 

Such a situation arises when the unit tensor re is decomposed into a (direct) 

sum of immanant tensors, as described in a previous paper bv one of the 

writers [5]. Here 


or, more briefly, 

These formulas correspond to formula (18) in the paper cited. The immanant 
fay {') is the idempotent numerical tensor corresponding to the irreducible 
representation [a] of the symmetric group on p letters. Like the idem- 
potent C'(*) of Section 2, the immanant {a;/ {}) defines a subalgebra of the total 
2p-tensor algebra, and forms the unit for this subalgebra. Corresponding, 
respectively, to Theorem III and to the Corollary to Theorem IV we have, 
for any bisymmetric tensor A 


(30) A| = [1 


As in Part I, | A| and WO designate, respectively, the determinant and 
inverse of o relative to 7) that is, with respect to the total 2p-tensor 
algebra. Clearly Aja)}(A) and fay designate the determinant and inverse, 


ivelv f Ali) relative ) (4). 
espectively, of relative tc 


4. Determination of the ranks of immanants. If we contract in formula 
(29a) by putting (7) — (7), we obtain 


(i) (4) 


In view of the fact given by formula (21), we may state (32) in words: The 
rank of the unit tensor (=n?) is equal to the sum of the ranks of the 
immanants. 


The immanant tensors were defined in terms of the table of characters 


9 


| 
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of the symmetric group on p letters. We proceed to show how the ranks of 
these immanants may be obtained from the same table. If we define 


(i) 
(33) mK = 
where ranges over all permutations of class (p) = (1%, - -, p??), then 
the immanant tensor tay! is defined by 
(34) cal = (fa/p!) 
(p) 


in which xq‘‘) is the characteristic for class (p) corresponding to the irreducible 
representation [a], and f, is the degree of the representation [a], i.e., the 
characteristic corresponding to the class (1). If ra is the rank of tay! {*), We 
have from (34) by contraction, 
(35) ra = (fa/p!) 
(p) 

Lemma III. 
(36) (py =vp' n*, 
where vp = order of class (p), and k =kp = pi + pe pp. 

Proof. If is any permutation of class (p), == §is - - 

is a product of closed cycles, p; of these being of length 1, ps of length 2, ani 
so forth. Corresponding to a cycle of length A, a factor of our product is 


(37) 842 - - - — 
ja fs ji 


Hence = nk, where k pp. Since there are vp such 


permutations z, (36) follows. 
From (35) and (36) there follows 


THEOREM V. 
(38) (fa/p!) > vpnke, 
(p) 
Although the integers /p are not usually given in character tables they ar 
readily constructed from given character tables. 


Example 1. For p= 83, the character table is [6] 


Class: (p) Ba (1, 2) (3) 
Order: vp 1 3 2 
kp 3 2 
[3] 1 
[2,1] 2 
[1°] 1 
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By (38), from the character table, 


2 n 
In like manner it is found that 75; = (" z ) and rp3) = (; ). 


Example 2. For p—5 we give only three lines of the character table, 


corresponding to class, order, and fp. 


Order 1 10 20 30 15 20 24 
kp 5 4 3 2 3 2 1 


The ranks of the immanants are found to be 


[5] [4,1] [3, 2] [3, 1°] [27,1] [2, 1°] 


readily constructed. As a simple instance we remark that for n= p= 83, 
rat) = 1, and so = — is its own rank tensor. 
The Rie defined by (33) is bisymmetric; in fact if x = 3a, the sum being 
over all permutations of class (p), and if 7, 7’ are any permutation and its 
inverse, it readily follows that r’xr—=«. Thus 6‘), §(™ — or in 
(lr’) (m) ~ (jr) (3) 
other words K (ir) — K{‘), for every permutation +; which proves the point. 
It then follows from (34) that the immanant tensors are all bisymmetric. 


Consider the set S (a) of all tensors = where A CB; 


clearly this is a linear subset of the algebra B. If A s)2 Bhi) C , then 


(i). (4) A(t). (m) 
Bi tail AG) Bi Ath) tail ? 
and 
(i) (4) . 4 (m) Bl). 
ayl A (1) Ath Bij ? 


it follows that G,q) is an invariant subalgebra of 8B. 


5. The equivalent subalgebras connected with a Young tableau form. 
To facilitate our tensorial treatment of this topic, we need to extend the dis- 
cussion of A. Young’s work given in Section 1 of the paper “ Tensor Algebra 
and Young’s Symmetry Operators ” 

The writers are indebted to Prof, G. de B. Robinson, in particular through his 
unpublished paper “‘ The Irreducible Representations of the Symmetric Group, as obtained 
by Alfred Young,” for helpful suggestions rejative to this resumé. 


4n(n*? — 1) n+1 


[1°] 


16-(" mm (*t*) 36-("t*) on-(" *) (*) 


Since the immanants and their ranks are known, their rank tensors are 
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Corresponding to a certain tableau form [@], let there be fa standard 
forms, which we may designate by - For each standard form 
there is a normalized idempotent symmetrizer cp = (fa/p!)PpNp. For orthog. 
onality purposes permutation operators M are introduced so that the prepared 
operators dp = CpMp have the properties dpd; = 0 or dp according as p +r, 
p=r. Evidently cpodp = CpctpMp = ¢pMp dp. Also, from the construction 
of the Mp, NpMp: Pp = NpPp, whence there easily follows 

! 
Ja 
or dpCp = Cp. Thus 
CoCp = Cp; dpd, = 8p,r° dp 
(40) p&p par 
Cpdp = dp dpCp = Cp, 
where 5p, = 1,0 according as p=7, pr. Finally, if T is the normalized 
Young idempotent corresponding to the form of tableau [a], we know that 


(41) Pod, 


Dropping subscripts for the moment, let us assume that c, d are, respec 
tively, the idempotent and the prepared idempotent corresponding to a certain 
standard form. Let on = : = be the numerical tensor corresponding 
to c under the homomorphic mapping (2), and similarly let a be the 


numerical tensor corresponding to d. We deduce from (40) the relations 


im? (i) - (4) (0) (4) 

(42) ( (m) CH CH ’ 
(4) (i) - (4) 


THEOREM VI. The idempotents oo and bb have the same rank, and 
Ap(A) = Ac(A) for bisymmetric. 


Proof. Putting (7) = (*) in the last two formulas of (42), we get 
Dim — DW, DW 


“(m) (i) (4) (m) (4) (4) ° 


Thus D{‘) = C{%), and the ranks are equal. We denote the common rank 


by r and the rank tensors by (ir) and From (42), Di 


(ji)... (jr) 
Dim, and 


Y (4%) (m4) (44) (4) (mr) 
(j1).-- (jr) 


Dim), Clie) (mg). Olin) D (mr) | 


(m,) (ji) ? (mg) (je) (mr) (jr) 


Since each (m)) ranges over N = n? labels, each column of the determinant 
on the right may be regarded as a sum of N columns. By expressing the 
determinant as the sum of the corresponding N* determinants, we obtain 


I 
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‘ Cr) (43)... (ir) ) (m) . (mr) 
(43) Dip) D (iy) “Di (jr) ° 


For any bisymmetric tensor A = (43) yields, in condensed symbolism, 
Ap(A) = Ac(DA). But Ac(DA) = Ac(DA-C) = Ac(D- CA) = Ac(CA). 
Finally, Ap(A) —Ac(A). Here D, C, A stand for Dt}. A and a 
product such as DA stands for 

Adopting the convention of H. W int [7], we shall use the name “ natural 
diagram ” in referring to the tableau, corresponding to a tableau form [a], in 
which the p numbers are written in the natural order. For example, if p= 7 
the natural diagram corresponding to [3, 27] is 


1 2 3 
4 5 6 


We shall designate by m the diagram, of the same tableau form, in which the 
p numbers are written in an order o tained from the natural diagram with 


numerical idempotent associated with a natural diagram, and an the 
J 


the aid of the permutation 7 = Pedy 

1 
numerical idempotent corresponding to the diagram w. Denoting by 7’ the 
inverse permutation to 7, we have 


§ (4) (m) (im) (1) (m) — 
Hence g'‘%) is obtained from C Ae by rearranging both subscripts and super- 
j j 


scripts of the latter according to the permutation z. 


If A sss is any bisymmetric tensor, consider the set 1 of all tensors of the 
form i) Although U is a subalgebra of the total 2p-tensor 
(m) (j) 5 


algebra, it is not a subalgebra of the algebra 8 of bisymmetric tensors. In fact 


(iar) (iar) (m) — (4m) (mar) Y (4) (me) (i) 
UF A ( (ma) A ie) (m) AD 


the last tensor belonging to the analogously formed algebra ,, U. 
The mapping 
(45) (im) 


(j) (jm) 


isan isomorphic mapping of U upon gl, and hence these algebras are equiv- 
alent. Here we have a situation in contrast with that which arises in the 
case of the corresponding algebra defined by an immanant; the latter is a 
subalgebra, in fact an invariant subalgebra, of the algebra &. 

From the remarks of the preceding paragraph it is evident that once the 
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inverse has been formed relative to C, it may be formed relative to w U by use 
of the permutation 7. This is a consequence of the fact that the mapping (45) 
is an isomorphism, 


THEOREM VII. The determinant of a bisymmetric tensor a relative 
. . . J) 
to is equal to its determinant relative to ; that is, 


(46) Age(A) = Ac(A). 
The proof is left to the reader. 
Corresponding to equation (41) we may write 


(7) 

Here {q)/ is the immanant associated with the tableau form |#], and the D's 
are the prepared (mutually orthogonal) tensor idempotents. We have directly 
from Theorem III 
(48) A;(A) = Ap, (A Ap, (A) Ap (A). 
This, with Theorems VI and VII, allows us to state the 

CoroLtiaRy. A;(A) = [Ac(A) ]/*, where ward is the idempotent for the 
natural diagram of the tableau form for which i is the immanant, 


(m) (j) 
algebra of tensors V = D{*, A {™) forms a subalgebra of the total 2p-tensor 


Like the algebra U of tensors U {+} = bisymmetric) the 

(m) 
algebra, but not of the bisymmetric algebra B. It is interesting to note that, 
as implied in (47), the algebra G,a) considered in the preceding section, which 
is an invariant subalgebra of 8, is the direct sum of f, algebras ¥B, none of 


which is a subalgebra of B: 


THEOREM VIII. Lach of the algebras B,, is equivalent to 
the algebra U defined with respect to the idempotent Cl of the natural 
diagram. 

Proof. Let af be the prepared idempotent corresponding to the natural 
diagram. The algebra U consists of all tensors of the form U {#) = C[*) A ["), 
bisymmetric. Define 


(j) 
UG) = Di 
Then 
74) — - Alm. DW) Dw - Dim. ic) 
= Cin) A (By (42) 


So 


(49) AD, (By (42)) 
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Conversely = 

7(4) (114) Vike) (i) 
(50) Vin = = 


The mapping U DU} = V is a homomorphic mapping of 
Wi upon another algebra, which, as we see from (49), is none other than the 
algebra B defined in the preceding paragraph. From (50) we deduce that 
the mapping is in fact an isomorphism: &, is equivalent to U,. Similarly we 
may show %) to be equivalent to 1, for A= 2,3,---,fa. Since all the 
algebras Uy (,, U) are equivalent to U the theorem follows. 


6. Conclusion. In Section 2 we showed that in terms of any idempotent 
numerical tensor o ) we might define a subalgebra of the total 2p-tensor algebra 
and that C a was the unit of this algebra and had rank C (#}. In terms of the 
rank tensor of ca we were able to define the determinant, and the inverse 
when this existed, of any member of the subalgebra. These general considera- 
tions facilitated the study of the invariant subalgebras G,q; of the algebra B 
of bisymmetric tensors; G,a) being defined in terms of the immanant tensor 
ray (4). In Section 4 there was given a method for the explicit calculation 
of the rank of any immanant; explicit construction of the determinant and 
inverse of any tensor belonging to G;q) was thus made possible. Section 5 
established the fact that Ga; was the direct sum of f, equivalent tensor 
algebras, none of which, however, was a subalgebra of %. 

It seems pertinent that we conclude our theory with 


THEOREM IX. The algebras Gia; are the only minimal invariant sub- 
algebras of B. 


Proof. Let S, with unit tensor bh be a minimal invariant subalgebra 


of 8. The tensor /‘*) is bisymmetric, since it belong to 8, and idempotent, 
since it is the unit of SG. For any C G, we have U I {™) == U 
Ue, from the properties of a unit. If A iZ C %, then, since S is an in- 


variant subalgebra of B, A {#) I (™) C and hence A = A Tim) - 


(m) ~ (9) C2) (j) 
whence - 


Equation (51) states that the idempotent pe lies in the commutator algebra, 
L. of B; i.e., it is numerical (see Theorem IT) and thus a linear sum of the 
tensors , 
sors 
Let us first consider the case n = p, so that the mapping (2) of the group 
ring S, upon the algebra 2 is an isomorphism, or, in other words, so that the 
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p! tensors He are linearly independent and bb may be expressed as a linear 


sum of these tensors in a unique manner. But /(# is bisymmetric; hence the 


coefficient of each fh for which z is of class (p) must be the same; in other 
words, a is a sum of the “ class-tensors ” (p) : defined by equation (33), 
We now use the well-known fact that the number of irreducible representations 
of the symmetric group is equal to the number of classes. Since the linearly 
independent immanants tail (5) are equal in number to the “class tensors” 
(pK ‘*) in terms of linear sums of which they are defined, it follows that 
the (pK ti) can be written as a linear sum of the immanants. Hence the 
idempotent pe is a linear sum of the (mutually orthogonal) immanant 
tensors, and each coefficient in the sum will necessarily be 1 or 0. But © is 
minimal. Therefore bo is itself an immanant; © = Gra). 

If » < p the above remarks must be re-examined, but the theorem is 
nevertheless true. The class-tensors and the immanants are 
defined by (33) and (34) respectively as the “homomorphs” under (2) of 
definite group-ring elements; hence the truth of the proposition that the 
(pK i) are expressible linearly in terms of the fai! (5) depends only upon the 
group-ring GS, and not upon the relation of n to p. The linear subset 2 
consisting of those elements of ©, which map under (2) into the zero tensor 
is clearly an invariant sub-algebra of Sp, and S©»=—2 @ ®M; the group-ring 
is a direct sum of 2 and another invariant subalgebra Mt. Of the various 
group-ring operators which map into i we select that (uniquely <eter- 
mined) operator « which lies in YW. (The tensor 7‘) may be written in 
different forms as a linear sum of the isomers; with the aid of the group-ring 
we select a definite one of these expressions.) Thus e—>/ < If x, 2’ are 
any permutation and its inverse, 7’ Thus, 
since J{*) is bisymmetric, x’ «r— Jj}. Now Wt is an invariant subalgebra, 
and so 7’ lies in Yt, and both 7’ and members of Yi, map into 
‘Therefore 7’ «a= « for all z: or, ¢ lies in the centrum of G,. It follows 
that a, is linearly expressible in terms of the pK and hence in terms of 
the ay! {i}. We conclude, as in the preceding paragraph, that pe is itself 
an immanant. 

7. Applications. Of aid in studying the algebra of tensors associated 
with a Young diagram is the 

Lemma IV. Let ibe be the numerical idempotent tensor associated with 
the natural diagram of a Young tableau form. Then 


possesses 
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(1) on its p superscripts the symmetries indicated by the rows of the 
diagram ; 
(2) on ils p subscripts the skew-symmetries indicated by the columns of 


the diagram. 


Remark. Were the idempotent Cn is formed with the aid of an idem- 
potent symmetrizer c= (fa/p!)PN; if the order of P and N were inter- 
changed (multiplication of permutations still being defined as in section 1), 


one would interchange the words “ superscripts” and “subscripts” in the 


Lemma. 


Illustration. The idempotent C (é) == Chiststs associated with the dia- 
(j) 
gram given in Section 5 is: (1) symmetric on: 4, t2, ag, ON 14, t5, 1g and on 4; ; 


(2) skew-symmetric on j;, ja, jz, ON Je, Js and ON js, Je. 


Proof. ce is obtained by’ applying the group-ring operation 
c= (fa/p!)PN to the subscripts of the unit tensor ait Here P is the sum 
of the admissible row permutations; thus if 7 is any row permutation, ~P = P 
and so xc =c. The last equation, in virtue of the homomorphic correspon- 
dence between the group ring and the algebra of absolute numerical tensors, 
implies Cim) = Cit. But di) Cin = 8 Clm) == Clin), where 
is the inverse permutation to 7; hence bg = Ci. Since wr’ may range with 
over all admissible row permutations, we infer property (1) of the lemma. 
On the other hand, N is the alternating sum of the admissible column permu- 
tations; if is any column permutation, VN: N where 1, — 
according as the permutation v is even or odd. Thus c-v—Av-c¢, which 
implies C or Off = Hence we have property (2). 

The fact that C{*) is associated with the natural diagram plays no part 
in our proof. Lemma IV would remain true if the words “ the natural ” were 
replaced by the indefinite article. Nothing essential is lost, however, by our 
keeping to the natural diagram; this we have shown in Section 5. 


Example: p= 3, =[2,1], n=2. Here fg=2; there are two 


standard diagrams 


n+ 1 
3 
case 12,1) = 4, and the rank of each of the idempotents (, (3, C2 (1) associated 

with F,, F. is (1/fa) ‘ta = 2. 


From Example 1. Section 4 rj21) = 4 ( ) for general n. In the present 


Fi: 12; F,: 18 
3 
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From Lemma IV, Ce = (Cs is symmetric in the set 7, 72 and skew- 
JiJ2)3 


symmetric in the set j, j7;. The rank tensor of C1) is 


(91) (a) C’, 
Judiedis 


From its construction this tensor is symmetric on 1), i), and skew-symmetric 
on jy, Jr, for A=1,2. In addition it is skew-symmetric in (7,)(t2) and in 
(j:) (2). (See Lemma lI). The rank tensor, moreover, has rank 1 (Corollary 
to Theorem I, Part I) and hence is unique (See Lemma I). Also it factors: 


C; (1/c) -C,™ C; Ue) for some scalar c. Consider the 
tensor This is skew-symmetric in j),j,, for A= 1,2; 


if we interchange the réles of (j,) and (jz) we merely change the sign of the 
tensor. Hence 

apart from a constant factor. In order to obtain C, ‘4)(®), we remark that 
the: corresponding tensor - ¢ ints -¢ jg skew-symmetric in (tz) 
and also in i), %, for A= 1,2. We may obtain C, ‘)‘) from this tensor, by 
applying V,P, independently to the three indices (1,) and to the three indices 
(i2) ; it is unnecessary however to apply N,, which will have the effect of 
multiplying the tensor by a scalar. Applying P, = {12}- {3} —1-+ (12) 


we get 

(53) (ia) = cintis gintes - 

apart from a constant factor. Outer multiplication of the expressions (52) 

and (53) for and C,") yields 


(54) (41) (42) —— [ § § intes . § § tietis ° § intes § 422 


+ § tootes § 4. § totes | 


for some scalar A to be determined. If we contract by putting (jz) = (%), 


formula (18) where r= 2 gives C, (4) — 2-(,(4), Hence from (54), 
(jx) (ja) (41) 


1 (4) — ints Sie -2- Sintis - § t12 - § tn 

C1 2 2 jie judis jie judis jie judis 
(55) 
= [8 tio - § -}- din § |, 


judis jie judis 


2 ‘ 
Finally, since C,{+) = 2, 2 = [2-2+2]—9A,A Hence, dropping 


1 : 


the subscript 1 on (7,). (j:). we may write 
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Also 
Y (4) ) 2 ; ; 
- i 6 - 6 - Siniz |, 


Judis judis jndes 
The idempotent Cais) is obtained from ep as given by (56) by use of 
the permutation 7 = (23): 
(57) a+ § tite [3% elite __ - gfe 2] 
3 1J2 € 3 


a. js 


It is readily verified that the idempotents C, Gy? C2 (jy are mutually orthogonal ; 
and in fact both M, and M, are here the identical permutation. Thus 
+ 0, From (56) and (57), using the identity 


+ €j,j. = 0, we obtain 


58 = = [Sh - Sie - Ziris Sis 
( ) 7A ji je ids is 

For theoretical purposes the idempotent associated with a Young diagram 
is defined as the result of operating on the unit tensor er with a Young 
symmetrizer. Nevertheless, the above example has wites to indicate the 
truth of 


LemMA V. The idempotent associated with a Young diagram is uniquely 
defined by its rank and the symmetries indicated by the diagram; and tt may 
be expressed in terms of the (ordinary) generalized Kronecker deltas. (See 
(23), Part I). 

In fact, the rank tensor is determined to within a constant by its sym- 
metries and hence may be determined to within a constant in terms of the 
generalized Kronecker delta eee Both the constant and the idempotent 
may be obtained from the rank tensor by use of the contraction process (18). 

Although the immanant may be obtained if desired from the character 
table as a function of the simple Kronecker delta, the example indicates how 
it may be expressed in a more manageable form through the C’s by the use of 
Lemma V. 

In the Example the M’s, as there noted, were each the identity permu- 
tation. This is true in all cases for p< 5. In some cases, as for example 
when p= 5, [a] —[3,2] and [2*,1], some are not the identity 
and must be determined. For determination of the M’s see A. Young [8]. 
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Note on a Paper by R. H. Bruck and T. L. Wade. 


By G. DE B. RoBiInson. 


In Theorem V, Part I1, of their paper on ‘ Bisymmetric Tensor Algebra * 
R. H. Bruck and T.-L. Wade have expressed the rank rq of an * immanant 


tensor * ta}/‘*) by the following formula: 


(1) (fa/p!) > vpnke, 
(p) 
where fg = <legree of the representation [a] of Sp; 


xa'”) = characteristic of the p-th conjugate set in [a]; 
vp = number of elements of the p-th conjugate set ; 


ky = number of cycles of an element of the p-th conjugate set. 
It is perhaps worth pointing out an interesting interpretation for the 


number rq in terms of Young’s substitutional analysis. If we replace each cycle 
in the fundamental relation * 


(2) = (fe/p!) xa" == (fa/p!)? PaNa 
P 
by n, then immediately 
'a = (fa/p!) vpnke = (fa/p!)* {PaNa} = (fa*/p!) {PN}. 
(p) 

since the second summation in (2) is over all the p! tableaux a and the 
corresponding {P?N}’s—i.e. PN with each cycle replaced by n—are all equal. 

This interpretation adds to the significance of the table in Example 2 of 
Section 4. E. g. 


re) = ae (n° + 10n* + (20 + 15)n* + (30 + 20)n2 + 24n) = (" 


5! 
A n 2 
13,2) (n° + 2n* + (— 4+ + (—6 + 4)n*) = Sn ( ), ete. 
5! 
as may be easily verified. 


* Cf. Robinson, “ On the Representations of the Symmetric Group ~ this JOURNAL, 
vol. 60 (1938), pp. 745-760, footnote 12. 
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QUALITATIVE ANALYSIS OF THE FLOW OF FLUIDS IN PIPES.,* 
By T. Y. THomas. 


1. Introduction. In another paper: On the stability of viscous fluids! 
we obtained a number of results on stability problems belonging to the first 
category in the classification of this paper. Stability problems of the second 
category, e. g., the stability of steady flow (Poiseuille motion) in an infinite 
cireular cylinder or pipe, were not considered. This particular problem will 
be discussed in the present paper, the methods and the chief results obtained 
having their analogues in other stability problems treated in the literature. 

Exact methods only are used in this paper, e. g., the linearized or first 
order equations of the disturbance are not considered.? While it is natural to 
consider exponential solutions (disturbances) in connection with the linearized 
equations it is questionable if such disturbances (excepting the special case of 
the zero disturbance) have an actual existence in the sense that they satisfy 
the exact equations of disturbance. At the end we have in fact shown that the 
procedure of representing disturbances by functions of exponential type leads 
(on the basis of the exact equations) to the stability of the steady flow, a result 
in disagreement with experiment. Other results on stability are mentioned in 
the text. The principal result is of qualitative character. It consists in show- 
ing that for the same pressure drop the volume of fluid traversing a cross sec- 
tion of the pipe is greater for the steady flow than for turbulent motion. Or 
what amounts to the same thing the fall in pressure necessary to produce a 
given discharge from a pipe is greater in the case of turbulent motion than 
for the steady flow. ‘This result is in strict agreement with the experimental 
tacts. In spite of its qualitative nature a certain interest may reasonably be 
attached to a result of this sort first since the demonstration is based on an 
exact treatment of the Navier-Stokes equations and equation of continuity 
and second since it is impossible to establish it if one confines himself to the 
usual exponential disturbances. 

We proceed to a statement of the definition of stability, and the assump- 
tions of continuity and differentiability underlying our discussion. 


* Received July 29, 1941. 

1 University of California Publications in Mathematics (Los Angeles), vol. 1 (1942). 

2In this connection see the comment by von Karman, “ The engineer grapples with 
non-linear problems,” Bulletin of the American Mathematical Society, vol. 46 (1940), 
p- 664 (footnote). 
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2. Definition of stability. Continuity and differentiability assumptions. 
Let G@ denote a region completely filled by a viscous fluid and let us denote by 
i@ (a =1,2,3) the contravariant velocity components and by j the pressure 
of a stationary motion of the fluid in G. Similarly let u* and p be the velocity 
components and pressure function of an arbitrary non-stationary fluid motion 
in G@. The three quantities = u*— and = p— in any (dynamically) 
allowable codrdinate system are the components of an invariant which we shall 
refer to as the disturbance® of the stationary motion. 


The stationary motion will be said to be stable relative to a class D of dis- 
turbances in G if £'—>0 uniformly over Gas t—> © where the & (1=1, 2,3, 4) 


are the components of an arbitrary disturbance of D.#* 


With regard to the characterization of the class D we must in the first 
place specify certain conditions of continuity and differentiability of the four 
components of the disturbances since the velocity components a and the 
pressure 7 of the stationary motion and the corresponding functions u* and p 
for those motions which give rise to the disturbances are assumed to satisfy 
the differential equation of continuity, and the Navier-Stokes equations as the 
basis of our discussion. Our requirements in this respect will be satisfied by 
the following two conditions which may be thought of as formulated relative to 
a rectangular cartesian codrdinate system covering the region G. 

The components (1 = 1, 2, 3,4) are continuous functions of the 
space codrdinates and the time in the region G (closure of G) and have 
continuous first and second partial derivatives with respect to ike space 
codrdinates and the time; in addition the fourth component é* = p — pj) has 
continuous third partial derivatives with respect to the space codrdinates. 


(8). The components é* (t —1,2,3,4) of any disturbance and their 
partial derivatives in condition (a) are bounded uniformly (i. e., irrespective 
of the time) in G. 

In the above we have formulated the definition of stability and the funda- 
mental assumptions of continuity and differentiability in a form sufficiently 


The éa(a = 1,2,3) are the components of a contravariant vector and = 
is the component of a scalar under allowable coérdinate transformations (which may 
involve the time ¢). Under the restricted class of transformations of the form 
wa = ga(x), t =f, where the «2's are the spatial codrdinates, the disturbance appears 
as a contravariant four-vector. 

* By considering the condition é{>0 as t> rather than the more general con- 
dition é*— const. as t> oO we assume implicitly that the arbitrary constant which is 
involved in the pressure function p is so chosen that the const. in the convergence 


condition is equal to zero. 
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general to apply to a variety of problems on stability. In the following section 
we indicate specifically how this is to be understood in relation to the stability 
of fluids in pipes. 


3. Equations of motion in cylindrical coérdinates. In genera! codrdi- 
nates 2’, 2°, 2° the Navier-Stokes equations (in the absence of external forces) 
and the equation of continuity are 


dp dur 
(3. 1) — 9% +p + pubu.pt, 


(3. 2) = 0, (equation of continuity). 


All summations in. these equations are over the range 1, 2, 3 and are made in 
accordance with the usual convention. The g’s denote the components of the 
fundamental metric tensor and the comma indicates covariant differentiation. 
Also A is the Laplacian operator relative to the codrdinate system employed. 
The quantity » is the coefficient of viscosity and p denotes the density; we 
assume that both » and p are constant throughout the motion of the fiuid. 
In our discussion of the flow of fluids in pipes we identify the codrdinates 
x', x*, x* with cylindrical codrdinates r, ¢, z in this order, the z-axis coinciding 
with the axis of the pipe (70). While the use of such codrdinates may 
give rise to ambiguities in the determination of certain of the components of 
the velocity and their derivatives along the axis of the pipe it will be apparent 
that this causes no difficulty in the demonstrations. 
In cylindrical codrdinates the components of the metric tensor are 


Covariant components : Jur = 928 = 1, 9: 
1/r’. 


Contravariant components: —g** g” 


All other components of this tensor vanish. The non-vanishing components 
of the affine connection are = —r, =T.,7—1/r. Using these the 
various quantities which occur in the above equations of motion can easily be 
calculated. For convenience, however, in carrying out certain of the operations 
indicated in the later sections we list the following formulas in which uw, o, w 
are used to stand for u’, u*, u® respectively. 
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( ou = ou ro; U3, = ou 
Oa Ow , Ow 
ow dw dw 
07 1 3 dw 2 du 


We emphasize, to avoid possible confusion, that in each of the three sets of 
formulas (3.3), (3.4) and (3.5) the u, , w denote the contravariant com- 
ponents of the velocity vector. 

By a steady flow or Poiseuille motion in an infinite circular cylinder or 
pipe of radius a is meant the stationary motion for which the velocity com- 
ponents @* (a —1,2,3) and pressure j are 

(3. 6) == = 0, wWo (1 z + const. 
The constant w» is the velocity along the axis of the pipe and we suppose 
w, = 0 so that the flow is in the positive direction of the z-axis. 

A disturbance is said to have spatial periodicity if its components are 
periodic functions of period 1(> 0) in the direction of the axis of the pipe. 
In the case of spatial periodicity the cylinder is divided into fixed cells or 
blocks of length 7 (which may be different for different disturbances) such 
that the behavior of the disturbance in the pipe is completely determined by 
its behavior in any cell. The region G (interior) of the pipe can thus be 
replaced by any periodicity cell W in the discussion of the stability problem. 

In the following we deal with disturbances in the pipe relative to the above 
stationary motion (3.6). We assume that the disturbances are spatially periodic. 
The condition of spatial periodicity of the components & (« —1, 2,3) of the 
disturbance appears as a mathematical convenience since it enables us to limit 
our attention to a particular periodicity cell. In the practical case of a (hori- 
zontal) pipe of finite length (one end of which ‘is attached to a reservoir in 
which the level of the fluid is kept constant to secure a constant pressure at 
the entrance of the pipe) it is natural to associate the periodicity constant / 


in the theoretical discussion with the length of the pipe. The requirement of 
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periodicity of the fourth component ¢* = p— p of the disturbance may then 
be interpreted to mean that the pressure difference between the ends of the 
pipe is the same for the disturbed motion as for the steady flow in conformity 
with the actual conditions of the experiment. 


4. The energy equation. From the equations (3.1) and (3.2) and 
the corresponding equations for the steady flow (3.6) we obtain the following 
differential equations of the disturbance 


d(p—/p) age 


p + + piiPé + 
dx8 at 


(4.1) 


From these equations we deduce 
‘ 0 


where 
Dag = 4 (ta,p tig.a) 


are the components of the deformation tensor'of the steady flow. Using (3.6) 
we find D,, = D3, =—wor/a*. All other components of the deformation 
tensor vanish. 

Now integrate both members of (4. 2) over the periodicity cell W. Apply- 
ing Green’s theorem with the condition €*=—0 over the surface of the pipe 
and taking account of the property of periodicity of the disturbance we obtain 


the energy equation 


dK 


= 
W 


where 
K—=4p 
is the kinetic energy of the disturbance in W. 


5. Modified energy equation. Consider 


where ()(¢) denotes the volume of fluid which traverses a cross section of pipe 
in unit time for the disturbed motion and q denotes the corresponding quantity 
for the steady flow (3.6). In fact the second integral in the middle number 
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of this equation is easily seen to vanish by the equation of continuity and the 
first integral in the middle member immediately yields the right member of 
the equation. 

Now take a = 3 in the first equation of (4.1), multiply both members 
of the equation by the scalar quantity 1—r?/a? and then integrate over the 
periodicity cell W. The integrals of all terms of the equation are found to 


vanish with the exception of the following: 


In the derivation of these formulas and in the proof that the remaining 
integrals in question are equal to zero we have made use of (5.1), the equa- 
tion of continuity, Green’s theorem and the property of spatial periodicity of 
the disturbance as in the derivation of (4.3). This leads to the following 
equation : 


2 2 


W 


Now when we substitute the explicit values of the components of the 
deformation tensor into the last term of (4.3) we find that this term is the 
negative of the last term of (5.2). Hence adding corresponding members 
of (4.3) and (5.2) we obtain 


dF Aw 


(5. 3) 


where 


[O(t) —q] = 


f (1—S)ear. 
W a” 


We shall refer to (5.3) as the modified energy equation. It is easily seen that 


+ p + 


the function /’ in this equation is the difference between the kinetic energies 
of the disturbed motion and the steady flow (3.6) in the periodicity cell W. 


6. The stability theorem. In this section we state the main results of 
the paper. The proofs will be given in the two following sections: 


STABILITY THEOREM. Steady flow in a pipe is stable relative to the class 
of spatially periodic disturbances satisfying the conditions (a) and (B) 
Section 2 and such that Q(t) = q at all times t. 
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The meaning of the condition Q(/) = q is that the discharge (volume of 
fluid traversing a cross section of the pipe per unit time) is never less for the 
disturbed motion than for the steady flow. It is an open question if there exis 
spatially periodic disturbances (other than the zero disturbance) satisfying 
the condition Q(t) = q and we have made no attempt to treat this questioy 
(which would require an essentially different analysis) in the present paper, 
The above stability result thus means effectively that if any motion exists 
which gives rise to such a disturbance it converges uniformly to the steady 
flow. Let us say (1) that a motion is established if the discharge is constant 
and (2) that a motion is turbulent if the corresponding disturbance € does 
not approach zero uniformly as {—> «. In the case of established turbuleng 
the above stability theorem then leads to the result that the discharge is sud) 
that Q < q. 

Let us now make the substitution v*— in the integral 
appears explicitly in (5.3). The resulting equation can then be reduced tp 


the form 


(6.1) + p — Q(t) =0. 
JW 


If the last term in this equation is essentially positive, i.e., Q(t) S 0, the 
discussion in Section 7 (with é* replaced by u*) leads to the conclusion thet 
F(t) ~— as This is in contradiction with the condition (8) in 
Section 2. For established turbulence it therefore follows that 0 < Q <4, 
i.e., in the case of established turbulence the discharge is positive and les 
than the discharge for the steady flow. 

This latter result can also be stated in the following terms: the pressur 
drop required to produce a given discharge is greater in the case of established 
turbulence than for a steady flow in the pipe. This result is in strict agree 
ment with observation and naturally expresses a fact of considerable practical 


importance. 


7. First part of convergence proof. We shall now prove that the fir 
three components & (a =1,2,3) of any disturbance approach zero uniformly 
over W (closure of W) as t—> 0. The assumptions underlying this proof ar 
those appearing in the Stability Theorem in Section 6. 

Suppose that é* does not approach zero uniformly over W as t>%, 
Then gapé*@ does not. Hence we can find some « >0, a time sequent 
t,, to, with t; >t; and tp — as n—> and a point sequent 
P,, P2, with Pn C W such that 


(7.1) (gaptté#) p, > ¢, for te (n= 1,2,3,° 
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We can suppose, in particular, that the time sequence is so chosen that 
inns > tn + 1 for n = 1, 2,3,--- as is evidently possible. It is convenient to 
have some such inequality at a certain place in the following discussion. 

We now show on the basis of (7.1) that the non-negative quantities 


(7. 2) +,dV, (n = 1, 2,3,°- 


are bounded away from zero. First, for no value of n will the integral (7. 2) 
be equal to zero. For if such were the case this would imply é¢* =0 for 
t=t, and since £*—0 on the surface of the pipe it would follow that é*—0 
over W at the time ¢,. This is in contradiction with (7.1). If the quantities 
(7.2) are not bounded away from zero we can find a subsequence of t, (which 
we continue to denote by ¢, for simplicity of notation) such that 


Now let 2’, 2°, 2° be the codrdinates of a rectangular codrdinate system 
in which conditions (a) and (8) in Section 2 strictly apply by hypothesis. 
Denote the quantities & by »* with respect to this codrdinate system. Then 
by the condition (8) we can find a positive constant M such that 


On* (x, tn) | (x, ta) 


over W for n ~1,2,3,- °°. From the first of the inequalities (7.4) the 
sequence 7%(«, t,) is uniformly bounded in absolute value in W and from the 
second inequality the sequence 'is equt-continuous in W. Since W is a closed 
and bounded region it follows by the Theorem of Ascoli® that this sequence 
contains a subsequence 7*(2, ¢n,) which converges uniformly to a continuous 
function £*(2) in W. Similarly'from the second and third inequalities (7. 4) 
the sequence tn, )/008, (k = 1, 2,3,-- +), contains a subsequence which 
converges uniformly to a continuous function £g*(x) in W. Using n= 1, 2, 
to denote the terms of this latter sequence for simplicity of notation we 
thus have 
(tn) —> £8 (2), 

uniformly in W as n—> where and {g*() are'continuou. actions 
of the codrdinates x, x2, 2° of W. Finally it follows from (7.5) and a well 
known theorem on uniform convergence that the functions ¢*(7) have con- 
tinuous first partial derivatives and in fact that 0¢%(x) /dx° = {,*(x) in W. 


®See O. D. Kellogg, Foundations of Potential Theory, Berlin (1929), p. 265. 
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Using the condition (7.3) and the fact that the convergence in (7.5) 
is uniform we now'have 


ate ate 
lim re dV = —, dV =0. 


It follows that 0¢¢/dx° = 0 and hence = 0 over W since over the 
surface of the pipe by the boundary condition. Hence 7*(tn) > 0 and hence 
é*(tn) — 0 uniformly over W as n—> co and this contradicts (7.1). It follows 
that the integrals (7.2) are bounded away from zero as above stated. 

Now consider the graph of the function 
4wopl 


a? [Q(t) —q] 


(7.6) y(t) + 
with ¢ measured along the horizontal axis and y along the vertical axis of a 
rectangular cartesian codrdinate system. Since the second term in the right 
member of (7.6) is non-negative by the hypothesis of the Stability Theorem 
it follows from the result just proved that we can find a number & > 0 such 
that y(tn) > k& for n=1,2,3---. It also follows from condition (8) in 
Section 2 that we can find a positive number N such that | dy / dt! < N at 
all times ¢. 

Now let 8 be a positive number and consider the intervals /, —8éS/ 
=?, + 6 forn = 1,2,3,---. We take so small that the successive intervals 
have no point in common; this is possible in view of the condition tn,; > tn +1 
imposed at the beginning of the section. Let us furthermore take 8 so small 
that A = 2k8 — N&* > 0. Now if A, denotes the area underneath the above 
graph and above the interval ¢, —8 S/S /, 4+ 8 it follows from the condition 
| dy/dt|< N that 4n > A for n =1,2,3,- Hence by integration of 
the modified energy equation (5.3) and the fact that y(/) 2 0 for all / we 
obtain 

n 

It follows that F(t) ~— « as /— oo. But this contradicts the hypothesis 
that the components & of the disturbance are uniformly bounded and thus 


completes the proof of the italicized statement at the beginning of the section. 


8. Second part of convergence proof. It remains to prove the un 
form convergence of the fourth component é=p—~p of the disturbance. 
For this purpose we first multiply both members of the first equation (4. 1) 
by 0&*/dxr* and sum on the repeated index. We then integrate both members 


of the resulting equation over W. This gives rise to the following integrals 


| 
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W 


d 
dV am dV — 


W W 


Ww 


w 


4 


(8. 4) Eq ptdV = 


Ww 


in which &* is treated as a scalar. By Green’s theorem the first integral in the 


right member of (8.1) becomes 


(8. 6) -f = — dS — 
B B B 


over the surface or outer boundary B of the periodicity cell W. Here n denotes 
the inward unit normal to B and dé*/dn is the ordinary derivative of €* along 
this normal. Since the é* approach zero uniformly over W by the result of 
Section 7 it follows readily (for example, by condition (8) and application of 
the mean value theorem) that d&*/dn — 0 uniformly over B as t— «©. Hence 
the first integral in the right member of (8.6) approaches zero as t— o. 
The second integral in the right member of (8.6) vanishes by the boundary 
condition (€*=—0( on B). Similarly all remaining integrals in the right 
members of (8.1),: - -, (8.5) either (1) vanish by Green’s Theorem and the 
assumption of spatial periodicity or (2) approach zero at ft > o in consequence 
of condition (8) and the result of Section 7. Hence the integrals in the left 
members of these equations approach zero as t—> 0. The above procedure 
of multiplying (4.1) by 0é*/0r* and integrating over W therefore leads to the 
result that 


(8. 7) fi: g 978 dV as t— 


Let us now interpret the codrdinates 2’, 27, x as rectangular cartesian 


coordinates (transformation to a rectangular system) as was done in Section 7. 
Putting vg = 0(p — p) /dx* for simplicity the condition (8.7) then becomes 


(8. 8) L(t) = Salad V 0, as 
Jw 
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We shall now show that 


(8.9) G(x, t) va(z, t)va(v,t) 90, as x, 


uniformly over W in consequence of (8.8) and condition (8) in Section 2, 
Since G(z,?¢) is a continuous function of x', 27, 2° in W (closed and bounded 
region) at any time ?/, this function will assume its maximum value ((/) at 


some point of W. The condition (8.9) implies 

(8. 10) G(t) 0, as 

and conversely (8.10) implies (8.9). Hence it suffices to prove (8.10). 
Proof of (8.10). By condition (8) the one parameter family of functions 

Va(x,t) is equi-continuous in W (the parameter being 4). Hence the family 

G(x,t) is equi-continuous in W. Explicitly this means that if any e > 0 is 

chosen we can find a 8 > 0 such that 


(8. 11) | G(a’, t) — G(a”, t)| <«, for — a” | < 8, 


and for all times ¢, where we have used | x’ — a” | to denote the (Kuclidean) 
distance between the points 2” and 2” in W. 

Assume that (8.10) is not satisfied. Then we can find some constant 
7 > 0 such that for any time ¢) we shall have ((¢;) 
Hence there will exist a time sequence 7, with t,— 2 as n—> «© such that 


=» for some t; = ty. 


G(t:) 2 for n—1,2,3,---. Let Pn be a point of W at which. tm) 
assumes its maximum value G(7,). Since W is closed and bounded the 
sequence P,, P2, P;,- + - will admit a subsequence (for simplicity of notation 
we use P,, also to denote this subsequence) which will approach a limit pont P 
in W, i.e. Pp Pasn—- o. 

Assume first that P is a point of W (interior point). Let A be the interior 
of a sphere having center at P and radius r so small that its closure X is con- 
tained in W. Take «= 7/2 in (8.11). Then chose r so small that if 2’ and 2” 
are any two points in A the condition | «’ — x” | < 8 in (8. 11) will be satisfied. 
For n = N (sufficiently large) we will have P, ind. Since G( Pn, tr) = G(tm) 
the equi-continuity condition (8.11) then gives | — G(a, | < 9/2, 
n = N, for all points x in A. Hence for z in A we have 


(8. 12) G(x, tn) > G(m) — 7/2 2 7/2, 


when use is made of the above assumption that G(tm) = y for n = 1, 2,3,: °°. 
From (8.12) we now obtain 


4 
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W e 


forn = N. But this contradicts (8.8) and so the above assumption is false. 


2. Hence (8.10), and hence (8.9), are satisfied. 
led Assume in the second place that P is a boundary point of W. Consider a 
at sphere with center at P and radius r and let A be the intersection of this 


sphere with W. Choose r so small that the 8 condition of the first assumption 
will be satisfied. The above discussion then applies and we are led ‘to the 
inequalities L(t») = ar*k for n = N where k is a suitable positive constant less 
than unity. Thus again we have a contradiction with (8.8). This completes 
the proof of (8.9) and (8.10). 


as 

7 From (8.9) or (8.10) we readily see that the quantities va(z,t) +0 
uniformly over W as t—> «%. Since the pressure function is determined at 
is 


most to within an additive constant by the equations of motion we can suppose 
. that the pressures p and p are always the same at a fixed point T in W. Then 

the above convergence condition for the derivatives of » — p leads to the result 

that p — jp > 0 uniformly over W as {—> 2. This completes the proof of the 
n) Stability Theorem of Section 6. 


nt 9. Extension of the stability theorem. Consider the equation 

at (9. 1) +p J +- = 0, 

n) 

e where J is the integral over W of a polynomial in the é’s asd their first and 
e second derivatives and e(t) ~0ast— «. The discussion in Sections 7 and 8 
p shows that the steady flow in a pipe is stable relative to the class of spatially 


periodic disturbances satisfying the conditions (a) and (B) in Section 2 and 

the differential equation (9.1). As in Section 7 we show that the integrals 
5 

(7.2) are bounded away from zero. We then consider the equation (7.6) in 


: which the last’ term is replaced by e(/). Since e(t) +0 as t— it follows 
, that y(tn) > k > 0 provided that n = N (sufficiently large). Subject to this 
restriction the remainder of the first part of the convergence proof follows as 
) in Section 7 and leads to the contradiction that J(t) ~—- © ast—o. The 


second part of the convergence proof follows as in Section 8 without 


modification. 


10. Boundary conditions and stability. Let us now take a = 3 in the 
first equation (4. 1) and then integrate both members of the equation over the 


periodicity cell W. After some reduction the following equation is obtained 


165 

\ 
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(10. 1) 


where B denotes the surface or outer boundary of the periodicity cell and 


v(= p/p) is the kinematical viscosity: the remaining quantities in (10. 1) 
have already been defined. 

The discussion in Section 6 shows the dependence of the stability of the 
steady flow on the discharge Q(t). The dependence of Q(¢) in turn on the 
state of motion of the fluid at the boundary is shown in (10.1). If the 
boundary integral in this equation vanishes for all values of the time ¢ we have 
Q(t) = const. which is the condition for established motion as defined in 
Section 6. Now the integral 


— IS 
(10. 2) ff 


cannot be bounded away from zero for it would then follow from (10.1) that 
Q(t) > + « ast— o thereby contradicting the condition (8) in Section 2. 
If this integral oscillates between positive and negative values there will be a 
continual increase and decrease in the discharge Q(t). Actually a phenomenon 
of this type is observed to occur experimentally near a critical value of the 
Reynolds number FR. The determination of the conditions underlying such an 
oscillatory behavior of the integral are thus apparently connected with the 
problem of determining a critical value of R and the demands of this problem 


exceed the qualitative analysis of the present paper. 


11. Stability theorem for exponential disturbances. .\ttempts have 
been made to treat the problem of the stability of steady flow in pipes by con- 


sidering spatially periodic disturbances of the type ° 
(11.1) & Ri fE(r, 6) (k = 1, 2,3, 4), 


where # denotes the real part of the quantities in the brackets. Here the 
functions f* may be complex and o may be a complex constant. Also A is a 
real constant and can be supposed to be positive without loss of generality. 
The periodicity / is then given by 1 = 2x/A. It is sufficient to suppose that the 
functions f*(r,@) are continuous and have continuous first and second partial 


derivatives. 


* An excellent comprehensive account of these and other investigations has been 
given by J. L. Synge, “ Hydrodynamical Stability,” American Mathematical Society 
Semicentennial Publications I1: Addresses, 1938, pp. 227-269. Synge deals specifically 
with disturbances of this type on p. 250 and again on p, 264 such disturbances are 
presumably at the basis of his discussion. 


| 
ad — ay — dS = 0, 
dt B Or 
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It follows immediately from (11.1) that P= K and Q(t) =q. Hence 
(5.3) reduces to 


lk 
nd (11. 2) = 0. 


Now put o =o, + to, and f* = f,* + where o2, and fs* are real. 


he Substituting into (11.1) we find 
he 
he & = cos (f,* cos Az — f2* sin Az) sin sin Az + f2* cos Az) |. 
ve Using these expressions for the & we may deduce the following relations 
in 
— Fen + (7148, 
Jw 
where © denotes any right cross section of the pipe. Hence the integral for 
' the kinetic energy K (Section 4) becomes 
2. .20,t j af B af 
K = Jap (hi fi + fe fe 
a A J 2 
7 Finally substituting this expression for K into (11.2) we have 
he 
» 
J, gap (fiefs + fafa?) dS + gang? = 0. 
he W 
m § If o, = 0 each of the terms in (11.3) is non-negative and hence must 
vanish in consequence of this equation. The vanishing of the second term in 
(11.3) implies that €£g*—= 0 and when these conditions are combined with the 
ye 


boundary condition (€* = 0 on the surface of the pipe) it follows that é* = 0 
(a= 1, 2,3) over the periodicity cell. Hence from the Navier-Stokes equation 
the space derivatives of €* must vanish; from this and the above expression 
for &* we easily see that = 0. We thus arrive at the case of a zero disturbance. 
Hence if é is not a zero disturbance it follows from (11.3) that o, < 0. This 


. gives us the following stability theorem: The steady flow in a pipe is stable 
° relative to the class of disturbances represented by (11. 1). 
i The above disturbances (11.1) are a special case of disturbances repre- 
sented by 
f(r, + f.(r, + - 

which are spatially periodic of period J in the direction of the z-axis. For such 
; disturbances the equation (5.3) likewise reduces to (11.2). Hence the 
y Stability Theorem in Section 6 applies, i.e. the steady flow is stable relative 
to this class of disturbances under the conditions on the functions f,(7, ¢, ¢). 


fo(r,,¢).: implied by the assumptions of the Stability Theorem. 
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NOTE ON THE EXPRESSIONS FOR THE STRAINS IN A BENT, 
THIN SHELL.* 


By Eric REISSNER. 


In a recent paper [5] the linear theory of bending and stretching of thin 
elastic shells has been discussed anew. The purpose of the present note is to 
make that discussion more complete by deriving from the general formulas 
of the preceding paper expressions for the components of strain and for the 
stress resultant strain relations which are exact up to terms of that order of 
magnitude which is relevant in view of the basic assumption of shell theory 
that the normal to the undeformed middle surface is deformed into the normal 
to the deformed middle surface (Navier’s hypothesis). 

The results in [5] which form the starting point of the present discusion ! 
are equivalent to the following formulas for the significant components of 


strain of the bent shell, 


_ (0/08) + fu’) (U2 + fue’) (0/0E2) (a (1 + 


w/R; 


a corresponding expression for e. and 


In the preceding discussion it had been assumed, in conformity with 
A. E. H. Love [3] that the terms in (1) and (2) having £/Rn as a factor are 
negligible and on the basis of this assumption expressions of the following sort 


were obtained 
(3)? + + Eke, Yuu ~ fr. 


It seems, however, that in order to be consistent all terms in (1) and (2) 
which are linear in £ should be retained (and none which contain higher 
powers of ¢ since such terms are already neglected by working with Navier’s 
hypothesis). If this is done there follows 


* Received August 22, 1941. 
1 The symbols used in this note without explanation are defined in [5]. 


* See equations (36) to (39) in [5]. 
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(4) €,° + £x1*, €2 == + + 


where 


0 a 
€2° Uy 1 da, 
1 1 a, Us a, Uy 
and 
a 0 a, Ofu, 
of 
'y If we use these modified expressions for the strain components we have, 
al again in order to be consistent, to retain in the expressions for the stress 
resultants * all terms which contain third or lower powers of the shell thick- 
1 ness h. This leads to the following expressions 
yf 
(9) Ni, 
(10) Nie 


(11) N G + PR, r*} 


1 0 
(13) Mi vK2*) (1° + } 


(14) 


(15) 


It is to be noted that if the power series development of the strain com- 
ponents (1) and (2) were continued so as to include terms in ¢’, these terms 
would contribute to the force resultants Nj, further terms of the order kh’, 


* See equations (20) to (24) in [5]. 
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while not affecting the values of Mjx. It appears, however, that nothing is 
gained by including these further terms since their correctness is not assured 
due to the fact that terms proportional to £° have already been disregarded in 
the expression for the displacement vector. The advantage of retaining terms 
of order h® in the V jx although they are not likely to be correct (those obtained 
from (4) or those obtained by developing ¢ and y one step further) lies in the 
fact that thereby the equation of moment equilibrium about the normal to the 
shell reduces to an identity as it should in view of its being obtained by 
integrating over the shell thickness the identity t1z2 72. If terms of order 
h® are not retained in the N jx this moment equation is not quite satisfied except 
in the case of a spherical shell or flat plate. In actual calculations these h’- 
terms are usually not included and the slightly violated moment equation dis- 
regarded. The developments in [2] and [1] represent an exception in this 
yespect. There, for a circular cylindrical shell, the correction terms which 
would follow from a development of the strains (1) and (2) up to & are 
‘erived by direct geometrical considerations for the circular cylindrical shell. 


It is important to notice that in the Mj, only terms of the same order inh 
occur and it seems not justified to disregard generally any of them. 


As a special example of the general formulas (9) to (16) the case of a 
cylindrical shell of any cross section may be considered in detail. Taking as 
coordinates on the middle surface the axial length €é, 7 and the circum- 


ferential are length €& —s and writing 
=U, 
we have 
(17) o=1, =o, R,—R(s). 
From (4) in conjunction with (1) and (2) follow 
(18) yo =v +u. 
The changes of slope, as defined in [5], Eq. (32), are 
(19) = — Ww’, us =w' +v/R, 


giving in accordance with Eqs. (43) and (44) in [5] 


(20) k2e=—w", Ks = — (w'— v/R)., 7 = — Ww’ + (v/R)’ 


nr 

i 

| 
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so that, according to (5), (6) and (7) 


+ v(1/R)' 


(v’ —u')/R 


Since 1/2; = oo M,, and Mg, are directly given in terms of (21) while the 


combinations of (18) and (21) occurring in Mz, and in Mzs have the values 


+ 
+ = — 2u”’ + 2v’/R 


For a circular cylindrical shell these expressions are further simplified, 
R(s) becoming the constant cross-sectional radius a. ; 

The results obtained for the moment resultants of the circular shell are 
listed, in comparison with the expressions used by other writers, in the fol- 


lowing table 
Simplified 
[1]. [2] and here [3], [6], [7] Expressions 


ay , 
Ww 
+. y(w' —v'/a) +v(w' + w/a?) + ww" 


Mea 


— —u')/a 


+ w/a’ 


vw 


It is seen that general agreement exists for Mz. but that different versions 
occur for the other moment resultants. The reason for this is that in some 
instances « has been used for «* [3], [6], [7%], and that terms containing e°/a 
have been neglected [3], [4], [6], [7]. It is noticed that although these terms 
have been neglected in [3], [4], [6], [7] and although neither + nor +r + y°/a 
nor r* are identical with r* + y°/a the value of Mes is still given correctly. 

From the form of the relations which are tabulated it is not apparent that 
the differences between them are always of negligible influence on the results 


of calculations. It appears, however, that when they are of negligible influence, 
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the further simplified relations as given in column 4 of the table, which are 


identical with those of the theory of flat plates, should be equally justified.‘ 
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